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PREFACE 


This book was developed from a series of lectures [by van der Pol] given 
at the ‘Technische Hogeschool 5 of Delft during 1938 and following years, 
and from a second series given during the first half of 1940 at the ‘Philips 
Research Laboratories 5 , Eindhoven. 

The second author [Bremmer] made extensive lecture reports on the 
latter series; subsequently the material was jointly extended during the 
German occupation of the Netherlands. In this period the original manu¬ 
script, in Dutch, was practically completed, while several problems founded 
on it were published from 1940 on in Wiskundige Opgaven of the Netherlands 
‘Wiskundig Genootschap 5 . The English translation of the original manu¬ 
script was edited by Dr C. J. Bouwkamp, of this Laboratory. 

Primarily this book is intended for application of the operational calculus 
in its modern form to mathematics, physics and technical problems. We 
have therefore given not only the basic principles, ideas and theorems as 
clearly as possible (and rather extensively), but also many worked-out 
problems from purely mathematical and physical as well as from technical 
fields. In order to limit the size of the book, proofs of some of the deeper 
theorems have been omitted, and for these the reader is referred to the 
mathematical literature. 

None the less, it is believed that the purely mathematical treatment is 
more advanced than is usual in books devoted primarily to practical 
applications. The Abel and Tauber theorems, for example, are extensively 
considered, with many examples taken from pure mathematics as well as 
from technical problems. 

It is therefore hoped that the book may be of value to those pure mathe¬ 
maticians who are interested in a rapid and simple derivation of complicated 
and unexpected relations between various mathematical functions, as well 
as to the engineer in search, for example, of a very simple treatment of 
transient phenomena in electrical networks, such as filters. In both cases 
the operational calculus appears to its best advantage. 

Furthermore, several applications of the operational calculus to the 
theory of numbers are to be found in this book, a field of application which 
appears to be of the greatest heuristic value and which at present seems 
to be far from exhausted. 

We have endeavoured to give the operational calculus a rigorous mathe¬ 
matical basis; on the other hand, we have tried to give the subject-matter 
such a form that it can be applied simply to practical problems. 
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This led us to treat the operational calculus ab initio , by means of the 
bilateral or two-sided Laplace integral, contrary to the usual practice 
based on the one-sided Laplace integral. This procedure was greatly 
stimulated by extensive discussions with Dr Ph. le Corbeiller, now at 
Harvard University, Cambridge, Mass. 

The foundation of the theory on the two-sided Laplace transform caused 
us to introduce at an early stage: 

(a) the Heaviside unit function, U(t ), defined by U(t) = 0 for £<0, 
\ for t = 0, and 1 for t > 0, 

(b) the Dirac ^-function, §(t). 

Further, the use of the two-sided Laplace transform requires, for each 
operational relation, the stipulation of the band of Rep within which this 
relation is valid. It is felt, however, that the latter complication is more 
than compensated for by the following advantages: 

(i) the class of functions suited to an operational treatment becomes 
much larger, 

(ii) the ‘transformation rules’ are considerably simplified, 

(iii) the entire treatment becomes more rigorous. 

The rapid way in which solutions of complicated problems can be found 
with operational calculus is often astounding. This is mainly due to the 
fact that discontinuous functions h(t) of a real variable t , which frequently 
occur in the treatment of electrical and mechanical transients as well as in 
the theory of numbers, have an operational ‘image’ /(p) that is analytic 
in some band of finite or infinite width of the complex p-plane. Simple 
transformations of these smooth, analytic, functions/(p) then correspond 
uniquely to operations on the discontinuous functions h(t), and so the 
complicated handling of these discontinuous functions can be replaced by 
extremely simple transformations of the corresponding analytic functions. 

The treatment in this book is not limited to the Laplace transform of 
functions of one single variable; an extensive chapter is also devoted to 
the multidimensional Laplace transforms. This ‘simultaneous operational 
calculus 5 enabled us, for example, to treat Green’s functions in potential 
and wave problems; this part was mainly developed by the second author. 
Thus familiar solutions of the Maxwellian equations are obtained by a few 
extremely simple algebraic transformations in the p-field. 

In the Introduction the reader will find a summary of the subjects 
treated in the various chapters. 

The authors wish to express their thanks to several friends who read 
parts or the whole of the manuscript. In the first place we wish to thank 
Dr C. J. Bouwkamp for many remarks, which, we believe, have improved 
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the clarity of the exposition, and for the translation of the original manu¬ 
script. Further we wish to thank Prof. N. G. de Bruyn, whose remarks 
have contributed materially to the rigour of the treatment. 

In conclusion, we would add that we shall be most grateful for remarks 
and criticism from readers. We feel that this first treatment of the practical 
operational calculus on the basis of the two-sided Laplace transform, with 
so many applications to both pure and applied mathematics, and a very 
great part of which we believe to be essentially new, is bound to show 
marks of immaturity typical of young scientists as well as of young sciences. 

B. v. d, P. 
H. B. 

PHILIPS RESEARCH LABORATORY 
EINDHOVEN 


November 1947 
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CHAPTER I 


GENERAL INTRODUCTION 

1. History of the operational calculus 

The operational calculus, a modern treatment of which is aimed at in 
the present book, can be traced back as far as the work of Oliver Heavi¬ 
side (1850-1925). Though many scientists (Leibnitz, Lagrange, Cauchy, 
Laplace, Boole, Riemann, and others) preceded Heaviside in introducing 
operational methods into analysis')*, a systematic use of it in physical and 
technical problems was stimulated only by Heaviside’s work. 

HeavisideJ was a 'self-made man’, deprived of regular study at the 
university or the engineering college. Nevertheless, his curious methods, 
created by himself as they often were, led him to results in technics and 
theoretical physics that are undoubtedly among the most important ever 
reached. In this connexion let us remember that Heaviside’s work § already 
contains Maxwell’s equations of the electromagnetic field in the modern, 
now current, vector notation. Also due to him is the conception of the 
£ Heaviside Layer ’, which is of the greatest importance in present-day radio 
communication. Moreover, independently of Lorentz, Heaviside enunciated 
the theory of the electronic motion in a magnetic field; he further intro¬ 
duced into Maxwell’s theory that part of the total current which is due to 
convection. His concept of impedance, defined independently of Kennelly, 
is much more general than that of the conventional alternating-current 
technique. The notion of 'negative resistance’, now common property in 
electrical engineering (e.g. arc lamp, radio valve), is often put forward in 
his papers, and for the first time in 1895. 

But it may be stated that even to-day Heaviside’s papers, difficult to 
read as perhaps they are, still contain a great many views and hidden 
things, of both mathematical and physical interest, which are not yet very 
well known and which, therefore, have not met with proper appreciation. 
Certainly this is largely due to the strange manner in which Heaviside often 
derives and announces his results. Moreover, the fact that Heaviside was 
not a university man raised a barrier, a certain antagonism, between him 
and his contemporaries. The latter reproached him, rightly, with his great 

t Compare, for instance, H. T. Davis, The Theory of Linear Operators , Bloomington, 
Indiana, 1936. 

t Bor a survey of the life and work of Heaviside the reader is referred to E. T. Whit¬ 
taker, Bull Calcutta Math . Soc. xx, 216, 1928-9; Balth. van der Pol, Ned. Tijdschr. 
Natuurkunde v, 269, 1938. 

§ O. Heaviside, Electrical Papers , vols. i and n, Macmillan, London (Hew York), 
1892; Electromagnetic Theory , vols. i, ii and in (1893-1912), reissued 1922 by Benn 
Brothers, London. 
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lack of mathematical rigour. Yet Heaviside did develop an abundance of 
mathematical and physical methods and results which afterwards, on 
critical elaboration by various scientists, proved to be substantially true 
and have been approved as such. Though perhaps reasonable, it is regret¬ 
table that such a barrier existed between Heaviside and his fellow-mathe¬ 
maticians. Equally regrettable, but certainly unreasonable, is the point 
of view occasionally taken by modern mathematicians with regard to 
Heaviside’s work; in many respects it is far superior to the later contribu¬ 
tions to this part of science, both for the methods as well as for the results 
arrived atf. 

Fortunately, there are other records too. For instance, Whittaker (loc. 
cit.) wrote, after discussing the difference in views on mathematics between 
Heaviside and the pure mathematician: 

‘Looking back on the controversy after thirty years, we should now 
place the Operational Calculus with Poincare’s discovery of automorphic 
functions and Ricci’s discovery of the Tensor Calculus as the three most 
important mathematical advances of the last quarter of the nineteenth 
century. Applications, extensions and justifications of it constitute a 
considerable part of the mathematical activity of to-day. 5 

It is this Operational Calculus to which the present book is devoted. 


2. The operational calculus based on the Laplace transform 

Heaviside’s ideas concerning the operational calculus may perhaps best 
be interpreted as followsJ. Imagine a linear electrical network originally 
at rest. Let an electromotive force E(t) be applied to it, where E(t) is an 
arbitrary function of the time t. The response current, i(t), is then deter¬ 
mined by 

i(t)=Y(D t )E(t), (1) 

in which D t — d/dt . The function Y(D t ) is an operator function applied to 
the operand E(t ), to give the current i(t). If E(t) is constant with time, i(t) 
will be constant too; under these circumstances Y(D t ) degenerates into the 
reciprocal of an ohmic resistance. 

The question arises at once of how we are to interpret the operator 
function when, for instance, it is of the following form: 


Y(D t ) = 


1 

1 


f Heaviside was more than ‘ein englischer Elektroingenieur \ in spite of his (and 
his successor’s) methods being 4 mathematisch sehr unzulanglich * and ‘allerdings 
mathematisch unzureichend \ Quotations from G. Doetsch, Theorie und Anwendung 
der Laplace-Transformation, Berlin, 1937, and New York, 1943, pp. 337, 421. 

J Proc. Boy . Soc. m, 504, 1892-3; liv, 105, 1893. 
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B.T.fi. 

LE YLAKn, 


1^=1 -D t +DI-Df+..., 
or rather in the sense of 

1 _ 1 _ 1 _ 1 _ ? 

1 +D,~D, Dj + Df -• 

In the first case it is reasonable to interpret Df as d n jdt n . Similarly, when 

applying (3) we would take 1 jD t to mean J dr\ and in so doing a second 

question has presented itself: What value of the constant of integration, 
a, is required? Guided by practical experience, Heaviside came to the 
conclusion that, if possible, the form (3) should be chosen rather than (2). 
He further concluded that in discussing switch-on phenomena in electrical 
networks (when the electromotive force does not come into action before 
t = 0; that is, E(t) = 0 when t < 0), the lower limit of integration, a, has to 
be equated to zero. However, we have not found in Heaviside’s work general 
rigorous statements concerning this question. 

A modern treatment of the operational calculus requires, therefore, 
a much more rigorous base. This is furnished by the Laplace transform, as 
was already pointed out by Heaviside himself f, though he did not use it 
extensively. The same Laplace transform was the starting-point of later 
writers such as CarsonJ, Bush§, Humbert||, Doetschf, Wagnerff, DrosteJJ, 
McLachlan§§, and Widder||||. When h(t) is supposed to be given, then the 
Laplace transform of h(t) is the function f(p), defined by the following 
integral: 

f(P) *~ pi W)dt. (4) 

By so doing we let the function/of the variable^ correspond to the function 
h of the variable t. Conversely, as particularly discussed by Carson, the 
formula (4) may be considered as an integral equation for the unknown 
function h(t), when f(p) is supposed to be given. 


( 2 ) 

( 3 ) 


f Electromagnetic Theory , iii, 236. 

t John R. Carson, Electric Circuit Theory and the Operational Calculus , New 
York, 1926. 

§ V. Bush, Operational Circuit Analysis , New York, 1929. 

Jj P, Humbert, Le calcul symbolique , Paris, 1934. 

IF G. Doetsch, Theorie und Anwendung der Laplace* Transformation, Berlin, 1937, 
and New York, 1943. 

ft K. W. Wagner, Operatoren Rechnung , Leipzig, 1940. 

tt H. W. Droste, Die Losung angewandter Differentialgleichungen mittels Laplacescher 
Transformation , Berlin, 1939. 

§§ N. W. McLachlan, Complex Variable and Operational Calculus , Cambridge, 

1939. 

till H. V. Widder, The Laplace Transform , Princeton, 1941. 
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A somewhat different point of view is taken by Bromwichf, who started 
from the complex integral 




2m J c ^ io0 


P 


(5) 


this integral, it may be noted in passing, was known to RiemannJ as 
early as 1859. A complete survey of Bromwich’s work is to be found in 
Jeffrey’s book§. Wagner|| also based his contribution upon the integral (5). 
Further impact to the calculus is owed to Levy^f, who pointed out that the 
solution of (4), considered as an integral equation for h(t), is given by (5), 
and vice versa. Thus by Levy’s work the two different points of view came 
together in one consistent theory. 

Also based on the Laplace transform (4), with zero as lower limit of 
integration, are the former investigations of Van der Polf f and of Van der 
Pol and NiessenJJ. 

Henceforth the transformation (4) will be called the unilateral or one¬ 
sided Laplace transform. Contrary to the earlier investigations, this book 
will be based on the two-sided Laplace transform 

f(p)=P r e-*h(t)dt 9 (6) 

J —CO 

to obtain a wider base for the operational calculus, as will be discussed in 
detail in the next chapter. The two-sided Laplace integral has its lower limit 
of integration equal to — oo instead of 0. This generalization proves very 
advantageous, and includes the earlier calculus as a special case. In the 
first place, the operational rules are considerably simplified by the generali¬ 
zation and, secondly, a much larger class of functions (and phenomena) 
becomes accessible. 

It is worth while to remark that, whether we use (4), (5) or (6) as the 
basis of the operational calculus, the indefinite concepts of operator and 
operand wholly disappear. Instead of the vague formulation of the early 
operational calculus there comes the functional transform (6), by which 
there corresponds to any given function h(t) a new function f(p) of the 
complex variable p. In the Volterra sense, f(p) is a ‘fonction de ligne’ or 
c fonctionelle ’, indicating that the form of the function f(p) depends on the 

f T. J. Fa. Bromwich, Proc. Lond. Math. Soc. xv, 401, 1916. 

J The integral occurs in Riemann’s classical paper of only eight pages: ‘TJeber die 
Anzahl der Primzahlen unter einer gegebenen Grosse\ Monatsber . Perl. Alcad. 
Nov. 1859; see also Gesammelte Werke , Leipzig, 1876, p. 136. 

§ H. Jeffreys, Operational Methods in Mathematical Physics , Cambridge, 1927. 

|| K. W. Wagner, Arch. Elektrotech. iv, 159, 1916. 

If P. L£vy, Le calcul symbolique d'Heaviside, Paris, 1926. 

ft Balth. van der Pol, Phil. Mag. vn, 1153, 1929; vm, 861, 1929; xxvi, 921, 1938; 
Physical s-Grav., iv, 585, 1937. 

XX Balth. van der Pol and K. F. N lessen, Phil. Mag. xr, 368, 1931; xm, 537, 1932. 
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whole set of values which h(t) assumes on the complete real axis of t 9 
— co<t<co. 

It is to be emphasized that (6) is essentially a linear functional transform, 
since in the integrand of (6) the function h(t) occurs linearly. As a con¬ 
sequence, the operational calculus is applicable only to linear problems 
such as switch-on phenomena in linear networks, problems of small vibra¬ 
tions, heat diffusion, potential theory, and electrical cables. 

As far as the general outlines of the theory are concerned, this book is 
restricted to giving an extensive survey; the more complicated theorems 
underlying the theory are usually stated without proof. For proofs the 
reader is always referred to existing literature, cited in the text. Our 
main aim is to demonstrate the vigour of the operational calculus in its 
applications, by giving many examples. The discussion will not be confined 
to applications in physics and technics; many problems of pure mathe¬ 
matics will be included too. 

If the reader has made himself familiar with the fundamental principles 
of the calculus presented here, he will certainly become aware of the strength 
of this mathematical tool of almost unrestricted heuristic-analytic value; 
he will be guided by many examples illustrating the general theory; he will 
often be able to construct new analytic relations by quite simple means. 

3. Survey of the subject-matter 

The starting-point of chapter n is the Fourier integral, on which the 
foundation of the operational calculus is built. We are then led back to the 
fundamental expressions (5) and (6). In chapter hi some elementary 
'operational relations 5 are derived which prove useful in the course of the 
subsequent investigations. In chapter iv we shall establish elementary 
'operational rules’, indicating how certain changes of the -function 
correspond to others of the ^-function. Chapter v is devoted to a detailed 
discussion of the unit function, U(t), and the delta or impulse function, 
S(t). The latter was introduced by Dirac in quantum mechanics; but 
Heaviside had already used it extensively before him. The impulse function 
is particularly important in relation to the Green function of differential 
equations. It is formulated in terms of the general concept of the Stieltjes 
integral. Chapter vi should be considered as a deepening and extension of 
chapter ii. It contains a detailed investigation of questions of convergence, 
particularly in connexion with the summing of series and integrals by the 
well-known methods of Abel and Cesaro. In chapter vn, especially the 
asymptotic expressions for 'image’ and 'original’ are outlined, as well as 
related topics. Further, chapter vm concerns the operational treatment of 
differential equations having constant coefficients. This matter is extended 
to a system of equations in chapter ix. These two chapters also include 
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the theory of linear electrical networks, together with the corresponding 
transient phenomena. Differential equations with variable coefficients are 
treated in chapter x. Applications are made to Legendre polynomials, 
Bessel functions, etc. The matter of chapter xi must be considered as a 
generalization of that given in chapter iv; general rules of more com¬ 
plicated character are discussed. Chapter xii is devoted to the study of 
step functions, with applications, amongst others, to number-theoretic 
functions. In chapters xiii and xiv we consider the operational calculus 
applied to difference equations and integral equations respectively. 
Chapters xv and xvi concern applications of the theory to problems in 
several independent variables, particularly with respect to linear partial 
differential equations. Chapter xvi is thereby based on the simultaneous 
transposition of more than one variable, which leads to the simultaneous 
operational calculus. 

It is clear from the survey given above that the subject-matter in any 
chapter is determined by some specific part of mathematics to which the 
operational calculus is successfully applicable in one way or another. It 
may thus happen that closely interrelated ‘operational rules’, on the one 
hand, and ‘ operational relations ’ concerning some definite type of function, 
on the other, are discussed at several places scattered through the book. 
This may hamper further applications, and the material presented must 
therefore be made more readily available. We have done this by listing the 
most important results in an appendix at the end of the book. We have thus 
an opportunity to supply the reader with some additional results which have 
not been given explicitly in the course of the work. The first list contains the 
‘operational rules’; it forms the "grammar’ of the operational calculus. 
The second list is the ‘dictionary’, helpful in translating the language of t 
into that of p and vice versa. The ‘operational relations’ are ordered so 
that those which concern related functions are grouped together. 

The division indicated is such that some chapters and sections may be 
omitted by those who are interested in the applications of the operational 
calculus to technical problems only. Similarly, other chapters may be 
omitted by the pure mathematician. 

The practical man will find in the following chapters and sections an 
almost complete course for his purpose: 

ii, §§5,6,7; m, §§1,2, 3, 5, 6; iv, except §7; v, except §§4,5,7; vi, §3; 
vii, except §§ 5,12; vin; ix; x, §§ 1,2,4; xi, except § 5; xii, §§ 1, 2, 3; xiv, 
§§1,2, 3, 5; xv; XVI. 

On the other hand, the mathematician will find a survey of the subjects 
of interest to him by reading only the following chapters and sections: 

ii; ill; iv; v; vi; vii; viii, §§ 1,2,3,4; x; xi; xii; xm; xiv; xv, except §4; xvi. 

Both may well find it helpful to read the complete text, since the parts 
otherwise omitted will serve to throw light on the recommended selection. 





CHAPTER H 


THE FOURIER INTEGRAL AS BASIS OF THE 
OPERATIONAL CALCULUS 


1. The Fourier integral 

The fundamental formulae of the operational calculus as developed in 
this book are closely connected with the Fourier integral, the theory of 
which will be recalled in this chapter. In subsequent chapters the usefulness 
of the operational calculus is demonstrated by means of simple examples 
and rules, and then, in chapters vi and vn, the foundations of the opera¬ 
tional calculus are studied once more and in greater detail. Since the funda¬ 
mental principles will be discussed first, inasmuch as they are directly 
connected with the Fourier integral, and since the Fourier integral may be 
considered as the limiting case of the Fourier series, we shall start with 
a short account of the latter. 

It is well known that every periodic function—subject to proper con¬ 
ditions, which are always satisfied in applications to physical problems— 
can be expanded into an infinite series of trigonometric functions, viz. 

00 00 

h(t) = 2 a n cos ( n(i)t) + £b n sin {not), 

n —0 n —0 

in which 2nj(jt) denotes the period of the function h(t) and o is the so-called 
angular frequency . Replacing the sine and cosine functions by their ex¬ 
ponential equivalents we obtain just one simple Fourier series: 


h(t)= S c n e inbd 9 

71 — — co 

where the coefficients c n are to be determined from 


( 1 ) 


c 


n 


(i) C n ^ 

— e- inMT h(r)d,T. 

277 J — 7 Tjo) 


The Fourier expansion (1) indicates that a single periodic function of 
frequency co is virtually composed of an infinite number of trigonometric 
functions of angular frequencies (o , 2o>, 3 a), ..., respectively. As the original 
period increases (thus co^O) these frequencies get nearer and nearer to 
one another, whilst the individual coefficients c n tend to zero as well. 
Therefore, in the limit, the Fourier series (1) is transformed into the 
Fourier integral , which reads as follows: 


m 


i /•* 
277]^ 


do) e iwt 



dr e~ ia>T h(r). 


( 2 ) 
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Provided that in (2) the integration with respect to the variable oy be 
taken in the sense of Cauchy’s ‘valeur principale’ (principal value), i.e. 

f doj — Lim f do)y 
J —00 A—►oo J -A 

then a rigorous investigationf of the Fourier integral (2)—often called 
Fourier identity— shows that the following system of (sufficient) conditions 
guarantees the validity of the Fourier identity at t = t 0 : 

(1) h(t) has limited total fluctuation in the neighbourhood of t = t 0 ; 

(2) h(t) is integrable in any finite interval; moreover, the integral 

00 

| h(t) | dt exists; 

- oo MO 

(3) at points of discontinuity the value 
of the function h(t) is equal to the corre¬ 
sponding mean value, thus (see fig. 1) 

h(t 0 ) = Lim ^o + e) + ft(*o~e) _ (3) 

e-^0 2 

The conditions quoted above are less 
stringent than the well-known earlier con- Fig . L Mean value of a dis . 
ditions of Dirichlet, and this is made continuous function, 

possible by the introduction of the modern 

concept of 'limited total fluctuation As to the definition of this important 
concept, the function h(t) is said to have limited total fluctuation in the 
interval a < t < b if, for every set of subdivisions according to 

a = h<t X <tz<...<t n _l<t n - by 

n 

the sum 2 | Mt m ) - A(^ m __ 1 ) | has an upper bound K , independent of n, for 

YYl — 1 

all choices of t k (0 <k<n). The existence of the mean value as referred to in 
condition (3) follows from the fact that K(t) has limited total fluctuation in 
an (arbitrarily) small interval around t =* t 0 . It should also be noted that, as 
regards the validity of the Fourier identity (2) at some definite point t = t 0 , 
only the behaviour of h(t) in the vicinity of t = t 0 is decisive. On the other 
hand, if h(t) has limited total fluctuation in any finite interval, then its 
integrability follows at once. Moreover, any function with limited total 
fluctuation can be considered as the sum of two monotonic functions, one 
of which is non-decreasing, the other non-increasing. It is important to 
notice that, with respect to the validity of the Fourier identity, h(t) need not 
be a periodic function, as was required in the analogous Fourier-series 

f Por details the reader is referred to E. C. Titchmarsh, Introduction to the Theory 
of Fourier Integrals , Oxford, 1937; S. Bochner, V orlesungen iiber Fouriersche Integrate, 
Leipzig, 1932. 
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expansion. Moreover, we would emphasize that the conditions we have 
mentioned are only of a sufficient character; they are by no means necessary, 
and there do exist less restrictive conditions, especially if the Fourier 
integral be taken in the sense of the Cesaro or Cauchy limits (cf. vr, §9). 
Finally, we may remark that the complex expression (2) can also be written 
in the equivalent real form 

h(t) — - I d(i)\ dr cos {a)(t — T)}h(T). 

n J 0 J -oo 


Example . Consider the function h(t) defined by (a > 0) 

fO if t< — a, 
h(t) = ^ b if —a<t<a, 

0 if t > a. 


For obvious reasons (see fig. 2) this function is called the rectangle function. From 
(2) its Fourier integral follows readily: 


1 /*« ra 

h(t) = I doe i(0t b dre~ iti)r 
277" J — oo J -a 



. ,sin(wa) 

e iu)t - 1 -' 

0) 


do. 


(4) 


This integral represents the rectangle function in 
the complete interval — oo<£<oo, including the 
points of discontinuity, if, and only if, the rectangle 
function is defined to assume the mean value at 
t = ± a. The real Fourier integral of the rectangle 
function is given by 



Mt) 


b 

1 

t 

1 


* 

r 

t 

1 * 

-o l 

0 +a 


2b f 00 do Fig. 2. The rectangle function. 

h(t) = — sin (oa) cos ( ot ) — . 
ti J o (*> 


2. A pair of integrals equivalent to the Fourier identity 

In physical applications the variables t and oj often denote the time and 
the angular frequency, respectively. Then the Fourier integral gives the 
frequency spectrum (or spectral composition) of the original ^-function; 
for, if the second integral in the Fourier identity is considered as a new 
function, viz. ^ 

g((0)= ^)j_j~ iUTh{T)dT ’ (5a) 

then the Fourier integral itself can be written as follows: 

= (56) 


Formula (5 b) indicates that h(t) may be looked upon as a continuous sum 
of periodic components e iaA , the strength of the individual components 

being proportional to g(oj). Actually g(to) d(o represents the total 

strength of all those components which lie inside the infinitesimal frequency 





OPERATIONAL CALCULUS 


10 OPERATIONAL CALCULUS II. 2 

band (o,w + dto. In general g(a)) is a complex function of the real variable or, 
therefore one may write g{<a) = A (ft>) e#(w)> 

in which the modulus A(co) and the argument (j>(co) are both real functions 
of the frequency. Substituting this in (56) we obtain 

1 


h(t) = 


from which it is evident that 


V(2?r) 

1 




A (co) da), 


4 ( 2n ) 


A(co)dco represents the total amplitude 


of all vibrations that are contained in (co, co -b dco) and have a common phase 
of amount <fi(co) at the time t = 0. Summarizing, we may say that both 
amphtude and phase of the spectral components of h(t) are completely 
determined by the corresponding frequency function g(co). 


Example . Returning to the rectangle function, we obtain from (4) 

/ x L ,/2\sin (coa) 
g(d)) ~b 


( 6 ) 


In this case <j)(<x>) vanishes identically because g(oj) is real; hence the spectral com¬ 
ponents are equally phased at t — 0. 

The pair of integrals (5), which is completely equivalent to the Fourier 
identity (2), reveals a striking symmetry with respect to the variables co 
and t on the one hand, and the functions g(co) and h(t) on the other. Indeed, 
formula (56) can be obtained from that of (5a) by interchanging co and t y 
and then substituting h(x) for g(x) and g( — x) for h(x ), and vice versa. 
Therefore, there also exists a typical symmetry in physics between any time 
function and its spectral composition. This principle of duality may be 
illustrated by the rectangle function treated above. The counterpart of 
this time function is the frequency function g(o)) that has a non-vanishing 
constant amplitude inside, and a zero amplitude outside, some finite 
w-interval. It should be noticed that this type of spectrum is well known 
in the theory of electrical filters (frequency response). Since the rectangle 

function has a spectrum given by ——-—- it is obvious that the time function 

t i • i , sin (at) 

belonging to a frequency band of width 2 a is proportional to —-—. 

Another remarkable feature of (5) is that the kernel e Ti(ot contains the 
variables o) and t only in the combination of their product, cot. There exist, 
of course, other systems of integral transforms showing the same pecu¬ 
liarity; for instance, 


0i(«) = J v {2 

(ai>0), 

(la) 

h^t) = J v {2 

(t> 0), 

(lb) 
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in which J v (x) denotes the Bessel function of the first kind of order v and 
argument x. This pair of functional transforms is based upon the Hankel 

'bdd’Tbt/'bt/y j*oo t* oo 

h(t) = I do)J v {2 \/M)} I dTJ y {2<J(<or)}h{T), (8) 

which clearly is the analogue of (2). There are many other identities of 
similar character which, though reducible to a pair of reciprocal functional 
transforms, usually contain the variables oo and t in a complicated manner. 
Serving as a simple example, the following system may be quoted: 

/: cot {n(t — <o)}h 2 {t)dt (0<w<l), 

h 2 (t) = j: cot {n(t — w)} g 2 (o)) do) (0 < t < 1). 

Here the kernel depends on o) and t in the combination (t — co). For the 
equations above to be valid it is required (amongst other conditions) that 


f g 2 (o))da)=( h 2 (t)dt = 0, 
Jo Jo 


whilst, on account of the singularity at the point t = o), both integrals 
should be taken in the sense of Cauchy’s principal value. 

So far the symmetry of the Fourier system (5) as referred to is not com¬ 
plete; there still remains some asymmetry with respect to the sign in the 
arguments of the kernel. However, if we confine ourselves to even functions 
h(t) = E(t), such that E(t) = E( — t), the symmetry is complete: 

g(o)) = cos (ojt)E(t)dt y E(t) = J j cos (o)t)g(oj)do). 


An analogous pair of equations, holding for odd functions, is obtained if 
4 cos ’ is replaced by 4 sin \ Obviously the latter system is simply the speciali¬ 
zation for v =s J of the Hankel system (7). 


3. Parallel displacement of the path of integration in the inte¬ 
gral (5 6) 

In either of the integrals (5 a, b) the path of integration coincides with the 
corresponding real axis. In order to obtain a basic formula for the opera¬ 
tional calculus we shall make some transformations. First, the path of 
integration in (56) will be displaced parallel to itself over a distance c. To 

this end we put , . 

r to = b)+lC) (9) 

thus ImaJ — — c. Moreover, to obtain a simple notation we introduce new 
functions h x (t) and g x {o)) by means of 

h t (t) = h(t) e ct , g x ((D) = g((o + ic). 


( 10 ) 
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Making the necessary substitutions we obtain instead of (5) the following 
new pair of integrals: 



It should be noticed that only the path 
of integration in the second integral has 
changed as a consequence of our substitu¬ 
tion (see figs, 3 a and 36); that in the first 
integral is not altered. Since in physical 
applications a> denotes the frequency, the 
time function h x (t) is now no longer to 
be considered as composed of undamped 
vibrations; on the contrary, the com¬ 
ponents are either increasing (c>0) or 
decreasing (c < 0) functions of the time. 
Because the function h(t) in (2) is of quite 
general character, the function h x (t) is 
arbitrary as well (within certain limits, 
of course). There is only a formal difference 
between (5) and (11), g(oj) and g x {(i)) being 
defined in different domains of the respec¬ 
tive variables. 



Fig. 3. Transformations of the 
path of integration in the Fourier 
integral. 


4. Rotation of the path of integration in the integral (lib) 

After the introduction of the new complex variable 0 )' by means of the 
first transformation (9) it proves useful to make a second change of variable, 
thus arriving at the conventional notation of the operational calculus: 

p = io)' = ioj + c. (12) 

Multiplication of co' by a complex factor i means that the path of integra¬ 
tion for <o' is rotated through an angle of \i r. Finally, the path of integration 
in the complex plane ofp is parallel to the imaginary axis, at a distance c on 
the right side of it. Summarizing, we see that the paths of integration have 
changed so far as indicated by 

Im o) = 0, Im o)' — — c, Rep = c 
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(compare fig. 3). The last substitution (12) is fully effective and leads to 
very simple formulae, if only the (/-function is again replaced by a new one. 
Upon introducing the function/ defined by 


and after dropping the suffix 1 in (11) we arrive at the final form of the set 
of functional transforms: 

f(p)=pj e~ pt h(t)dt (Rep = c), (13a) 

h{t) = f-. f C+tC V-^tfp (Imt = 0), (13 b) 

2mj c -i X P 

where/(p) and h(t) are corresponding functions which can be given arbi¬ 
trarily, apart from some very mild restrictions. It follows from the 
preceding that the constant c in (11a) does not differ from that in (116). 
However, the set of equations (11 a, 6) may hold equally well for different 
values of c, as will be seen presently. 


5. Strip of convergence of the Laplace integral 

The integral shown in formula (13 a) is an example of the so-called Laplace 
integral , generally defined by 

) e- pt h(t)dt, 

J a 

in which the limits of integration are quite arbitrary. Integrals of this type 
serve a useful purpose, for instance, in the solution of linear differential 
equations with variable coefficients. If, as in this book, the limits of 
integration are — oo and + oo, we shall call them two-sided Laplace integrals; 
on the other hand, we shall speak of one-sided Laplace integrals if the limits 
of integration are 0 and oo. It is tacitly assumed that the two-sided Laplace 
integral of formula (13a) is convergent for Rep = c. Then the question 
arises whether or not the integral may be convergent for other values of p. 
The answer to this question is provided by an important theorem, provedt 
in the theory of the one-sided Laplace integral, viz. 

Theorem. If the one-sided Laplace integral 


i; 


e-p‘h(t)dt 


be convergent for p — p 0 , then it converges for Rep > Re p 0 . 

f Cf. G. Doetsch, Theorie und Anwendung der Laplace-Transformation, Berlin, 
1937, and New York, 1943, p. 15. 
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This theorem may be interpreted geometrically in the following manner. 
If the above integral is convergent in some point p 0 of the complex p-plane, 
then it converges everywhere in the region on the right-hand side of a 
straight line drawn through p = p 0 and parallel to the imaginary axis (see 
fig. 4). Consequently only the real part ofp is decisive for the convergence 
of the one-sided Laplace integral; the 
imaginary part of p does not matter at 
all. Furthermore, if oc be the greatest lower 
bound of values Rep for which the con¬ 
vergence holds, then the integral under 
consideration converges in the region that 
is bounded at the left by the straight line 
Rep = a parallel to the imaginary axis, 
otherwise extending to infinity. This re¬ 
gion of convergence is shaded in fig. 4. It 
is therefore adequate to call a the abscissa 
of convergence of the one-sided integral, 
irrespective of the yet undecided question Fi «' 4 ' S4ri P T of ^vergence of 
whether or not there are points of con¬ 
vergence on the line Rep = oc itself (only in this case does the con¬ 
vergence of the integral depend on the imaginary part of p). 

Guided by the preceding geometrical interpretation, we can now easily 
make a general survey of all possibilities with respect to questions of 
convergence of the two-sided Laplace integral. The two-sided integral may 
be considered as the sum of two one-sided integrals, viz. 

/'O Cco 

f(p)~p\ e~ pt h(t) dt +p e-^h(t)dt 

J -CO Jo 

= p I e^h(-t)dt+p \e~^h(t)dt (14) 

Jo Jo 

The second integral is a one-sided Laplace integral with abscissa of con¬ 
vergence a, say, and therefore converges for Rep > a. The first integral is 
a one-sided Laplace integral of the parameter — p; if its abscissa of con¬ 
vergence be denoted by — /?, then it converges for Re(—p)> —/?, i.e, for 
Rep </?. Thus in a region extending to infinity at the left of the vertical 
Rep = /? (see fig. 5). For the two-sided Laplace integral (13a) to have some 
domain of convergence, either of the one-sided integrals must converge 
somewhere, except when the two-sided integral is taken as a principal value 
with respect to t — 0 (cf. vi, § 2). Moreover, if h(t) is such that a</?, the 
regions of convergence of the individual one-sided integrals in fact overlap, 
resulting in a common strip of the complex p-plane where (13 a) thus con¬ 
verges as well. Therefore, provided that the two-sided Laplace integral 
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converges somewhere, then it converges only in a region bounded by two 
verticals, viz. 

a<R epcjS. 

This region is called the strip of convergence 
of the two-sided Laplace integral under con¬ 
sideration (see fig. 5). If, in particular, a = ft, 
then the strip with boundaries reduces to a 
single vertical fine (see vi, § 13). Finally, if h(t) 
is such that oc > /?, then the separate one-sided 
integrals will have no common region of con¬ 
vergence at all, and in this case h(t) has no 
two-sided Laplace transform. It may inch Fig>6 Strip of convergence of 
dentally be noticed that the imaginary axis a two-sided Laplace integral, 
of the p -plane may lie inside the strip of con¬ 
vergence, as well as outside it; in fig. 5 the imaginary axis is drawn at the 
left of the strip, though it may also be at the other side. 



Example . As a simple example we will discuss the strip of convergence of a function 
h(t) defined by 

(*> 0 ), 

h(t) = \ 

( t<0 ). 


This function is continuous at t — 0; its derivative may be discontinuous (see fig. 6). 
In this case the two-sided Laplace integral (13a) becomes 



e (0~p)t 



e (a ~ p)t dt. 


the first term of which converges for Rep </?, the second for Rep > a. If a </?, as is 
supposed in fig. 6, then the strip of convergence is determined by a<Rep</?. If, 
however, a>/?, the integral (13 d) converges nowhere. 


Let us return to the expressions shown 
in (13). Obviously they state a relation¬ 
ship between h(t) and f(p) for values of 
t and p that satisfy the relations t real 
and Rep = c. So far only a single de¬ 
finite value of c has been considered. 

To get rid of this restriction we may 
remember that the system (13) holds 
under conditions similar to those men- Fig. 6. An original consisting of 
tioned for the Fourier identity. The two exponential functions. 

sufficient conditions of § 1 are easily 

transformed so as to be directly applicable to (13). As h(t) of (13) is simply 
the original /^-function of (2) multiplied by e ct , we can readily state sufficient 
conditions for the legitimacy of (136) for all real values of t: h(t) must have 
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limited total fluctuation and be equal to its mean value everywhere, and 

I ^(0 | Q-^dt must be convergent. As to the influence of the number c , 


J: 


we observe that the above conditions require the absolute convergence 
of (13a). Since in general (13a) converges in some strip a<Rep</?, it 
will be clear that c may be equal to any of these values of Rep, provided 
(13a) is absolutely convergent throughout the mentioned strip. We finally 
arrive at a pair of integrals that can be considered as an extension of 
the system (13), namely, 


1*00 

f(p) = pj ^ 

1 (*c+i 

w - 5 jL 


e~ pt h(t) dt, cl < Rep < /?, 




fM 

p 


dp, a<c</3. 


(15a) 


(156) 


We would like to emphasize that the above formulae are basic for the opera¬ 
tional calculus ; consequently, we shall return to them often during our 
further investigations. 

As already indicated in the preceding paragraphs we can state at once 
sufficient conditions for (156) to exist as a principal value, viz. 

(1) the integral (15a) must be absolutely convergent in a <Rep < /?, 

(2) h{t) must have limited total fluctuation in any finite interval, and 

(3) h(t) must be everywhere equal to its mean value. 

On the other hand, it should be noted that the first condition of absolute 
convergence is far from necessary. Ordinary convergence is usually sufficient, 
provided that (156) is taken as a first-order Cesaro limit (see vi, § 11). 


Example. Let us introduce the discontinuous unit function U(t). This function (see 
fig. 7), which is closely related to the rectangle function of fig. 2, is defined by 


(i (t> o); 

u(t) = h (*=o), ► 

\0 <*<0)., 


(16) 



From formula (15 a) we then obtain 


f(p) 


f*oo f*ao 

— p I e~ pt U(t) dt = p I e~ pt dt = 1, 

J —oo J 0 


-i-* 

Fig. 7. The unit function. 


hence f(p) = 1. Moreover, since the integral converges for Rejo>0, we have in this 
example a = 0, /? = oo. According to (156) we next arrive at 



/•c+£oo 

J c—£°° 



(c>0). 


(17) 


in which c may be any positive number. The integral in (17), however, does not depend 
on the special value of c. 
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b.t.r. 

LEYl 1 }',: 


In chapter vi (§ 4) we shall derive formulae by means of which we easily 
determine the strip of convergence of any given function h(t) in a straight¬ 
forward manner. Once the strip of convergence is known, we can take for 
the path of integration in (156) any vertical line inside the former strip, 
always getting the same value, i.e. h(t). If c x and c 2 are two numbers inside 
the interval (a,/?) (see fig. 8), but otherwise arbitrary, then the remarkable 
property mentioned above can be expressed as follows: 


D 


J Ci-too v J c s —ioo V 

This result is based on some theorems concerning 
the analytic behaviour of the function f(p) in 
the strip of convergence. It can be proved| that 
f(p)lp is analytic there and, moreover, it can be 
shown that the contributions of the horizontal 
segments N v N 2 (see fig. 8) tend to zero if these 
segments recede to infinity: 




Fig. 8. Parallel shift of the 
path of integration in the 
integral (156). 


Using the theorem of Cauchy—stating that the integral along any closed 
path of integration, inside which the integrand is analytic throughout, is 
necessarily zero—it is evident that the integrals along the verticals L x and 
L 2 (see fig. 8) have opposite values in the limiting case N v N 2 ->od. In 
chapter vi the analytic properties of f(p)jp inside the strip of convergence 
will be examined in greater detail, as well as the question whether the 
vertical boundaries of the strip may or may not, in whole or in part, belong 
to the region of convergence. 

In concluding this section we may remark that the set of equations (15) 
is equivalent to the well-known inversion formulae of Mellin. To see this, 
let t = — log x , and let functions (j) and g be defined by means of 


g(x) = h(- log*); 

then (15) is transformed into 

f*OQ 

<fi(p) = J x p ~} g(x) dx, a<Rep<fl, 


} rc + iao 

ff( x ) = I x-v<P{p)dp, a<c</?. 


(18a) 

(186) 


These formulae are due to Mellin and Riemann, as has already been men¬ 
tioned in chapter I. It will be obvious from the foregoing that the Mellin 
formulae are also closely connected with the Fourier identity (2). 


t Cf. Doetsch, loc. cit. p. 104. 


vp & B 
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6. The language of the operational calculus 

As already emphasized in the preceding section, we consider (15) as the 
fundamental equations of the operational calculus. Henceforth the rela¬ 
tionship between/(p) and hit) as expressed by (15 a, 6) will be written 
symbolically as follows: 

/(p) = 6(i), a<Rep</J, (19a) 

or, alternatively, h(t)=f(p), a< Rep </?. (196) 

The symbols =. and = are introduced only in order to have a convenient 
and short abbreviation for the relations (15) which we write down once more 
for reference: 


(20a) 

(206) 


The function h{t) is called the original, and the corresponding function 
f(p) its image . Almost immediately the question arises whether there 
exists a one-to-one correspondence between original and image. To this 
end, let us first consider the integral (20a) which is the actual foundation of 
our calculus and which we therefore call the definition integral. It is obvious 
that at most one image, if any, belongs to a given original. For a one-to-one 
correspondence, however, it is necessary that no other original will lead to 
the same image. Although it may actually occur that one image originates 
from different originals, this is certainly impossible within the same strip 
of convergence (apart from some academic refinements; e.g. when the 
originals differ from each other by a ‘null function’; see VI, §15. Null 
functions can always be added to an original without disturbing the 
functional relationship (20)). Therefore we may state that the definition 
integral (20a) actually establishes a one-to-one correspondence between the 
original and the image. 

Let us now examine (20 6). In general (20 6) holds true if it is understood 
that f(p) is determined from (20 a) and h(t) is subjected to some mild 
conditions (see vi, § 11). It is therefore wholly legitimate to call (206) the 
inversion integral corresponding to the definition integral (20 a). Still the 
definition integral is the more important one, since the legitimacy of 
the inversion by (206) is not always ascertained, even if (20 a) does exist 
as a convergent integral. On the other hand, it should be borne in mind 
that the inversion integral, too, is applicable in all practical cases, pro¬ 
vided it be taken as a first-order Cesaro limit (cf. vi, § 11). 


f(p)—p\ e~ pl h(t) dt, a<R ep</?, 
J — 00 


Ml) 


-Lf 

2m J< 


C + i® /(£,) 


e ptJ_±£i c ip a<c<B. 
P 
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It is further to be noted that the upper dot in the symbols of(19) points to 
the original, whilst the lower dot points to the image; it is a matter of in¬ 
difference whether we write the image at the right or at the left of the symbol. 

We have already found that the unit function h(t) = U(t) as original 
leads to the image /(p) = 1; moreover, the corresponding integral (20 a) 
converges for Rep > 0. Therefore we have in our symbolic notation 

1==^?7(£) } 0<Rep<oo, (21) 

or, alternatively, U(t) = 1, 0 < Rep < co. 

These equations may be read as follows: ‘ the constant 1 is the image of 
the unit function’, or, alternatively, ‘the unit function is the original 
of the constant 1’. Because of this simple rule we decided to define the 
Laplace integral as/(p)/p, rather than/(p) as many authors do. 

We may once more emphasize that the strip of convergence should always 
be specified, since completely different originals may lead to one and the 
same image in different strips of convergence. The following simple example 
will serve as illustration. On the one hand we have 


If* (*> 0) 

J^lo (t< 0) 

whereas on the other 

1 f° (*>0) 
P l-t (*<0) 


0<Rep<oo, 


— oo<Rep<0, 


as is readily verified by application of (20 a). 

In many physical applications the independent variable of the original 
is the time; therefore we have denoted it by t, though in pure mathematics 
it is usually written x . The independent variable of the image, however, is 
generally—following Heaviside—denoted by p. 

It is evident from the definition integral that the original has to be given 
only for real values of t\ the corresponding image (if existing at all) is then 
automatically determined in some strip of convergence in the complex 
p-plane. The operational transformation original-> image generates a 
correspondence between a function defined on the real *-axis and a function 
of p in the complex p-plane. Even if the original is discontinuous, its image 
(if existing) is an analytic function of p in the strip of convergence. The last 
property is already indicated by the preceding example of the discon¬ 
tinuous unit function U(t) leading to the image l(Rep>0), which is 
obviously analytic. Since analytic functions are more tractable than dis¬ 
continuous functions, the operational calculus provides us with a method of 
studying properties of discontinuous functions with the aid of the milder 
image functions. In electrical-network theory discontinuous ^-functions 
play an important part (e.g. a voltage suddenly applied at * = 0 represents 
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such a discontinuous function). In this field of physics the operational 
calculus has proved its great value. 

In actual applications of the operational calculus we first transpose the 
problem under consideration, supposed to be formulated in terms of the 
variable t , into a new problem in the p -language; i.e. the functional relations 
(such as difference, differential or integral equations), in which the problem 
is first stated, is transformed into its operational equivalent. This comes 
down to a multiplication of the given functional relation by the function 
p e-P*, followed by an integration from t = — oo to £ = -f oo. This procedure 
may conveniently be called the transition from the t-language to the p- 
language. In many problems, such as are encountered in the study of 
transient phenomena in electrical networks, the new formulation (in p) is 
considerably simpler than the old one (in t), and therefore usually leads to 
a solution in an easy way. Once the problem is solved in terms of p, it only 
remains, as the second stage of the method, to translate back the p -solution 
into the physical language of t. 

For a rapid and efficient procedure it is necessary to have a 'dictionary’ 
at hand; this dictionary is an assembly of the simplest originals together 
with their corresponding images. A 'grammar’ of rules would also be 
helpful, indicating how functional relations between originals are trans¬ 
posed into those between the corresponding images, and vice versa. A short 
dictionary is constructed in chapter hi, and a grammar in chapter iv. They 
will contain only the most important relations and rules, simply for a 
better understanding of the operational calculus. At the end of the book, 
however, the reader will find a more extensive list of rules and operational 
relations; a part of them has been treated in the complete text. It is to be 
emphasized that, in applying the dictionary and grammar, the integrals 
(20) need no longer be used explicitly, although they and only they, of course, 
are basic for the construction of both grammar and dictionary. 

Finally, we may remark that—though it is still a matter of indifference 
whether (20) or some other system (see (7), for instance) is used as basis of 
the calculus—by the choice of (20) as fundamental relations, operations 
such as differentiation and integration can easily be translated; this would 
not be the case in any other kind of operational calculus. 


7. Operational calculus based on one-sided Laplace integrals 

Our definition integral contains — oo and -f oo as limits of integration. 
In previous treatments by Heaviside, Carson, and others, the lower limit 
is 0 instead of — oo; therefore the original h*(t) had to be defined only for 
t > 0, since its values for t < 0 do not enter into the old definition integral. 
On introducing the unit function, this comes down to 

h(t) = h*(t) U(t ), 


( 22 ) 
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since substitution of (21) in (20 a) automatically leads to the old one-sided 
integral. Functions h{t) that vanish identically for t < 0 in the sense of 
(22) are called one-sided functions (see fig. 9); those not vanishing for t < 0 
are called two-sided functions . 

It will be observed that our treatment 
is to be preferred, since in the old theory 
two-sided originals could not be dealt with 
at all. On the other hand, this extension of 
the basis of the operational calculus neces¬ 
sarily requires a proper specification of the 
strip of convergence: a< Rep </?. Accord- Fig. 9. A one-sided original, 
ing to the theorem mentioned in §5, the 

one-sided Laplace integral converges in a region extending to infinity at 
the right of the vertical Rep = a. Therefore /? is always infinitely large 
for one-sided originals, and the equations (20) become 



f(p)=p s: e~ pt h*(t) dt , a < Rep < oo, 

h*(t)U(t) = ~ r i “er‘M d p, a 
&TT% J c—too p 


<c<a0. 


It is significant to notice that in the new theory the factor U(t) in 
one-sided originals should never be omitted, since the image of a one-sided 
original depends upon its continuation through negative values of t , unless 
it would vanish there identically. 

Example . As to the function e ~ at * (a > 0), we have 




e~ aii e~ pt dL 


Upon substituting in the image integral s = t <Joc + — j- , and using the well-known 
result of Poisson -oo v 

e-**ds = V^ (23) 


we obtain 


©—«**=== / /—j p e p%lict , — oo < Rep < oo. 


On the other hand, for the one-sided original, 

e~ a **Z7(2)=p I e- pt e~ aii dt = ^-e pi/4a f e _ **cfo, — oo<Rep<oo. 

Jo V a J -V- 

2 Va 

Introducing, finally, the conventional notation existing for the well-known probability 
function (error function), we arrive at 

Having thus developed the fundamental ideas of the operational calculus 
by means of the Fourier integral, we shall deal in subsequent chapters with 
the simplest applications and general theorems of our calculus. 


)• - 


oo<Rep<oo. 




CHAPTER III 


ELEMENTARY OPERATIONAL IMAGES 

1. Introduction 

In this chapter we shall discuss the images of some elementary functions 
which are frequently used in physical and other applications. Two simple 
rules have to be considered first, however. Since the definition integral 
(ii, 20 a) involves the original h(t) only in a linear way we have manifestly 

(1) Multiplication of the original by any constant G corresponds in the 
p -language to multiplication of the image by G . 

(2) The image of a sum of two originals is equal to the sum of the separate 
images. 

Clearly, the strip of convergence does not alter after application of the 
first rule. The second rule, however, can (at first sight) only be applied if 
the strips of convergence overlap, and consequently the sum rule will hold 
only in the common domain of convergence. Thus, starting with the 
operational relations 

/i(3>)r=^i(t), a x < Re j) < p v 

f 2 (p)^h 2 {t), a 2 <R ep<0 2 , 

we find for the sum (see also fig. 10) 

fi(p)+Mp)^K( t ) + K( t )> max (a lt a 2 ) < Rep < min (ft lt /? 2 ), (1) 

provided, of course, there is a common strip of convergence. 

It is still possible that (1) holds true in 
some strip of convergence larger than that 
indicated; for instance, if a common pole 

of the functions i/^p), -/ 2 (p) is cancelled 

out after the addition. This peculiarity is 
illustrated in the following example (cf. § 3), 
in which a denotes any positive number: 

P Rep>a, 

p — a w 

_£L- =±( e at-i)U{t ), R ep>a. 

Fig. 10. Common strip of con- 
By subtraction we obtain the operational vergence of two operational 
relation l=f7(£), already mentioned, and relations, 
holding in fact for Rep > 0. 




III. 1 elementary operational images 23 

By successive application of the sum rule we obtain the image of a finite, 

00 

or even infinite, number of originals. Thus the image function X fn(P) 


0 


corresponds to the original X Kitt)- With regard to convergence questions, 

n = 0 

etc., the reader is referred to chapter vn, §§ 8-11. 


2. Images of polynomials; the T -function 

According to the sum rule of § 1 we can easily determine the image of any 
polynomial in t, once the image of t n is known. The two-sided Laplace 
integral of t n does not exist; so we have to confine ourselves to one-sided 
polynomials, i.e. polynomials multiplied by the unit function U(t). 

Let us thus start with a discussion of t v U(t)\ its image is, according to 
definition, r<c /•«> 

p\ e~ pt t v U(t) dt — p J e~ pt t v dt. 


On substituting s = pt and using Euler’s integral for the T-function, we 
find, provided p > 0 and v > — 1, 



e~ 8 s v ds 


n(y) 

p v 


I>+1) 

p v 


( 2 ) 


The transformation given above holds also for complex values of p , pro¬ 
vided Re^>0. The new upper limit of integration, obtained when the 
substitution s — pt is performed, and which lies in the right half-plane of <$, 
can be replaced by + oo without changing the value of the integral. More¬ 
over, the condition Re v > — 1 is already sufficient, if it is understood that 
the many-valued function p v is defined as e v log:p , where log^> is real for p > 0. 
On the other hand, the integral diverges if either Rep<0 or Rey< — 1. 
Summarizing, we may say that the indicated extension of (2) leads to the 
following operational relation: 


t»U(t ) = 


U(v) 
P v ’ 


0<Re^><oo (Rev> — 1). 


(3) 


It is to be noticed that in (3) the negative power of p is equal to the 
positive power of t ; this simple result is a consequence of having defined the 

Fourier integral (ii, 20 a) equal to ~f(P) rather than to f(p). 

It is thus established that the one-sided original of the simple function 
t v , whether v be integral or not, leads to an image involving the famous 
T-functionlV+l) = ri(v) as a numerical coefficient. With regard to further 
investigations, it may be worth while to recall some of its principal pro¬ 
perties. As is well known, T(n+ 1) = Il(n) = n\ for any positive integer n . 
A closer study reveals that the II-function is throughout positive if v > — 1. 
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By analytic continuation into the domain Re v< - 1, for which values of 
v the function cannot be represented by Euler’s integral, it can be shown that 
II (v) = T(p+1) has simple poles at v = — 1, -2, .... For real values of v 
the function II (v) is plotted in fig. 11. 

Integration by parts of the Euler integral leads to a very important 
relation; in terms of the II-function: 

U(v) = vII(v-I), (4) 

in accordance with the familiar n\ = n(n— 1)!. 


7T(v) 



The functional equation (4) is very characteristic for the II-function. As 
shown by Holder, II (p) does not satisfy any differential equation with 
algebraic coefficients. According to Artinf II (y) is the only solution of the 
difference equation (4) that is logarithmically convex for v > — 1, satisfying 
the normalizing condition 11(0) — 1. 

The property of logarithmic convexity is essential. In this connexion we 
may consider the example 

f(y) = i( c °s (2ttv) + 2} IT(v), 

being a function satisfying the relations /(0) = 1 and f{v) = vf(v— 1). 
Therefore it coincides completely with the function II (v) for positive 

t E. Artin, Einfiihrung in die Theorie der Qammafunktionen , Leipzig, 1931. 
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integral values of v; its logarithm logf(v), however, is not convex with 
respect to the y-axis; this can be readily verified. 

As is already indicated by the formula (2), two different notations, II(v) 
and I», are in use; they are related by 

U(v) = F(i/+1). 

In this book both notations are used alternatively, depending on which of 
the two leads to the simpler result in a given case. We may further remark 
that even for v equal to an integral multiple of ^ the numeric II (v) can be 
given explicitly. To see this, we remember the equivalence of Euler’s 
integral for II (— J) with Poisson’s integral (ii, 23) 


■n(-*)-r (*)->• (5) 

For other half-integral values of the argument, according to the recurrence 
relation (4), 

n(i) = W-i) = £>, n (f) = f n (£) = iV 77 '* etc - 

So, for instance, if v is taken equal to f, (3) yields 

t* U(t) 0 < Rep < oo. 


In the same manner any finite sum of one-sided powers of t (exceeding — 1), 
whether they are integral or rational, can be transposed. As just another 
example we may quote 


(3* 2 + 7<*) U(t)=~ + ~^, 0<-Rep<ao, 


which can be written down almost at once. 

Having briefly indicated the importance of the T-function in elementary 
operational calculus we may state that the calculus, in its turn, can also 
give useful information about the T-function. A simple example will 
illustrate this statement. Since t v is positive on the path of integration, 
the definition integral of (3) converges absolutely; moreover, the function 
t v U(t) has limited total fluctuation in any finite interval, and is equal to 
its mean value. Consequently (the sufficient conditions of n, § 5 being 
fulfilled) the existence and the validity of the inversion integral are certain. 
Thus we have 


t v I fc+ico ppt 

n w m = 2rij c - ia> r» dp ’ 


Occcco (Rey> — 1). 


It should be noted that the above integral must vanish automatically for 
negative values of t, because the left-hand side does so. 

Let us now consider the special case t = 1; then 

1 1 e p 


(6) 
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This integral representation of the inverse II-function is closely related 
to a well-known formula of Hankel, viz. 


n(v) 


= -lf J 

2 ttiJlP 


eP 

p+i 


dp, 


(7) 


ImpA 




c +• io 


Re f> 


which defines the II-function in the whole plane of v. The path of integration 
L starts at p — — oo; then it turns around the origin, and finally goes back 
to p = — oo, in such a way that the negative 
axis of p is never crossed (see fig. 12). Ob¬ 
viously the integrals (6) and (7) differ only 
with respect to their paths of integration. 

They are both valid for Rev> — 1, indica¬ 
ting that for these values of v the path L 
in (7) can be transformed into a straight 
vertical line, parallel to and at the right of 
the imaginary axis, without changing the 
value of the integral. For other values of v 
such a transformation is not allowed, since 
then the factor p~ v ~ x does not decrease suffi¬ 
ciently for \p | ->oo. It will be evident from this example that even the 
most elementary functions can lead to interesting analytical results, by 
a proper application of the operational calculus. 


Tc- /oo 

Fig. 12. Paths of integration of 
Hankel’s integral and of the in¬ 
version integral. 


3. Images of simple exponential functions 

As will be seen later on, the images of the simple exponential functions 
are of great importance in physical applications. We shall begin our study 
with the simplest exponential original, viz. the one-sided e~ at U(t). Applying 
the definition integral, we obtain 

p I e~ pt e~ at Ult) dt=p\ e-^+^dt = 

J -oo Jo P + cc 

for Re(p-fa)^0. Consequently the following operational relation holds 
for arbitrary values of a: 

e _af — Rea<Re^><oo. (8) 

After writing down the relation (8) with a replaced by — a, and performing 
a simple addition or subtraction, we are led at once to the following pair of 
operational relations: 


cosh {at) U ( t )"—- :p ? > _ a y 

| Rea | 

< Rep < oo, 

(») 

sinh {at) U{t)±~^— 2 , 

| Rea 

< Rep < oo, 

(10) 


in which the proper strips of convergence can readily be accounted for. 
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It is to be noticed that the analogous two-sided ^-functions (thus ignoring 
the unit function U(t)) have no images at all, unless a degenerated strip of 
convergence should be allowed (see vi, § 13). On the other hand, the image 
remains equally simple when t is replaced in the exponent by its absolute 
value, and U(t) is again omitted; namely, 


i e -<zia±=; -J L-- -Rea<Rep<Rea, (11) 

4 a 2 —p^ 

valid only for Re a > 0, of course. 

In comparing (11) with (10) we observe once more that two different 
originals may belong to one and the same image, though in different strips 
of convergence only. We may finally remark that the old theory, based 
upon the one-sided Laplace integral, did not give an image for |e _aU1 at all. 


4. Images of complicated exponential functions 

As to originals involving exponential functions in a complicated way, 
their images may sometimes be found by an adequate change of variables 
in the initial Laplace integral. The following examples will illustrate this 
in some detail. 


Example 1. The pair of related functions 


1 

e*+l 


and 


U(t) 

e*+ 1 


again shows how the character of the image is influenced by properly accounting for 
the unit function. In the first place we have 


i r a 

J- 


e -pi 

,e*+l 


(Uy 


and this integral can be transformed by means of the substitution e 4 = - — 1 
(— 1 < Rep < 0) into 


P 


J>- 


s)~ p ~ 1 ds = — II(p) IT(—p) = 7 


7Tp 


sin (7Tp) 


The last integral is Euler’s well-known integral of the first kind, to be discussed later 
on in greater detail (see (iv, 16)). Thus our first result is the operational relation 


7Tp 


e 4 +l 


sin (7rp) * 


— 1 <Rep< 0. 


( 12 ) 


Secondly, for the other original, after the substitution e~ 4 = ^u in the definition 
integral, we have _ ,, 

du. (13) 


r 

J 0 


0 *Ju+l 


This integral can be expressed in terms of the logarithmic derivative of the II-function, 
as follows from T-function theory. For 

C + xjf(z)=C+~{\ogU(z)}=[ X \p^-dt (Rez> — 1), (14) 

az J o 1-t 
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C = Lim + ^ + i + _+I-logn^ = 0*5772.... 
oo \ 2 3 n ° / 

Since (13) may be written as the difference of two integrals of the type (14), we at 
once arrive at the required image; thus the second operational relation reads 


u (t) m _jp 

e*+l *2 



— 1 < Rep < oo. 


(15) 


Finally, it is interesting to compare the respective inversion integrals with regard 
to the influence of the unit-function factor in the originals. They are, of course. 


1 

e*+l 

U(t) 

e*+l 


'c+ioo e pt 


ioc sin (np) 


dp ( —l<c<0), 


__ 1 J c + 


It is evident that these integrals are equal in value for positive values of t, whilst the 
lower integral, xml ike the upper one, vanishes identically for all negative values of t . 


Example 2. We will now discuss another example showing that complicated func¬ 
tions may often lead to quite simple images. To this end, let us consider the original 
h(t) = e~ e- ‘ whose definition integral is transformed into 


r oo 

p e~ 3 s p ~ 1 ds 

J o 

after the introduction of the new variable of integration s — e~*. Next, on account of 
Euler’s integral for the T-function, this is equal to pll(p — 1) = II(p) if Rep>0. 
Consequently we then obtain the interesting operational relation 

e-c“*=n (p), 0 < Rep< oo. (16) 


Another remarkable formula is found on application of the corresponding inversion 
integral; first, we have 

j fc+ioo 

e ~e-‘ _—. I e^n(p“l)dp (c>0), 

2m J c —i<x> 

and secondly, for the special values c = 1, t = 0 after changing the variable of 
integration by p = 1 +ia), 


1 

2 



II (io))d(i) = 

e 


thus involving the ratio of the transcendental numbers 7T and e. 


Example 3. We will consider once more the function of the second example, 
now multiplied by the unit function. Again substituting s = e~* in the definition 
integral, we obtain in this case 

e -e-*U(t)=p J (Rep>0), (17) 

If the upper limit in (17) were oo, then the integral would be equal to II(p). Since the 
contribution of the part 1 < s < oo is missing now, the resulting function is customarily 
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called an incomplete T-function. Generally, if the path of integration 0<s<oo is 
split up into two parts at s = p, then the following incomplete T-functions come into 
existence: . 


Q(y,P) = J 


e -s 3 v-l ds f 


e~ 8 s v ~ 1 ds, 


(IS a) 
(18 b) 


which functions are usually labelled as Prym functions f. Obviously, their sum is 

equal to the T -function _ v % 

P(v,p) + Q(v,p) = T(v). 


In terms of incomplete T-functions we may then write (17) as follows: 

Q-e- 1 U(t) =pP(p, 1), 0<Rep<co. (19 a) 

The other Prym function is involved in an analogous operational relation, obtained 
when the original of the second example is multiplied by U( — t ) instead of U(t ), namely, 

e" e_< f7( — £)=pQ(p, 1), — oo < Rep < oo. (19 b) 


An interesting application of the sum rule of § 1 is established in the following manner. 
By expanding the left-hand side of (19 a) into a power series in e -< we obtain the 
equivalent relation ^ 

£ (-—^e~ nt U(t)^pP(p, 1), 0<Rep< oo. 
n=0 n\ 


Now, according to (8), the individual terms at the left have images 


(-l) n V 
n\ p + n 


for — n<Rep<oo. After adding the infinite number of separate images we arrive 
at an operational relation valid in the common strip of convergence, that is, Rep > 0. 
Identification of the different expressions for the image finally leads to 


2 

n=o p + n 


P(P> 1). 


( 20 ) 


A proof of the validity of the sum rule in this case will be delayed for the moment. 
Yet we may mention that, though we have made (20) plausible only for Rep > 0, the 
expansion (20) holds for general values of p. It will also be evident that P(p, 1) and 
r(p) have a common set of simple poles, p = 0, — 1, — 2, ..., with corresponding 
equal residues. Therefore, the difference of T(p) and P(p, 1) is necessarily an integral 
function of p. This function is Q(p, 1); in accordance with Q(p , 1) being an integral 
function of p, we see that (19 6) holds for all finite values of p. Thus the separation of 
the Euler integral into the Prym functions is, from the point of view of analysis, 
a separation into a meromorphic and an integral function; the specialization p — 1 
is not essential in this connexion. 


5. Images of goniometric functions 

The images of goniometric functions are of primary importance with 
regard to physical applications. Therefore a short account of them may be 
given here. 

With the aid of (8) we can write down almost at once 


cos tU(t)^ 

"V+1’ 

0<Rep<oo, 

(21) 

sintf Z7(f) = 

p 

> a +i’ 

0 < Rep < oo, 

(22) 


f The notations are those of N. E. Norlund, Differenzenrechnung, Berlin, 1924, p. 392. 
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if use is made of the familiar formulae 


cos t = £e*+£e~* 


sin t = e il — ~ e~ il , 

2 ^ 2i 


III. 5 


and (8) is applied for the special values a = i, a — — i, followed by an addi¬ 
tion or subtraction. 

It is to be remarked that other simple goniometric functions, such as 
ta,n tU(t) and cot tU(t), have no operational images, because the corre¬ 
sponding Laplace integrals diverge for all p. This is because the poles of 
h(t) lie on the path of integration. Though it might be possible to assign 
a definite meaning to integrals of this type by properly taking them in the 
sense of a principal value, we will not go into further details here. On the 
other hand, there exist many operational relations involving the elementary 
goniometric functions in a more complicated way; the latter can usually be 
derived by adequate superposition of simple exponential and goniometric 
relations. As an appropriate example we would quote the binomial expan¬ 
sion of (e* —e~*) w ; after transposing term by term, and with some sim¬ 
plification, we readily find 


sin 2 "* £/(*) = 


(2 n)\ 


' ( p 2 + 2 2 ) (p 2 + 4 2 )... ( p 2 + 4 n 2 ) 9 


0<Rep<co. (23) 


6, Images of logarithmic functions 

In discussing this class of functions we have an opportunity to develop 
a procedure which often allows of deriving essentially new operational 
relations from others already investigated. To this end, let us start with some 
operational relation involving a parameter v, so that for iq < v ^ v 2 : 

Mt> v) =f(p , v), a < R ep</3. 


In most cases it will be permitted to differentiate either side of the relation 
above with respect to the parameter v y leading to the new operational 
relation 


dh(t, v) ^ df(p, v) 
dv dv 9 


cl < 'Rep <j3 (v ± ^ v < v 2 ). 


(24) 


As to the legitimacy of this procedure, it is sufficient to require that, in 
the ^-interval mentioned, (i) the definition integral belonging to (24) is 

uniformly convergent at both end-points, and (ii) h(t , v) is a continuous 

function of t and v. 

Let us return to the operational relation (3) involving the parameter v . 
Introducing the same notation of the logarithmic derivative of the II-func¬ 
tion as before in (14), viz. 


xlr(v) = 


n» 

n(v)’ 
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we have by application of the procedure (24) 

0<Rep<oO (Re v> — 1). (25) 

JJ 

A simple specialization of this relation is found when v is made zero; since 
^r(O) = — C (Euler’s constant, see also (14) for z = 0), we obtain 

(logi + C') U(t)'=- -logp, 0<Rep<oo, (26) 

or, alternatively, 

— log tU(t) = logp-\-C, 0<Hep<cc. (27) 


7. Well-known integrals of the Laplace type 

Very often one is led to integrals of the Laplace type—if necessary, after 
some trivial modification. Of course, these integrals may be interpreted 
in terms of the operational calculus. We shall therefore discuss some simple 
examples from this point of view. 


Example I. In the conventional notation of Bessel-function theoryf, we have, for 
the Hankel function of imaginary argument (cf. x, § 4), 

K„(a) = (28) 

the following integral representation 

K„(a) = 1 f e- acoaht ~ vt dt (Rea>0). (29) 

2 J — 00 

Let us now replace the parameter v by p; then we arrive at the following two-sided 
Laplace integral: 

2 pK v (a) = p e~ vt e~ aco&ht dt (Rea>0). 

J —00 

We have thus established the operational relation 

e —ocosht = 2 pK v (a), — oo<Rep<co (Rea>0), (30) 

into which the parameter p of the operational calculus enters as the order of the 
Hankel function of imaginary argument. Still other relations can be derived from the 
integral (29) involving, however, the parameter p in the argument of the Hankel 
function rather than in its order. For instance, take a = 2fp in (29) and substitute 
s = eVVp* The modified integral is then easily recognized as the definition integral 
corresponding to the operational relation 

Q-llt 

2pK v+1) K v _ 1 {2*Jp)==±—^-U(t), 0<Rep<oo ( — oo<Rer<oo). (31) 


In addition, the specialization v — J leads to the quite simple operational relation 


-i It 


Jpe- iVv =^^—U(t), 0<Rep<co. 

Vw 


(32) 


f G. N. Watson, Theory of Bessel Functions , Cambridge, 1922, p. 182. 
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Example 2, Another example showing that an integral defining some transcendental 
function may be transformed into one of the Laplace type is provided by the well- 
known transcendent Ei, which is conventionally called the exponential integral (it 
can also be written li so as to denote the logarithmic integral, of different argument 
of course), viz. 

rp q-* 

Ei(-p) = U(e- p )=\ — ds. (33) 

J oo 8 

This integral is easily changed into the appropriate form by the substitution s — pt. 
For Rep > 0 the result becomes 

~P Ei( ~p) =p f ^—dt = p f e -ptEt—Ddt . 

J l * J -oo t 

According to definition we therefore have the following operational relation: 

-pEi(-p) s= -pli (e’-* , ) = ~^~ 1 \ 0<Rep<oo. (34) 


Example 3. Still another integral representation admitting almost immediate 
interpretation as a definition integral is encountered in ^-function theory. The 
generalized £-function, of arguments v and a y is customarily defined by means of an 
infinite series as follows: 


Z(v 9 a) 



1 

(n + a) v9 


(35) 


which series converges for Re v> 1. The ^-function of Riemann is obtained by especi¬ 
ally choosing a = I, namely. 


£(*,1) “£(*) = 2 - (Re v> 1). 

n=\n v 


(36) 


As to the generalized ^-function, we have for Re v > 1 and Re a > 0 
representation 


1 f 00 x v ~^ &~ ax 

^’° ) = r>)JoT^r d *- 


the integral 
(37) 


Upon replacing a by p, and multiplying through by pY(v) y one will easily find the 
equivalent relation 

t v-i 

—-—U(t)±==r(v)p£(v,p)> 0<Rep<oo (Re y> 1). (38) 


It will be obvious that (38) does not lead to an operational relation (in the proper 
sense) for the restricted Riemann f-function, since for that the operational variable 
p should be taken equal to 1. In order to obtain an operational relation involving the 
Riemann £■-function we substitute a = 1 in (37); thus 

——dx (Rev> 1), (39) 

Jo © — i 

and this integral can be moulded into a proper definition integral by substituting 
x = e~ f and taking v — p, leading finally to the operational relation 


n (i>)£(p)=—I—r 

e e — 1 


1 <Rep< oo. 


(40) 



CHAPTER IV 


ELEMENTARY RULES 


1. Introduction 

This chapter will be devoted to establishing simple rules by which the 
operational calculus enables us to derive, in a simple manner, known 
relations as well as new ones between various mathematical functions. As 
will be seen in due course, a simple relationship between two images often 
leads to corresponding, though perhaps rather intricate, relations between 
the originals. In this as well as in subsequent chapters we shall often have 
an opportunity to demonstrate this important property of the operational 
calculus by means of various examples. 

We might again place emphasis on the requirement that any rule is com¬ 
plete only if the corresponding strip of convergence is properly indicated. 
It should further be noticed in advance that the rules, if formulated with 
respect to two-sided Laplace transforms (n, 20 a), are usually much more 
simple than they would be if the theory were based on the one-sided integral 
(ii, 22 a). The old theory was treated some time ago by one of the present 
authors*)*; the rules that follow may be considered as an extension and 
simplification of the earlier results. 

In simple applications we shall often use results of later chapters; for 
instance, the equality of two images in some strip of convergence implies 
that of their respective originals. This property holds if the originals obtained 
are sectionally continuous, the indeterminateness of the original with respect 
to the question of null functions being of no importance (see vi, § 15). 

2. The similarity rule 

In the preceding chapter (§1) we have already formulated two very 
simple rules. The similarity rule which will be discussed now is of equal 
simplicity. It indicates how the image alters if in the original the variable 
t is multiplied by a real constant A: 

If a<R ep</?, 

then we have 

1st for A>0: h(At)±=f^j ^, Aa<Rep<A/?; (la) 

2nd for A<0: h(At)= — A/?<Rep<Aa. (16) 

The proof of this rule is easy; it follows from the definition integral for the 
new original h(At) after substituting s ~ At. 

f Balth. van. der Pol, ‘ On the operational solution of linear differential equations 
and an investigation of the properties of these solutions’, Phil. Mag. vm, 861, 1929. 
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Example 1. Let us start with the operational relation 

U(t) = 1, 0<Rep<oo. 

On applying the above rule for A = — 1, we obtain 

— U{—t) = 1, — oo<Rep<0. (2) 

The left-hand function of t is equal to — 1 for negative values of t , and zero if t > 0 
(see fig, 13). Thus, again, we have an example showing that one image (f(p) = 1) 
may have different originals in different strips of convergence. 


1 


J_L 

0 



0 t 


-1 



Fig. 13. The unit functions of positive and negative arguments. 


Example 2. From the example (in, 23), in which the image has poles on the imaginary 
axis at the even integral multiples of i, we deduce with A = J a new operational relation 
involving an image with poles at all integral multiples of i , viz. 


(2sin^) 2 ”f7(*) = 


_(2n[!_ 

* (p 2 + l 2 ) (p 2 + 2 2 )... (p 2 + n 2 )’ 


0<Rep<oo. 


(3) 


3. The shift rule 

This rule shows the effect of adding a constant A to the argument t of 
the original: 

Let W)^f(p)> a<Re|)</3, 

then, for real values of A, 

h(t + A) = e A ^/(_p), a<Re^<^. (4) 

It is to be noticed that here the strip of convergence does not change. 

This rule too is easily derived with the aid of the definition integral; for 

f* co Z 1 00 

\)=p e~ pt h(t 4- A) dt = e Xp p e~ ps h(s) ds, 

J — GO J — CO 

the right-hand member being e Xp times the image f(p) of the original h(t). 

In physics the shift rule is frequently applied to the treatment of retarda¬ 
tion phenomena (Lorentz retardation); it is also particularly useful in the 
solution of difference equations, as will be seen in chapter xiii. 

It is just the shift rule that was less tractable in the old theory of the one¬ 
sided Laplace integral, owing to the change of the lower limit of integration 
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in the definition integral after the substitution s = £ + A. In the old theory 
we had the following rule: 

Let Ht)U(f)=f(p), a<Re^p<oo, 


then, in the same strip of convergence, 

1st for A>0: h(t + A) U(t) = e Xp f(p), 

2nd for A<0: h(t + A) U(t +A)±=e Xp f(p). 

Incidentally, we may remark that a different formulation of the shift 
rule in the case of one-sided originals is possible. To this end let [[<j>(p)]] 
* denote that part of the Laurent expansion of <f>{p) which consists of the non¬ 
positive integral powers of p . Then it follows that 


{t + a) n U(t) = n\ 2 


o r\p n ~ r 


(Re^> > 0), 


which operational relation can be obtained after expansion of the original 
according to the binomial formula. Provided the original is expressible as 
a Maclaurin series for all values of t , we easily derive 


h(t + a) U(t)= U(t )2 

n=0 


(t+ay 

n .! 


U n \ 0)3 


= s U n \0) 

n=0 


T e ap T 

±p*\\ = 


e ap 2 

71=0 


A<*>(0)1“ 

rpn J - 


Now the last series is simply the image f(p) of the original h(t) U(t); con¬ 
sequently, for the shift rule in the case of one-sided originals: 

h(t + a) U(t)=[[e ap f(p)]], 0<R ep<cc. (4 a) 

As to the application of the general shift rule, the following few examples 
may prove useful. 


Example 1. With the aid of the unit function we are able to arrive at the image of 
the rectangle function of fig. 2. Since the latter function may be looked upon as the 
difference of two suitable unit functions, namely (see fig. 14), 

h(i) = bU(t + a) — bU(t — a), 

we have from U(t) = 1 (Rep>0), 
applying the shift rule, 

U(t + a)^==e ap (Rep>0), 

and U(t — a) = e~ 0J> (Rep>0). 

Therefore the image of the rectangle 
function becomes 

b(e ap — e~ ap ) — 26sinh(ap) (Rep>0), 

(5) 

which is also found by direct applica- 14. Splitting of the rectangle 

tion of the definition integral, though function into two unit functions, 
in the last way the strip of convergence 

appears to be wider, namely, — oo < Rep < oo. This example shows that by addition of 
two images a common pole of/(p)/p, which in this case lies at p = 0, may cancel out, 
so as to lead to a strip of convergence wider than that expected from the sum rule. 



3-2 
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Example 2. The shift rule provides us with a method of transposing one-sided 
periodic functions which originate by periodic continuation of a given function defined 
in some finite interval. For instance, let h(t) be given in the range 0 < t < 1 (see fig. 15a), 
and suppose its image/(p) to be known. It is understood that h(t) is replaced by zero 
outside the mentioned interval; in other words, we assume the relation 


which will be valid for all p since its Laplace 
integral can be taken over the finite range 
of integration 0 < t < 1. Replacing t by t — 1 
we obtain the shifted function of fig. 15 6. 
According to the shift rule the new function 
satisfies the relation 

1){ U(t -1) - U(t-2)} = e~»f(p). 

Proceeding in the same manner, by repeated 
applications of the shift rule, we displace 
h(t) to subsequent intervals. After addition 
of the resulting countable set of functions 
we obtain the ‘periodic’ function shown in 
fig. 15 c. Obviously, this function can be 
written as h(t — [£]) U(t), if [£] denotes the 
greatest integer smaller than t (for integer 
values of t it is suitable to define h as the 
mean value). The image of this function 
becomes 

h(t-[t])U(t)=f(p) 

+e -p /(p) + e- 2p /( p) +..., 


Mt){u(t)-u(t-i)} 



0 


I ^(t-1){ U(t-1) - U(t -2)} 



Fig. 15. Periodic continuation of a 
function given for 0 < t < 1 . 


provided the series above converges; actual convergence obtains for Rep> 0, thus 


m-m u(t)= 


ap) 

l-e-< 


0<Rep< oo. 


( 6 ) 


With the aid of the similarity rule one can equally well deal with periodic functions 
of period different from unity. Of equal simplicity is the transposition of step functions ; 
these functions are sectionally constant and can therefore be built up by suitably 
displaced unit functions. Step functions are discussed in some detail in chapter xii; 
we shall here give only a simple example. 

sin t 

The one-sided function r—:—77 U(t) 

\ snfi I 

is equal to +1 in the intervals 0<t<7T, 27T<t<3n , etc., and equal to — 1 in the 
remainder 7T<t<27T , Stt< t<±7T, etc. At the points of discontinuity it assumes the 
mean values of £ at t = 0 and zero at the other jumps (see fig. 16). For positive values 
of t this discontinuous function has many features in common with the trigonometric 
sin it is therefore usually called the square-sine 5in£. The corresponding image can 
be obtained either directly from the definition integral or by application of (6), if 
in the latter case it is remembered that, for t > 2n, Sin t is the periodic continuation 
of the function 


U(t) -2U(t-7r)+ U(t - 2tt) = 1 - 2q~™ + e ~ 2 ™ = (1 - e -™) 2 . 
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The result is easily shown to be 

5in2 E/(£) = tanh > 0<Rep<oo. (7) 

This may serve as an example of an analytic image function obtained from an original 
having an infinite number of discontinuities. 



Fig. 16. The square-sine function. 


Example 3. Another application of the shift rule will be studied now. It leads to 
a well-known transformation formula for series, originally due to Euler, by means of 
brief operational reasoning. 

Let h(t) =/(p) for Rep < 0, then 

h{t)-h{t+l)+h(t + 2)-h(t + Z) + ...=f(p)(l-er + e*»-e 3 r + ...) = 


Expanding the image as follows 


OO 


J(P) 2 
n =0 


(l-e») n 
2"+i ’ 


and then transposing this result term by term, we deduce the identity 

h{t)-h(t+l) + h(t + 2)-h(t + 2) + ... 

h(t) h{t)-h(t+1) h(t)-2h(t+l) + h(t+2) 

“ 2 + 2 2 + 2 8 + 


Finally, if t is taken equal to zero, and h(n) replaced by a n , we arrive at Euler’s formula: 


a 0 -a 1 + a 2 -a 3 + ... 


a 0 a 0 -a 1 a 0 -2a 1 +a 2 _ * (~A) n a 0 

2 + 2 2 + 2 3 n Z 0 2 n + 1 * 


In this formula Aa k denotes the asymmetrical difference operator 


Aa k — a k+1 — a kf 

which will be of frequent use in later investigations. 


Example 4 (Mobius inversion). A slightly more complicated application of the shift 
rule leads to the determination of h(x) from the expression 

H(x)=I l h(-) (x> 0). 

n=l W 

At first sight it seems reasonable to use here the similarity rule with respect to x = t. 
But it is usually much more simple first to reduce the division of x by n to a shift in 
the variable t defined by x = e*, and next apply the shift rule; in other words, let us 
start from 

H(e*) a 2 ft(e* _logn ). 
n —1 
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Furthermore, let H(e*)=F(p), /i(e') =/(p), (8) 

and assume the existence of a common strip of convergence. Then the shift rule yields 


*{p)=f{p) 2 

n=l n v 

The series above (being convergent for Rep> 1) is equal to Riemann’s ^-function 
£(p ); therefore a simple division, 


gives the image of the still unknown original h(t). An explicit expression could be 
obtained by means of the inversion integral (if convergent). On the other hand, 
however, we have still a different method. First we have 


J_ = - Mn) 
£(P) 71-1 W* 


£ 

2 P 


h~h + h~r» + w»~- (Re:p>1) ’ < 10 > 


in which fi(n) denotes the Mobius function of number theory (fi{n) = 0 for any n 
containing a square factor; ji{n) = +1 or — 1 according as the number of different 
prime factors of n is even or odd; /i( 1) = 1). Then (9) can be written as 

00 F(r>) 00 

f(p) = 2 fi(n) -= 2 /i(n)F(p)e- pl °s n . 

n=l n p n =l 


Secondly, from (8), applying the shift rule once more, 


oo / B i\ 

h(e f ) = 2 fi{n)H (- ). 
n—1 \nf 

Replacing e f by the old variable x, we then obtain finally the following set of corre¬ 
sponding equations: 

h(x) = S Mn)H(-\. (11) 

n~l \nj n=l \ n J 

An example such as that given above indicates clearly the heuristic importance of 
the operational calculus in solving rapidly quite an intricate problem. As to our 
derivation, it is sufficient to assume that h(e f ) and l?(e*) have a common strip of 
convergence inside the domain Rep> 1. Once the solution of a problem is found by 
an heuristic method, it may afterwards be verified in a different and (if necessary) 
more rigorous manner. Thus (11) can also be proved if one starts from the basic identity 

S/^(n) =s 0, 

djk 

in which the summation extends over the divisors of all integers h exceeding 2 (1 and 
Jc being included as divisors of &). A rigorous proof along these lines requires the 
legitimacy of changing the order of summation in a double series. 


4. The attenuation rule 

Whereas the shift rule indicates the change of the image function when 
a constant A is added to the argument t of the original , we shall now discuss 
the change caused by the addition of a constant A to the argument p of the 
image . The corresponding new rule reads: 

GlVen Ht)=f(p), a<R ep<fi. 
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A), a —Re A < Re$></? —Re A. (12) 

In contradistinction to the case of § 3 the strip of convergence has now 
changed; moreover, the constant A will in general be complex since f(p) is 
essentially a function of the complex variable p. Since f(p) transforms into 
f(p + A) and therefore p + A takes the place of p , it is obvious that the new 
strip of convergence is as indicated. 

The proof of (12) is easy; it follows from the definition integral: 

e-«A(«)=jp f" e-to+Mh(t)dt = (p + A) f“ e-< v+™h(t)dt. 

J-oo P + A J - CO 

The right-hand member is actually that of (12) in view of the definition 
integral of f(p + A), just in the strip of convergence mentioned. 

This rule is called the attenuation rule because it is often used in physical 
applications to describe attenuated vibrations if t denotes time and A is 
positive; if A < 0 the factor e +A * is characteristic for a vibration continually 
increasing in amplitude, the attenuation then being negative. 

Example . The operational relation (in, 8) for the exponential function is easily 
obtained by means of the attenuation rule; if one starts with 

U(t) = 1 (Rep>0), 

V 

then at once e~ at U(t) =====-, — Re a < Ren < oo. 

p + ct 

5. The composition product 

We shall next discuss one of the most important rules of the operational 
calculus, which will be useful in the determination of the original corre¬ 
sponding to the product of two images whose separate originals are known. 
Its formulation in case of two-sided Laplace integrals reads: 

Given the two operational relations 

f 2 (p) = h 2 (t), a 2 <R ep<p2, 

then it follows that 

IMp)Up)^T h{T)hS-r)dT (13) 

is valid in the common strip of convergence, provided that the latter exists 
and the corresponding definition integral is convergent. Furthermore, the 
common strip of convergence is then as specified below: 

max (<x l9 a 2 ) < R ep < min (J3 1} /? 2 ). 
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The right-hand side of (13) will be called the composition product of the 
functions h x (t) and Ji 2 (t). It has already been applied by Duhamel, Hopkin- 
son, Rayleigh, Borel, Levy, Vito Volterra, and others. We would remark 
that, in our opinion, Heaviside himself was not acquainted with the com¬ 
position product, since there seems no reference to it either in his papers 
or his unpublished manuscripts *j\ 

The relation (13) can be deduced by first replacing one of the functions 
f(p), say/i, in the left of (13) by its definition integral; thus 

\fi{p)U(P) =MP)( e-* T A 1 (r)dr= |* e^f^.h^dr, 

a x <R ep</? 1} (14) 

and then determining the original corresponding to the right-hand side 
of (14). The last can be accomplished readily, since the integrand, involving 
the non-operational parameter r, can be transposed with the aid of the 

i • Ik i 

8 1 Tne e-PTf 2 (p).h 1 (T)dT~±h 2 (t-T).h 1 (T)dr (a 2 <R ep<fi 2 ). 

The validity of the composition-product rule is proved if it is legitimate to 
integrate the above relation with respect to r from — oo to + oo. In general, 
the legitimacy of integrating an operational relation like 

is in effect that of changing the order of integration in corresponding 
repeated integrals: 

f* 00 1*00 p CO poo 

dr\ dte~ pt h(t, r) = dte~ vt \ drh{t,T ). 

J — 00 J — OO J — 00 J — CO 

It can be stated that in almost all practical applications of the operational 
calculus these transformations are actually admissible. For, in the first 
place, (13) holds J under the conditions: 

h x (t), h 2 (t) and the composition product of h x and h 2 have convergent 
Laplace integrals in a common strip of convergence, 
and secondly, it holds § under the conditions: 

h x (t) and h 2 (t) have absolutely convergent Laplace integrals in a 
common strip of convergence. 

In the latter case the composition product of fi x and h 2 exists, and is equal 
to the original of^f 1 (p)f 2 (p). In chapter vi it is indicated that (13) holds 

everywhere inside the common strip of convergence of h x and h 2 provided 
the integrals are taken as Cesaro limits. 

f In the library of the Institution of Electrical Engineers, London, 
t For a proof concerning one-sided originals, see G. Doetsch, Theorie und Anwendung 
der Laplace-Transformation, Berlin, 1939, and New York, 1943, p. 163. 

§ Doetsch, loc. cit. p. 162; for one-sided originals even the absolute convergence 
of one of the two integrals is already sufficient; cf. Doetsch, loc. cit. p. 165. 



ELEMENTARY RULES 


41 


IV. 5 


Returning now to the form of the rule (13), one observes that it is sym¬ 
metric with respect to the functions \{t) and h 2 {t), though not explicitly 
for the right-hand side of expression (13). Actually, however, none of the 
functions h v h 2 plays a different role, since by a change of integration 
variable (t = J —t') the right-hand side of (13) is transformed into its 
analogue _ 

h 1 (t — T f )h 2 (T , )dr\ 


It is still of some importance to discuss the composition product from the 
point of view of one-sided integrals. To this end, let 


fiiP^h^t) U(t) (Rep>cc 1 ), 
Mp)r=^h 2 (t) U(t) (R ep>a 2 ), 


and, therefore, on applying the rule (13), 

\fliP)h(P)^ f h l( T ) U(T)h 2 (t-T) U(t-T)dr. 

p J — 00 

On account of the factor U (r) the lower limit of integration can be replaced 
by zero; the further effect of U(t — r) is to make the right-hand side equal 
to zero for negative values of t, whilst for positive values of t the upper 
limit of integration may be changed into t. Consequently, the rule of the 
composition product now reads: 

GlVen U (t), < Re p < co, 

f2{p)^K( t ) u i t )> a 2 <Rep<oo, 

then it follows that 


1 C l 

-fi(p)Mp)^U(t)\ h^r) h 2 (t — T)dr, max (a,, cc 2 ) < Rep < co. (15) 
P Jo 


It is hardly necessary to recall that only the last formulation of the com¬ 
position-product rule existed in previous literature. 


Example 1. Euler's integral of the first kind . As an exercise, some properties of 
T-functions will now be derived. 

Let us first consider (m, 3) for two different values p and v of the parameter, 


1 . tP 

pf*' U(/i) 


U(t ), 


Rep> 0 (Re/* > — 1), 


* e p >0 ( nev> -v- 

The composition-product rule (15) for one-sided functions then yields 

111 1 C l rf 1 (t — t) v 

—— = TJ(t) I - — - dr. 

pppp v pp+v+x- j on(^) n(i') 
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Now the original of the left-hand member can easily be written down, leading to 
the equality 

t/i+v+i rt r n ( t—T) v 


U(/i + v+l) 


»n(/t) n(v) 


Suppressing the common factor U(t) for t>0, and substituting r = ts, we obtain the 
following identity: 


j 5 /*( 1 — s) v ds 


n(/Q n(v) 

IKji + v+l) 


(Re p > — 1; Re v> — 1). 


(16) 


The integral in (16) is the well-known first integral of Euler, which is usually denoted 
by B(fi + 1, v+ 1), the beta integral. 

A second property of the T-function concerns the product II(p) II( — p). In order 
to apply the rule of the composition product one would probably try to start from 
(in, 16) together with the similar relation for II(— p), namely, 


II (p) = e' e_t (Rep>0), 

II(-p) = -e- ef (Rep<0). 

A composition product cannot be formed directly, since the relations do not refer to 
a common strip of convergence. This, however, can easily be effected by first applying 
the attenuation rule to the first relation 


-- II(p4- 1) = pn(p)=e~*e“ e ~ l (Rep> — 1). 

p +1 

If then the corresponding relation (13) is written down, and in the integral the sub¬ 
stitution s — e~ T is performed, we arrive at the following result: 

n(2>)II(-;p) = -d_- (_l<R e ^<0). 


The image of the right-hand side is already known from (m, 12). After identification 
of the different forms of the image, we finally get 


n( P )U(-p) 


7 Tp 

sin ( 7 Tp) * 


(17) 


Though actually proved for — 1 < Rep < 0, it is valid for all values of p, on the prin¬ 
ciple of analytic continuation. 

As a third property of the P-function, the duplication formula will now be discussed. 
This formula states a relationship between II(p), II(p — -£) and II(2p), and can be 
deduced with the aid of the composition-product rule applied to the originals of II(p) 
and pll(p — \), where the latter image is found from the former by means of the 
attenuation rule. Performing the substitution s = e iT-ii in the resulting composition- 
product integral we obtain 

II(p) II(p — £) = 2e~^j exp | — e -i *^s 2 + —ds (Rep>0). 


Further, we can take half the sum of this expression and that obtained from it 


by replacing s by s' 1 . A second substitution u = e -i * 



then leads to 


U(p) TL(p - = <J7T exp { — 2e~V} (Rep>0), 
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in which the right-hand member, after the shift rule and the similarity rule have 
been applied to (m, 16), turns out to be the original of 

Consequently, for Rep > 0, we have the required duplication formula 

n(p)n( P -i) = ^~u(2p), (is) 

which also holds for general complex values of p, on account of the analytic character 
of both sides. 

Example 2. For another application of the composition-product rule, let us return 
to the cylinder function K defined in (in, 29) and take the composition product of 
(m, 30) and its analogue obtained when a is replaced by 6. It is not difficult to trans¬ 
form the resulting composition product into a new integral of exactly the type 
(in, 29); thus we are led to the operational relation 

2pK P (a) K p (b) =K Q {^(a 2 + b 2 + 2ab cosh, t)}, — oo<Rep< go 

(Rea>0; Re&>0). (19) 


6. Repeated composition product 

The preceding composition-product rule (13) contains the product of 
only two images. It is equally possible to form a composition product 
involving three images, say/p/ 2 ,/ 3 , if one starts with the relations 

A(i>)=&,((), a,<R ep<fi 1} 

A(p) = h 2 (t), a 2 <Rep</? 2 , 
f 3 (p)=^h 3 {t), a 3 <Re^</? 3 . 

To this end we first write down the composition product of h x and h 2 and 
its corresponding image, r 2 denoting the variable of integration: 

h x (t — t 2 ) h 2 (r 2 ) dr 2 , max (a x , oc 2 ) < Rep < min (fi v /? 2 ). 

( 20 ) 

Introducing the abbreviation <fi(t) for the integral in ( 20 ), we have for the 
composition product of <p(t) and h s (t): 

L I^P)Mp) f^p) f /) 3 (r 3 ) _ Tg ) d Ts = f _ t 3 ) 0 (t„) dr s , 

r P J —00 J — 00 

max (a ly a a , a 3 ) < Rep < min (J3 V fi 2f fi 3 ). 

The integral that contains — r 3 ) is the more useful; if — is re¬ 
placed by its value according to ( 20 ), then the original can be written as 
a double integral, viz. 

dr 3 h x (t — t 2 t 3 ) h 2 (T 2 ) A 3 (t 3 ), 
max (a 15 a 2 , a 3 ) < Rep < min (fi l9 /? 2 , /? 3 ). 


fiip)hip)fzip) 

p2 


I* 00 f* co 


V 


/% 

J ' 
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The above procedure can obviously be repeated indefinitely, thus leading 
to a repeated-composition-product rule involving a (?i— l)-uple integral 
as original of a product of n images: 


fl(P)MP) —fn(P) 


P 


n —1 


r co f* ao I* co 

= drA < 2 t 3 ... dT n \{t-T 2 -r z -...-T n )h 2 (r 2 )... h n (r n ), 

J — oo J — oo J — oo 

max(otj,a 2 , ... ) a re )<Re^<min(/? 1 ,^ 2 , (21) 


As clearly indicated by the specification of admissible values of Re p, the 
repeated-composition product is significant only if the separate originals 
involved have a common strip of convergence; in this case (21) itself also 
holds. 

Another form of the rule (21) is very interesting, both with respect to 
mathematical elegance and geometrical interpretation of the repeated 
composition product. In order to get as many factors p in the denominator 
as there are images in the numerator of the left-hand side of (21), we first 
take n+ 1 functions instead of n , and afterwards specialize fi(p), so as to 
make it equal to 1; thus h t (t) = U(t), a x = 0, f} x = oo. Lowering the suffixes 
of all the remaining functions by one, we finally obtain the symmetrical 
form 


p n 

{* 00 /'oo f* oo 

= drA dT n U(t-T 1 -T 2 -...-T n )h 1 {T 1 )...h n {T n ), 

J — 00 J — oo J ~ oo 

max (0, a l9 oc 2 >• ••> ocj < Rep <min...,#*)• (22) 


This can still be shortened somewhat; the unit-function factor in the 
integrand indicates that actually the integration extends over that part 
of the ?t-dimensional space (t x ,t 2 , refer to an orthogonal cartesian 

co-ordinate system) which is subject to 


r i + r 2+ • •• 4 ~T n < t- 

This means that the integration has to be carried out over the part of space 
that lies on one side of the hyperplane 

+r n t. (22a) 

Summarizing, we thus have the rule 

h(p)h(py--fn{p) _^Jd Tl J dr 2 ... J dr n h^Tj) h 2 (r 2 )... h n (r n ), 

Tf\-T Z A---.+T n <t 

max (a v a 2 ,..., a n , 0) < Rep < min (fi lt fi 2 ,. (23) 
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in which, if required, the limits of integration can also be written as in¬ 
dicated below: 

rt rt—T x Pt — ’T\ — Tt ft— Ti-Ti— T«—1 

I dr 2 1 c2t 8 ...| dT n h 1 (T 1 )h 2 (T 2 )...h n {T n ). 

J-00 J — 00 J—00 J—00 

In general the domain of integration in (23) extends to infinity in all 
directions on one side of the hyperplane (22 a). This domain becomes auto¬ 
matically finite if all the originals involved are one-sided functions, making 
the integrand non-vanishing for positive values of all variables r. These 
are the reasons why the repeated composition product can serve a useful 
purpose in the computation of n-dimensional volumes, an example of 
which will be given first. 

Example 1. The calculation of the volume of an n-dimensional sphere. Let 
x l9 ...,x n refer to an orthogonal cartesian co-ordinate system in n-dimensional space. 
The volume V n (R) of the corresponding hypersphere (radius R) is determined by 


J*\f dx 2 ... J dx n9 


where the integration is restricted to the domain 

x\ + x\+ ..,+x\<R 2 . 

On account of the symmetry with respect to the centre of the sphere we may also write 

Xl z + x 2 2 + ... + 5 Cn 2 < -R 2 


V n (R) = 2 n dx x j dx 2 ... dx n 

Jo Jo Jo 


or, after a change of variables, x k — *Jr k : 

Tl + T2 + * • • 4" Tn < R 2 


r n (R)=[ drA dr 2 ... f dr n J —— . 

Jo Jo Jo \\ T 1 r 2*** r ») 


This is nothing but the repeated composition product (23) of n mutually identical 
functions: 

h x {t) — h 2 (t) — ... — ^n(0 — * 

provided R 2 be identified with t. Since any of these functions has the image 

n ( - i) <JP = V(^) ( Re ^ > °)» 

. /7T\* n 

we infer from (23) that V n («Jt) ==——— = I . 

But, from the known original of this p -function, we have further 

and, since t = R 2 > 0, we obtain finally 

Tj-Jn 

r "™ = nm Bn - 


(24) 
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In particular, for n = 1, 2, 3,4, we have the well-known formulae 

Vi = 2 R (length of a line segment extending from — B to R), 

V 2 = ttR 2 (area of a circle), 

V 3 = (volume of a sphere), 

Vi = i^R* (volume of a four-dimensional sphere). 


Example 2 . We shall next discuss an example in which the repeated composition 
product involves an mfinite number of integrations; it is linked with Gauss’s infinite 
product for the T-function. 

Consider the image of (1 ~e~ t ) v U(t). The corresponding definition integral can be 
transformed into Euler’s integral of the first kind (16) by means of the substitution 
s = e~h 

(1 - e-y U(t) = > 0<Rep<oo (Rep> — 1). (25) 

In particular, if v is any positive integer n , (25) becomes 


(l-e- f ) n t7 (t) 


n\ 

' (p+l)(p + 2) ...(p + n)' 


0 <Rep< oo. 


(26) 


Replacing t by t + logn, and applying the shift rule we obtain 


( e~ f \ n n'n p 

'-») (Rep>0). (27) 

Let n tend to infinity. Then the original in (27) reduces to the function e~ e “ f (for all 
values of t) of which the image for Rep >0 is II(p). We therefore obtain the limit 


II ( p ) = Lim 

n-^oo 


n\n p 

(p+l)(p + 2) ...(p + n)' 


(28) 


This is the well-known infinite product of Gauss, which is derived here in a simple 
manner, though not at all rigorously. 

Let us next return to (27) for finite values of n. The right-hand side can be written as 


n t e piog« Ijb-1\ .. 

p n Vp+l/ \p 4*2/ \p-fn; 

It follows from (23) that the left-hand side of (27) is identical with a repeated com¬ 
position product, viz. 

Ti + T2+*** + T« <: £+l0g n 

U(t + \ogn) = n'.j dTj f dr 2 ...j dT n exp{-(r 1 + 2r 2 +...+nr n )}. 


This formula holds for any positive integral n\ if n tends to infinity we arrive at a 
repeated composition product involving an infinite number of integrals, viz. 

Ti + T 2 + • • • + T« < *+log 71 

e _c-< = Lim n ! I dr x I rfr 2 ... I dr m exp{-(r 1 +2r 2 +...+nT n )}, 

7i —>• co Jo JO JO 

or, by the substitutions e -f = x, e T k = u k (k — 1 , 2 , ...,n) 

ttj U 2 ...Un<njx 

e~ x — Limn! du x du 2 ... du n -tt. 

Ji Vi Ji 


n-> co 
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7. The image of the product of two originals 

As we have already stressed, there exists a definite relationship between 
the shift rule and the attenuation rule, inasmuch as they deal with the effect 
produced by the addition of a constant A to the argument of, respectively, 
the original and the image. Similarly, to the composition-product rule, 
which determines the original of the product of two images , there corre¬ 
sponds another rule which will give the image of the product of two originals . 
This new rule reads as follows: 

Let 

KV)—- a x <R ep<fi v 
Kit) =/ 2 (2>), a 2 <Rej)</? 2 , 

then the following relation holds 

f — ^ds, a 2 + c<Re^</? 2 4*c (a 1 <c</? 1 ). 

*7™Jc-ioo S p — S 

(29) 

The derivation of the above formula is quite analogous to that of the 
composition product (13); the first factor in h x (t)h 2 {t) is replaced by its 
inversion integral; then the variable of integration p is changed into s, 
leading to 

Kit) K(t) = e sl ^p-ds («! < c < /?j). 


The image of the integrand can be given at once if the attenuation rule is 
applied (s is a parameter), namely, 


J_A(£) 

2ni s 


e st h 2 (t ) = 


l AW P 

2ni s p — s 


f 2 ip- s )> 


oc 2 + Re 5 < Re^p < /? 2 + Re s * 


Finally, the rule (29) is obtained after an integration with respect to 5 along 
the fine Re s = c. Further details concerning a rigorous proof will be omitted 
here, since the rule in question will hardly be used in what follows. Yet it 
may be w'orth while to discuss one simple example, which leads to a relation 
for the T-function. 


Example . Let us apply (29) to the operational relations 

e - a< 6 -0“' = —Il(p-t-o) — pT(p + a) (Rep> — Rea), 
p + a 

e~ ht e~ e ~ t =pV(p + b) (Rep> — Re 6). 

With the new rule the result is 

rp rc+ioo 

e —(o+ 6 )t e - 2 e-*^ I r(s + a) T(p — s + b)ds (Rep>c — Re6; c> — Rea). 

2m J c—ioo 
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There is a different way, however, of expressing the image of the left-hand side; it 
can be found directly with the aid of the shift rule and the attenuation rule. A mere 
identification of the different expressions for the image then leads to 


r (p + a + b) 


i r«+ 

tori J c - 


’c+£«> 


2P+a+b 2ni 

or, after some simplification, 
T(a + b) 


T(s + a) T(p — 5 + b) ds, — Re a < c < Re (p + b), 


b) i rc+ic o 

— = —. I T(a + s) T(b — s) ds, — Reu<c<Reb. 

^ J c—ioo 


2 a +b- 


(30) 


As to the strip of convergence in (30), it is obvious that the path of integration lies 
somewhere between the verticals through the poles, s =■ — a and s — b, of the integrand. 
In particular, for a = b — 1 we find 


7 n 


/*c-Noo 
J c—ioo 


II(s) !!(—«$) ds , 


— 1<C<1, 


which, for c = 0, and using (17), can be transformed into the simple integral 


1 

2 



t 

sinh(7rt) 


dt . 


8. The differentiation rule 


We are now going to discuss a set of rules that involve differentiation 
or integration, to be carried out in both original and image. The simplest 
and most extensively used is the differentiation rule , which we state in the 
following way: 

Given oc<Kep < j8, 

then it follows, inside the strip of convergence of h'(t) (if this strip exists), 


h'(t)=pf(p). (31) 

Consequently, a differentiation of the original with respect to t corresponds 
to a multiplication of the image by a factor p; it should be stated that this 
simple and important rule is characteristic of the Laplace transform here 
chosen as basis of the operational calculus. 

A proof of the differentiation rule may be based upon the shift rule, for 
we immediately find 

h(t)-h(t-e ). (1 — e~ ep ) „ . ^ * 

i- -f(p), oc < Hep < /?. 


Assuming that this operational relation remains valid in the limit for e 
tending to zero, we at once obtain the differentiation rule. In general, 
however, it is not at all certain whether operational relations containing 
a parameter 4(1, e ) 

actually hold in the limit. This would require the legitimacy of changing 
the order of the limit and integral signs: 


Lim f e~ pt h(t,e)dt = 

6—>0 J — oo J — 


e~ pt Lim h(t , e) dt . 
> £ —> 0 
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On the other hand, it is definitely possible that the strip of convergence 
of (31) is wholly different from that of h(t) =/(#). We shall give an example 
of all of the following cases: 

(а) the strip of convergence does not change, 

(б) the strip of convergence widens, 

(c) the strip of convergence narrows. 

(а) The relation (n, 24) is valid for any complex p. The same holds true 
for the operational relation obtained by differentiation, viz. 

2t e~* 2 = — ^Jnp 2 ^ 2 , — oo<Rep<oo. 

Here the strip of convergence is not influenced. 

(б) If the attenuation rule is applied to the relation (m, 16) 

e -e"‘= n (p) y 0 < Re p < oo, 

then it follows that 

e -g e -e~*= ^^ ~ U(p+l) = pTL(p), — 1 <Re^><oo. (32) 


The new original could equally well be obtained by means of the differentia¬ 
tion rule. Therefore, this is an example in which the strip of convergence is 
wider than before; the new relation also holds in — 1 < Re^> < 0. 

(c) In addition to the operational relation 


sin (e~*) = sinj Il(p), — 1 <R ep< 1, 
which will be treated in chapter vi, we have the following: 


e~*cos (e~*)= — psin^~j II (p) y — 1 < Re^p < 0. 

The latter can be obtained by differentiation of the former; notice the 
narrowing of the strip of convergence. 

The above examples teach us that we should be very careful in handling 
the differentiation rulef. 

The differentiation rule may also be investigated with the aid of a partial 
integration of the definition integral of h'(t). We have 



e~ pt h'(t)dt 


pj e~ pt dh(t) = p e~ pt h(t) 


00 


— 00 



e-»' h(t) dt 


t In this connexion it may be remarked that theorem 2 of Doetsch, loc. cit. 
p. 154 is only valid under the proviso that s 2 is negative, a condition not stated 
by Doetsch. 


VP & B 


4 
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Obviously the validity of the differentiation rule is connected with that 
of the limit 

Lim {e~ pt h(t)}~ Lim {e~ pt h(tj} = 0. 


t — > + oo 


It will be obvious that the differentiation rule can be applied repeatedly. 
Once again differentiating (31) leads to 


d* 
dt s » 


h(t)^=p 2 f(p), 


and in general (n denoting any positive integer), 


d 


^h(t)=p n f(p). 


(33) 


It is impossible, however, to indicate the corresponding strips of con¬ 
vergence. 

The general rule (33) is closely connected with the Taylor-series develop¬ 
ment. For, if the right-hand member of the shift rule, h(t + A) = e xp f(p), 
is expanded into powers of A, 

f(p) + Xpf{p) + ^ p 2 f{p ) + ^p 3 f(p) + • • •, 

and afterwards the original of each separate term is taken according to 
(33), then we get 

h(t + A) = h(t) + A h'(t )+^ h"(t) + ^ h m (t) + .... 

Incidentally, it will be clear that the shift rule is more general than the 
Taylor series in the sense that, even when the Taylor-series expansion 
is impossible (e.g. in cases of discontinuous functions), yet the original 
h(t + A) of the image function e Xp f(p) may exist. As to the one-sided func¬ 
tions in the case of f(p) = h(t)U(t), provided both h(t) and U n \t) are 
expansible into a Maclaurin series, we can also deduce the following rela¬ 
tion by transposing the series term by term: 


hW(t) U{t)±=[[p»f(p)ll 

where the symbol [[ ]] is the same as already introduced in (4 a). 


(33a) 


Example . As a simple example showing how one can deduce new rules by com¬ 
bining rules already known we may mention 

^ h(t) = (e*^) * h(t) ^p(p- l)(p-2)...(p-n+l)f(p-n), (33 b) 


d( — e 


which originates from the repeated process of using the differentiation and attenuation 
rules alternately. 
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9. The integration rule 

In the same manner as differentiation of the original leads to multiplica¬ 
tion of the image by a factor p, the integration rule amounts to a division 
of the image by p , provided the constant of integration is properly taken 
into account. This constant is different according as Rep>0 or RepcO. 
Therefore the integration rule consists of two parts: 

Given the relation \ .,, ^ 0 

a<R ep<fi, 

then in the same strip of convergence: 

(1) for Rep>0: 


1 C* 


h{r)dr, max (a, 0)<Rep</?, 


(2) for Hep < 0: 


btpMf h{T)dr, 

P J +°O 


a < Rep < min (/?, 0). 


(34a) 


(346) 


Concerning the derivation of these formulae, we first take f^p) — f(p ) 
and/ 2 (p) = 1 in the composition-product rule (13). We must further take 
h 2 (t) = U(t) in the part Rep > 0 of the strip of convergence, such that we 
have , 






h(r) U(t — T)dr = J h(r)dr . 


In the other case, when Rep < 0, then according to (2) h 2 (t) = — U (— Z), and 
therefore 

1 f 00 f 00 ft 

Ht) U(T-t)dT = - h{T)dT=\ h(T)dT. 

V J — 00 Jt J+0O 


The integration rule is clearly a specialization of the composition-product 
rule. It should be remarked that it is valid without restrictions, unlike the 
composition product whose existence was not always assured. In the above 
formulation the integration rule holds generally 

Since the integration rule is split up into two different parts it will be 
evident that, in case the initial strip of convergence contains the imaginary 
p-axis, the convergence domain is divided into a pair of separate strips, 
such that in either of them one and the same p-function represents the image 
of mutually distinct originals. 

This rule, too, can be applied repeatedly, leading to multiple integrals 
for the original corresponding to -^/(p). Instead of integrating n times we 


may also apply the composition-product rule to - — ^f(v) in order to 

ppn-l-'M'' 


t For a proof, see D. V. Widder, The Laplace Transform , Princeton, 1941, p. 239, 
in which the Laplace integral is taken in the sense of a Stieltjes integral. 


4-2 
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derive the original more directly. The resulting expressions for the original 
in question are for Rep > 0: 

(Rep > 0). (35) 

Incidentally, the identity above indicates a possible way of extending 
the definition of n-uple integration to non-integer values of n\ we merely 
replace {n — 1)! by T(w) in (35). This is closely related to a question raised by 
Heaviside, amongst others, as to what significance may be attributed to 
derivatives and integrals of fractional order. 


Example 1 . The integration rule may be used in order to arrive at an extension of 
Euler’s integral (III, 2) for the T-function in the case of negative arguments. To this 
end let us apply the rule to (32) for R ep > 0 and R ep < 0 separately. We then find 

0 -r e -e-r = e —e—^ 0 < Re p < oo, 

00 

e^ T e~ e ~ T dr = e _e-t — 1 , — l<Rep<0. (36) 

GO 

The upper expression is equal to (in, 16), but the definition integral for the lower 
one leads to a new relation. By a proper change of variables (s = e - *) it reads 



r oo 

r(p) =1 1) ds, — l<Rep<0. 

Multiplying (36) by e~* once more, integrating, and then writing down the definition 
integral, we obtain further 

f* CO 

r(p) = s p ~ 1 (e~ 8 —l+s)ds } — 2<Rep< — 1. 

J o 

This procedure can be continued; the result is always an integral for the T-function, 
valid in a p -strip of unit width, whilst the integrand is the product of s p ~ 1 and a sum 
containing just as many terms of the power series of e~ s as are necessary to make the 
integral convergent in the corresponding strip. Of course, the result is not new; it 
has already been obtained by Saalschiitz and Hermite in quite different manners. 


Example 2. Another application, involving the ^-function, will now be discussed. 
Performing the shift rule on (m, 38), we find 

Q—atjv —1 

- U(t)Z=T(v)p£(v,p + a), R ep> —Rea (Rev> 1), 

1 — e~* 

which after integration becomes 

rt e -ax x v-l [co e -<p+a)x x v-l 

U(0 - dx'==T(v)£{V,p + a) = —-—— dx (Rep> — Rea; Rey> 1). 

J 0 l-e“ x Jo A “ e 

(37) 

We have thus established an operational relation between a generalized ^-function 
(as image) and its corresponding ‘incomplete’ function (as original), the latter 
being defined by replacing the upper limit of integration + co by a finite number t — 
as in the case of the Rfunction and its corresponding Prym functions (cf. ill, § 4). 
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10. Rules for multiplication by t n 

Whereas (33) shows that multiplication of the image by a positive integral 
power of p corresponds to differentiating the original a number of times, 
we have, conversely, that the multiplication of the original by t n (n positive 
integral) corresponds to the differentiation of the image a number of times. 
The new rule in question reads as follows: 

h(t)=f{p ) 9 cl < Rep </?, 

The above rule is readily proved if the definition integral, written in the form 


Given 

then we have 


fiP) 

V 


=i: 


e~ pt h(t)dt, 


is differentiated n times successively (under the sign of integration) with 
respect to — p; after multiplication by p it is merely the definition integral 
for t n h(t). The differentiation is always allowed on account of f(p)lp being 
analytic in the strip of convergence (cf. vi, § 2). 

A combination of the rule (38) and the differentiation rule (provided the 
latter may be applied) leads to 


[‘Sf m 


This rule contains image and original in a symmetrical way except for the 
factor (— l) n ;it can also be written in the equivalent form 



11. Rules for division by t> and related integrals 

The last section of this chapter will be devoted to rules concerning the 

image of h(t)jt and integrals of this function. We shall discuss in particular 

the simplest and most useful case, namely, that of one-sided originals. 

Let us assume that _ 

U(t ), a < R ep < oo, 


then in the same strip of convergence it follows that, provided the corre¬ 
sponding originals exist, 


(1) for a negative 



a < Rep <oo, 


(40) 
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(2) for any real value of a, 

ifKey>0: V{t)j'^dT, 

if Rej>< 0: I" 

and finally for any p: pj ds=^~ U(t). 


iv. n 

(41a) 

(416) 

(42) 


The above rules can be proved easily if the definition integral is applied 

in the form . 

/(«) 


=/; 


e~ su h(u) du. 


For instance, (40) is obtained by integrating the above identity with respect 
to s between 0 and p , and then changing the order of integration: 


Jo ds = J ' 00 du h ^j P ds e ~ SU = J 


du^^-( l-e- pu ). 
0 U 


If one determines further the original of the integrand one is led to (40). 
We shall not attempt to construct a rigorous proof; the rule in question may 
be considered heuristic, producing new operational relations which even¬ 
tually can be verified more rigorously. It should at the same time be borne 
in mind, however, that for some images the integral representing the 
original may diverge; an example of this peculiarity is provided by 


2 n 2 

<sin<C/(0 = ^ 2 —jy 2 (Rep>0), 

f CO 

for which (40) leads to the non-convergent integral J sin rdr. 

The other rules, (41) and (42), can be proved in the same manner. It is 
to be noted here that the analogous rules formulated for two-sided functions 
are more complicated; this is partly due to the circumstance that the 
integral representing the original often converges only in the sense of a 
principal value referred to t = 0. It wall suffice to give one simple example: 


o 8 )t r 


dr, 


occHepcfi. 


(43) 


Example. With the aid of the rules discussed above we readily come to the images 
of the following one-sided transcendents: 



C l COST , 

Ci(<) = 

- dr 

J oo r 

Si(<) = 

ft sinr , 
- dr 

Jo r 


ft e~ T 

Ei (— «) = li(e-‘) = 

— dr 

J oo T 


(cosine integral), 

(sine integral), 

(exponential or logarithmic integral). 
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of which the last function has already been met in (m, 33). Applying (40) to (m, 21), 
we find 

Ci (t) U(t) ±=log , 0<Rep<co. (44) 

Furthermore, by (m, 22) and (41a), 

Si(t) £/(£)= arc cot p, 0<Rep<oo (0<Rearccotp< in), (45) 

and finally, if (40) is applied to h(t) = e“* £/(£), 

— Ei( —0 C7(«)=log(p+l), — 1 <Rep< co, (46) 


which is the counterpart of (in, 34), where the exponential integral occurs in the 
image rather than in the original. 

Whereas in this chapter the simplest operational rules have been discussed, we 
shall return to more complicated rules in chapter XI. Furthermore, we shall deal in 
chapter vii with a number of relations between image and original functions which 
have to be considered as identities and which are closely connected with the rules 
formulated in this chapter. 






CHAPTER V 


THE DELTA OR IMPULSE FUNCTION 
1. Introduction 

This chapter is devoted to properties of the 8-junction. This function 
8(t) has some features in common with a discontinuous function, since 
‘8(t) is equal to zero for £ + 0, and infinitely large at t = 0, ma.lHnp ; the 

integral I S(t)dt equal to 1 ’. The ^-function, often called the impulse 

function , plays an important part in the operational calculus as may be 
inferred from the simplicity of its image, which is p. Whereas the physicist 
usually never hesitates to treat the ^-function as an ordinary function, the 
mathematician often denies its existence. One of the main problems, 
therefore, is to indicate how the physical ^-function can be interpreted in 
rigorous mathematical terms. As in other chapters, the general theory will 
be accompanied by specific examples and applications. Before starting the 
discussion of the ^-function itself, however, we shall briefly deal with pro¬ 
perties of the unit function U(t ), already defined, in order to facilitate the 
introduction of the improper ^-function in question. 


2. The unit function 


This real function has already been often used in the foregoing chapters. 
In (ii, 16) it was defined as follows: 

(1 (*> 0 ), 


17(0- 


I (<-0) # 


[0 (t< 0 ), 

and its image was given by the relation (n, 21 ) 

C7(£)= 1 , 0 < Rep coo. 

As emphasized before, this simple discontinuous function (see fig. 7 ) is 
of great importance in both mathematics and physics. For instance, the 
time dependence of an electromotive force of unit strength, switched on 
instantaneously at t = 0 , is described by U(t ). The unit function was in use 
by Heaviside, though in a different notation; but even Heaviside was not 
the first, since Cauchyf knew the unit function in the definition 

which was called by him ‘ coefficient limitateur 9 or e restricteur 9 . 


t Encyklopddie Math . Wiss., Leipzig, 1904-1916, vol. n, 1, 2, p. 1324. 
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The discontinuous unit function may be obtained in many different ways 
as the limiting case of some suitably chosen continuous function. This is 
analogous to the fact that physical phenomena, though ultimately of a 
continuous character, can often be described approximately by discon¬ 
tinuous functions which may make the analytical treatment more simple. 

We shall now give some examples of continuous functions that approxi¬ 
mate the behaviour of the unit function when the parameter involved grows 
indefinitely. In any of the four following examples the unit function is 
obtained in the limit for A-^oo: 

(1) U(t) = Lim (^-h-arctan(A^)], ( 1 ) 

A->oo 7T J 

in which the many-valued function arc tan is given its principal value 
according to which — \ir < arc tan < \it. This function is drawn in fig. 17 
for some values of A; the larger A, the closer the approximation to the unit 
function. 



Fig, 17. Approximations to the unit function. 

(2) U ( t ) = Lim J erfc (— A t) = Lim 4- f e^dr. (2) 

A -> oo A -> oo yjTT j — 

The validity of this limiting relation is evident; the lower limit of integra¬ 
tion tends to — oo or -f- oo, depending on whether t is negative or positive. 

(3) £/«) - Lim i P‘ —(3) 

A —> co — oo T 

This also is evident since, according to the Dirichlet integral, we have 

f 00 sinr 7 

j ^ — (4) 

(4) As a fourth example we mention 

U (t) = Lim (5) 

A—> oo 

It should be noticed that all of the above limits actually lead to Z7(0) = 
There are, however, other approximations which, though unity for t> 0 
and zero for t < 0, do not yield the mean value J at t = 0; the function 

Lim 

A —>■ oo 

which for t = 0 is equal to 1/e, may serve as an example. 
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Also from the point of view of the operational calculus the functions 
mentioned are close approximations to the unit function, since the image 
of any of them tends to 1, the image of the unit function, if A tends to 
infinity and Re p > 0. For instance, with the aid of (ii, 24) and the integra- 
tion rule, we have i erfc ( _ A j) =e» 2 ' 4A2 (Re p > 0), (6) 

whilst from (in, 16) and the shift and similarity rules it follows that 


o_e-At. n(ff/A) 

■ (log 2) plx 


(Re^> > 0). 


In both cases the image in the right member approaches unity for A->oo 
and Re p > 0. 

Many properties of the unit function become almost evident if it is 
remembered that any expression like U((j)(t)) is equal to 1 for all values of t 
that make (f>(t) positive, and is equal to zero for any t with cj)(t) < 0; as simple 
examples we quote the following: 


U(tf) = 1 , 

U(f— log a) = Z7(e* — a), 

TJ{(t-a) ( t-b )} = U{t — max (a, 6)} + C7{min (a, b) - 1}. 


sin t U(sin t) 



' A A A 

0 1 


Fig. 18. A rectified alternating 
current. 



function \t] U(t ). 


A typical application of the unit function in physics is further provided by 
the function sin t t/(sin£), which, when drawn in a diagram as in fig. 18, 
represents a rectified alternating-current signal. Furthermore, as already 
stressed (iv, § 3, example 2), any step function can be built up by means of 
unit functions, as will be demonstrated explicitly in the case of the function 
[a?]. This function is defined as equal to the greatest integral number below 
x, whilst at integral values of x (x = n) the mean value (n— |) is assumed. 
The corresponding one-sided function (see fig. 19) can be written as an 
infinite series, namely 

p]Z7(t) = U(t-l)+U(t-2)+U(t-Z)+ (7) 
the image of which, for Re^p > 0, is found with the help of the shift rule to be 

e~ p + e~ 2p + e~ 3p + .... 
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A mere summation then leads to the operational relation 


M U(t) = 


e p — 1 


, 0<Rep<oo. 
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( 8 ) 


Related to the unit function is the function signum x, defined by 


sgnx = 


1 (x > 0), 

0 (x = 0 ), 

l-l ( x < 0), 


which can also be expressed in terms of the well-known Dirichlet integral 
as follows: 

( 9 ) 

TrJ-oo 


sgn# 


u 


Its connexion with the unit function is simply 


sgnx = 2Z7(#)— 1. 

3. The 5-function as derivative of the unit function 

We shall next introduce the ^-function as the first-order derivative of the 
unit function and discuss some of the main properties of S(t) accordingly, 
a more rigorous investigation being deferred until § 5. 

With the exception of the point t = 0, the unit function U(t) admits of 
differentiation anywhere, and obviously the differential quotient vanishes 
identically. Whereas we cannot differentiate the unit function at its point 
of discontinuity t — 0, we can do so in the case of any of the four approxi¬ 
mations above. Let us consider, for instance, the differential quotient of 
the function in (1): 

U(t, A) = ^ + - arc tan (A£) (| arc tan | ^^7r). 

L 77 

The derivative is simply 

< 10 > 


Just as we may look upon U(t) as the limit for A~>oo of the function 
U(t , A), so we introduce the 'derivative’ S(t) of U(t) as the limit of 


for A-^oo; that means 






(10a) 


This ‘function 5 , henceforth called the J-function or impulse function, 
is apparently zero for 1 4= 0; moreover, it is + oo for t = 0, since £(0, A) = A/ 7 T. 
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Fig. 20 illustrates how the derivative d(t , A) gradually tends to zero for non¬ 
vanishing values of t when A increases indefinitely. At the same time it 
reveals that the value X/n assumed in t = 0 increases more and more, whilst 
the peak becomes narrower, but without diminishing the area below the 
curve; for, according to (10), we have, independently of A, 



= 1 . 



Fig. 20. Approximations to the ^-function. 


Since we are now considering $(t) as the limit of 8(t, A) for A^cx), we will 
attribute the same property to the ^-function itself ; thus 



( 11 ) 


The ^-function is consequently a 4 function ? that vanishes for 1 4=0 and is 
equal to + oo for t — 0, whilst its integral from — oo to + oo is equal to unity. 
It should be borne in mind, however, that our considerations are significant 
only if these properties are, to a certain extent, independent of the special 
choice of the function U(t, A) which is representative for the unit function. 
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In this respect the limit function derived from the differential quotient 
of (2) f that is, (12) 

A oo 

leads precisely to the same result. 

As to the usefulness of the impulse function in practice, that is determined 
by the integration property: 

f°° h(t~T)8(r)dT = r h(T)d(t-T)dT = h(t); (13) 

J — 00 J -CO 

this formula, from the point of view of the mathematician, may be taken 
only in the sense of the rigorous 


Lim f h(t — t)S(t, A) dr = h(t). 

A — > oo J — oo 


The physicist, however, would always change the order of limit and in¬ 
tegration in (14), and thus prefer the symbolic form (13). 

The property indicated by (14) or (13) holds for a large class of functions 
h(t) subject to some mild conditions only. Symbolically, the 5-function acts 
as if it were a sieve; after multiplying an arbitrary function h(t-r) by 5(r), 
and then integrating over the real £-axis, we just pick out the value h(t) at 
r = 0. We will refer to this property as the sifting property of the 5-function. 
It results from the fact that the integrand h(t — T)S(r) can be replaced at 
t = 0 by h(t)8{r); this also holds for r + 0, since then both h{t — T) 5(r) and 
h(t) 8 (t) are equal to zero. Consequently 

f h{t-T)d(T)dr = f h(t) 8 (t) dr = h(t) f 5(r) dr = h(t ) . 

J — 00 J— CO J— CO 


The second integral relation in (13) is obtained after substituting t-r = r r 
in the first one. 

The sifting property of the ^-function according to the second integral 
relation (13) is illustrated by fig. 21. It shows that h(r) is approximately 
constant (equal to h(t)) in the region where 
the impulse function is large; the integral 
is accordingly equal to h(t) times the area 
(= 1) below the S(t — T) -function curve. It 
must also be noticed that in ‘ sifting inte¬ 
grals 9 like (13) the limits of integration — co 
and +oo may be replaced by any pair of 
finite numbers a and 6, provided the critical 2 i. The sifting property 

point (here r = t) lies in the interior of the of the ^-function, 

interval (a, 6). Virtually the sifting property 

also occurs in functions different from the ^-function; it holds, for instance, 
for the limit A-^oo of the function 

sin (A t) 



(15) 
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which is found by differentiation of (3). This function is particularly im¬ 
portant in Diri chiefs theory of the Fourier integral; we therefore call it 
the Dirichlet function. The limit of this Dirichlet function, however, is not 
identical with the ^-function, since for non-vanishing t it has no limit at all, 
let alone zero. 


Example. The following physical problem leads quite naturally to the introduction 
of the function. Let us determine the electric field between two parallel planes at 
x = ± c, due to a charged plate at x = 0 (see fig. 22). 

Since all quantities depend only on the #-co-ordinate, 
the three-dimensional potential equation reduces to 
d 2 Vjdx 2 = 0, in the charge-free parts of space. The 
general solution is V = ax+ b; in order to account 
properly for the surface charges on the plate x — 0, 
the constants of integration a, b are different on 
different sides of the plate. In the simplest case 
the potential is V = | x |. Let us now calculate the 
second-order derivative of F. First we have 


dV 

dx 


= sgnx = 2 U(x)— 1, 


(16) 


and secondly 


dW 
dx 2 


2d(x). 


This is nothing but the Poisson equation 



d 2 V/dx 2 = —47rp, 

in which p(x) denotes the volume-charge density. 

Therefore the solution V = | x | corresponds to a 

density of amount p(x) =S(x). Indeed, as is 

277 

indicated by the ^-function, the charge on the plate 
is wholly concentrated in the infinitely thin layer 
at x = 0. In other words, the surface-charge density Fig’ 22. The function | x \ 
on the plate is and its derivatives. 

f 00 If 00 1 

p(x)dx = — —- S(x)dx = — 

J- oo 277 J — oo 277 



4. History of the impulse function 


The impulse function proves a powerful tool in present-day mathematical 
physics, particularly in quantum mechanics—in which it was introduced 
by Dirac. Its occurrence in pure mathematics, however, is of much earlier 
times, as will become apparent from the following quotations, which we do 
not claim to be exhaustive. 

At the end of the last century Hermitef wrote: 

£ En meme temps nous voyons que Fintegrale 




(17) 


t Cours deM.Hermite (Faculte des Sciences deParis), iv e Edition,Paris, 1891, p.155. 
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n’est pas toujours nulle avec A-> 0. En supposant, en effet, 6 compris entre 
a et /?, elle est egale a 2ni pour une valeur infiniment petite de cette quantite. 
C’est ce qu’on appelle une integrals singuliere. Les elements d’une pareille 
integrale sont nuls, sauf l’element unique et infini qui correspond a t ~ 6. 
Les integrates singulieres ont ete souvent employees par Cauchy et Poisson, 
mais elles n’ont plus un role aussi etendu dans les travaux analytiques de 
notre epoque/ 

If in (17) A is replaced by 1/A and 0 is taken equal to zero, Hermite’s 
statement in our notation reads 


provided cl and /S lie at different sides of the point t = 0 . This is in complete 
agreement with the previous formula (11) if the approximation (10) is 
substituted for the function 8(t). 

Also Cauchy’s derivation of the Fourier-integral theorem, which Cauchy f 
obtained independently of Fourier, was based on the same type of impulse 
function. In this book the function (10) is therefore referred to as Cauchy’s 
function. The proof of the Fourier identity by Cauchy’s method will be 
reproduced in the first example of § 8. 

Poisson % also discovered the Fourier-integral theorem independently; 
he followed exactly the same path as Cauchy, in a prize essay concerning 
this matter. In this respect Poisson wrote—if we take the liberty of changing 
the old notation into modernized form— 

£ Quelle que soit la fonction/(#), continue ou discontinue, pourvue qu’elle 
ne devienne infinie pour aucune valeur reelle de x , on aura, pour toutes 
les valeurs reelles de cette variable 


2 C 00 Coo 

f(x) =s - I da\ da e~ ak f(oc) cos (a(x — a)} 

TTj-oo Jo 

— et Ic, une quantite positive qu’on devra supposer infiniment petite ou 
nulle apres l’integration. En effet, ... on a 


d’oh il suit 


Coo 

Jo 


h 


'cos 

J — 00 Jo J — C 


) k 2 + (x — a) 2 * 


Or,/(a) ne devenant jamais infinie, il est evident que cette integrale simple 
sera infiniment petite en meme temps que k , excepte dans l’etendue des 

t A. L. Cauchy, TMorie de la propagation des ondes (Prix d’analyse mathematique), 
Concours de 1815 et de 1816, pp. 140-2; see also pp. 281-2. 

J S. D. Poisson, M&moire sur la th&orie des ondes (lu le 2 octobre et le 18 d^cembre 
1815), pp. 85, 86. 
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valeurs de a qui different infiniment peu de x; il suffira done d’integrer 
depnis a — x — u jusqu’a oc = x + u, u 6tant une quantite positive et infini¬ 
ment petite: entre ces limites/(a) sera censee constante et 6gale a f(x); par 
consequent on aura 

f® kf(a)da f” kdoc 

J_ ro k 2 +(x-a)* /W J_ .*■+(*-«)* 

= f(x) arc tan (— 77-) I = ... = nf(x), 

lorsqu’on y fait k = 0.’ \ A /I-® 

The last sentence involves a derivation of the sifting property whereby 
the function ^ 

7 r(k 2 + x 2 ) 

is used as an approximation to the impulse function. The above function 
reduces to that of Cauchy if k is replaced by 1/A. 

In addition to Cauchy, Poisson and Hermite, Kirchhofff too was ac¬ 
quainted with the valuable impulse function, in view of his formulation 
of Huygens’s principle in the wave theory of light. As example of the 
impulse function he mentioned 

in which A->oo; this is our function (12). 

Later, Von Helmholtz in his Vorlesungen iiber die elektromagnetische 
Theorie des Lichtes employed the same Cauchy function in his proof of 
Kirchhoff’s theorem. 

Again, the ‘heat source’ of Lord Kelvin 

in which t tends to zero through positive values, is equivalent to the 
approximating function (12). 

Later on the impulse function is put forward in Heaviside’s workj, 
especially in his symbolic calculus. As a physical example this author 
mentions, amongst others, the time function representing the current 
through a condenser under the influence of the electromotive force U(t). 
Another example of a function possessing the sifting property is given by 
Heaviside § in the form of an infinite series, namely, 

2 . (nnx\ . lnvv\ 

ti= 7j 1 sin ( - r) sm ( _ r)- (18) 

t G. R. Kirchhoff, S.B. Kon. Akad. Wiss. Berlin vom 22 Juni 1882, p. 641; see also 
Wied . Ann. xvm, 663, 1883. 

} See, for instance, O. Heaviside, Electromagnetic Theory, vol. II, pp. 54-5. 
Heaviside’s book was first issued in 1893, and reissued London, 1922. 

§ Heaviside, loc. cit. p. 92. 
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In our notation this series, if taken in the sense of a first-order Cesaro sum 
(see vi, § 8), is equal to 

2 {8{x-y—2nl) — 8(x + y-2nl)} 9 

n= — oo 

whence it follows that it is simply S(x — y) in a sufficiently small interval 
around x = y. Concerning the sifting property of the function u , Heaviside 
writes: 

‘The function w... spots a single value of the arbitrary function in virtue 
of its impulsiveness.’ 

As already mentioned, the recent introduction of the impulse function 
in quantum mechanics is due to Diracf; since then the function has been 
known by the name of delta function, and is customarily denoted by S(t). 
Dirac himself writes as follows: 

‘This 8(p — q), we can say, is an improper function of the variable p y 
having the value zero for all values of p except q and the value infinity for 
p = q y the infinity being such that its integral is unity.’ 

And further: 

i ‘ The introduction of the 5-function into our analysis will not be in itself 
a source of lack of rigour in the theory, since any equation involving the 
5-function can be transcribed into an equivalent but usually more cum¬ 
bersome form in which the 5-function does not appear. The 5-function is 
thus merely a convenient notation.’ 

On the other hand, Weyl remarked that such a function does not exist, 
though it is still possible to approximate it to any degree of accuracyJ. 
As Weyl remarks, the limit may be taken only after, and not before, all 
operations are performed. As is often the case, the difference in views be¬ 
tween the mathematician and the physicist seems more serious at first sight 
than after close examination. Indeed, the Dirichlet function (15) occurring 
in the theory of the Fourier integrals, i.e. 


Lim 

A -> oo 


sin (A£) 
7 rt 


and the analogous function in the theory of the Fourier series, namely, 

T . sin{(2?i-f 1) U] 

Lim-%— . --- - -- > 

„_>oo 2nsinp 

are closely related to the 5-function with which they have the sifting 
property in common. This is particularly emphasized by Lebesgue§ in the 

f Cf. P. A. M. Dirac, The Principles of Quantum Mechanics , Oxford, 1930, pp. 63-6. 
J See also T. Lewis, Phil. Mag. xxiv, 329, 1937. 

§ H. Lebesgue, Lemons sur les series trigonomitriques, Paris, 1906, p. 74. 
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discussion of the general theory concerning Fourier series. At the same time 
this author mentions the existence of a large class of functions that, in the 
limit, have the ^-function properties. Many of these functions will be 
discussed in § 7. 

In what follows, the impulse function will be employed extensively, since 
it lends itself pre-eminently to application in operational calculus, and leads 
to the simplification of many problems. 

In the next section the sifting property of the impulse function is given 
a rigorous mathematical foundation in terms of the concept of the Stieltjes 
integral, whilst in § 7 this will be done by means of the limit of an ordinary 
Riemann integral, as already briefly indicated (see (14)). 


5, The sifting integral as a Stieltjes integral 

We shall first recall the concept of the Stieltjes integral of which the 
ordinary Riemann integral is a mere specializationj*. In order to define the 
Stieltjes integral rb 

J f( x )dg(x), 

the interval of integration a < x < b is dissected by the points a v a 2 ,..., a n _ x 
into n subintervals (a = a Q < a x < a 2 ... < a n _ x <a n ~b ). The integral in 
question is then defined by 

n —1 

Lira. 2 f(a t ) - gifli)}- 

max 1 04 + 1 — Oi | -> 0 i=0 

In this limit the number of dissecting points grows indefinitely in such a 
manner that the length of the largest subinterval, denoted by max | a i+l — \, 

tends to zero. Stieltjes himself showed the existence of the limit if f(x) is 
continuous and g(x) monotonic non-decreasing throughout the interval 
of integration. Further, since any function with limited total fluctuation 
can be written as the difference of two suitably chosen monotonic non¬ 
decreasing functions, the Stieltjes integral also exists for f(x) continuous 
and g(x) having limited total fluctuation. In particular, for any function 
that is differentiable in the whole interval of integration, the Stieltjes 
integral reduces to an ordinary Riemann integral, viz. 

f f( x )dg(x) = j* f(x)g'(x)dx, 

J a J a 

whilst for g{x) = x it is just the Riemann integral 



| For a general survey the reader is referred to: T. J. Stieltjes, Oeuvres completes , 
Groningen, 1918, vol.n, p. 469 a.f.; O. Perron, Die Lehre von den Kettenbruchen, Leipzig, 
1929, pp. 3t 2-408; D. V. Widder, The Laplace Transform, Princeton, 1946, chap. I. 
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Of great importance in the discussion of the sifting integral is the case 
where g(x) coincides with the unit function. Then, for any function with 
limited total fluctuation in the vicinity of the point t, the following identities 
hoid: 

f h(t — T)dU{r) = \h(t— 0), f h(t — T)dU(T) = ^h(t + 0), (19) 

J0 J -oo 

in which the right members actually exist, on account of 

h(t — 0) = Lim h(t — e), h(t + 0) = Lim h(t 4* e). 

€ —0 € —>■ 0 

The proof of formulae (19) is easy; as follows at once from the general 
definition of the Stieltjes integral, in this special case only the neighbourhood 
of t = 0 contributes to the integrals, the factor | being a consequence of the 
definition U(0) = After addition of formulae (19) the following identity 
is obtained: 


f h(t — T)dU(r) = — f h(r)dU{t — r) = 
J — 00 J — 00 


Ji{t + 0) H -Ji{t — 0) 


( 20 ) 


that is, a Stieltjes integral for the mean value of any function with limited 
total fluctuation. We now observe the important fact that, by writing 


dU(T) = S(T)dT , 


( 21 ) 


formula (20) reduces to the sifting integral (13) with respect to the mean 
value of the function h(t). In other words, the sifting integral (13) is the 
formal equivalent of the rigorous Stieltjes integral (20); just as in (21) 
we can take 

m-ium 

in agreement with § 3, where the ^-function was looked upon as the deriva¬ 
tive of the unit function. 

Besides, on account of (19), the sifting integral under consideration can 
always be written as the sum of two separate integrals as follows: 

J h(t — t) 8(t) dr = J A(r) S(t — t) dr = \h(t — 0), 

r o r co 

h(t — T)8{T)dr == h(r)8{t — r)dr = \h(t + 0). 

J -oo J t 

In particular for the integral (11), 

f S(r)dT = f S(r)dT = \ . (23) 

J — oo Jo 


( 22 ) 


5-2 
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f S{r)dT = \ b dU{r) = U(b)-V(a), 

J a J a 


which indicates that the integral of the ^-function over a finite interval is 
equal to unity or zero, depending on whether the origin t = 0 lies inside or 
outside the interval of integration. 

Another important application of the concept of the Stieltjes integral is 
provided by the special choice g(x) — [x] U(x ), On account of (7) we then 

haVe (*00 CO (* CO 

h(x)d[x] = 2 h(x)dU(x — n); 

Jo n=iJo 


therefore, provided that h(x) is continuous and everywhere equal to its 

mean value, r<x > * 

h(x)d[x] = 2 h(n). (24) 

J 0 n ~l 


Hence any infinite series can be transformed into a corresponding Stieltjes 
integral. 


6. The image of the 8-function 

The image of the impulse function follows immediately from the sifting 
integral roo 

p e~ pi S(t)dt = p. 


This equation holds for any value of p, whence we deduce the operational 
relation gtySsssp* — oo<Re^ 9 <oo. (25) 

This result, too, is mathematically sound if the underlying definition 
integral is taken in Stieltjes’s sense rather than Riemann’s: 


f(p) - P J e ~ pt d | h (s) • 


(26) 


The operational relation (25) is then simply a shorthand notation for the 
following Stieltjes integral: 


P 


r oo 

= ^J-C 




This relation is further in agreement with the meaning of the ^-function as 
the 4 derivative 5 of the unit function, since the differentiation rule applied 
to U(t) = 1 (Rep > 0) yields 

8(t) = j t U(t)=p.l=p, 

whilst, when applied to 

— £/( — £)=! (Rep<0), 
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it again leads to 

-j t U(-t) = S(-t) = d(t)=p (Rep<0). 


In this use is made of the evenness of £(2); this property can be found by 
differentiation of the identity TJ(t) + TJ( — t) = 1. 

It should be noticed that the sifting integral (13) may be considered as 
the composition product of the arbitrary function h(t) and the 5-function 
8(t) (whose images ar ef(p) and p respectively), since 

ftp) = \ftp)P‘=^ f h(t-T)$( t) dT = h(t). 

V J -CO 



Fig. 23. The one-sided cosine function and its derivative. 


The formalism is also consistent in the following manner. If in the 
definition integral (ii, 20 a) the integrand pe~ ps h(s) is transposed into 
the 2-language with the help of the shift rule, then 

p e~ ps h(s) = 8(t — s) h(s) 9 
whence it follows after integration that 


f(p) — f pe-^ s A(s)ds = f 8(t — s)h(s)ds = h(t). 

J — 00 J — 00 

Further, it is easy to verify with the aid of (25) and the similarity rule 
the important property 

*w>-TSfl- 

whilst the evident equation 

h(t)8(t) = h(0)8(t) (h( 0 ) + 0) (27) 

is often useful in the differentiation of operational relations involving unit 
functions. For instance, let us apply the differentiation rule to (m, 21), 


that is, to 


COS t 27(2) = 9 


P i 

p 2 + 1 


(Re^>0). 
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-&mtU(t) + cost8(t) — — sin£ + (Rep>0), 

in which the original contains an impulse function of unit strength (see 
fig. 23). The above relation is consistent with that found by first writing 
the image as 


P 


P 


+P, 


p 2 +1 p 2 +l 

and then transposing it term by term according to (m, 22) and (25). 

7. Functions approximating the 8-function 

Whereas in § 5 we have learned to consider the sifting integral as a Stieltjes 
integral, we shall now treat it as the formal equivalent of the previously 
mentioned limit of a definite Riemann integral (cf. (14)): 


Lim J h(t — t) 8 (t, X)dr = 

A —> oo J — oo 


Ji{t + 0) -f- Ji{t — 0) 


(28) 


Sufficient for the validity of (28) will be the existence of the following 
set of identities (cf. (22)): 

Lim f h(t — t)5(t, A) dr = Lim f h(r) $(t — r, A)c?r = 

A —>• oo J 0 A—> oo J — co 

Lim f h(t — r) S(r, A) dr = Lim j h(r) S(t — r, A) dr = 

A -> oo J — oo A —>■ oo J t 


h(t — 0) 

2 ’ 

(29a) 

h(t -f- 0) 

2 ’ 

(296) 


Fortunately, there are numerous functions S(t , A) that make (29 a, b) true 
for any function h(x) that has limited total fluctuation in some finite interval 
around x = t. The existence of a great number of such functions has been 
recognized by Lebesguef. For instance, any function like 


*M)= t K{M) - (<>o) 


2F K(s) da 


(30) 


can be used in (29 a), if only the integral in the denominator of (30) exists 
and is absolutely convergent with respect to its upper limit J. It should be 
noticed that these functions S(t , A) not only lead to the sifting integral (29) 
for A~>oo, but, provided if(0)=f=0, for A->oo they are identical with the 
^-function itself; in this respect they behave as the preceding approxima- 


f Lecons sur les series trigonomdtriques, Paris, 1906, p. 74. 

J Cf. 8. Bochner, Vorlesungen iiber Fourier aehe Integrate , Leipzig, 1932, p. 25. 
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tions (10a) and (12). For any function (30) shows, as A-*co, the three 
characteristic features of the ^-function: 


( 1 ) 


Lim5(i,A) = 0 for i + 0; 


A -> oo 


this is because the integral in (30) is absolutely convergent— K{x) must be 
of the order # _1 “ e for x -> oo (e > 0). 


( 2 ) 




provided that this property is considered as the limit as A go of 

J S(t, A) dt = 

which is valid for any function (30). 

(3) Lim 5(0, A) = oo. 

A —► oo 


This is evident because K(0 ) =(= 0. 

It will be obvious that, in addition to (29 a), (296) also holds, if for t < 0 
we also have 

£(i,A)= J^- A) — (*<0), (31) 

2 K(s)ds 
J — OO 

in which the integral in the denominator should now be absolutely con¬ 
vergent with respect to the lower limit. In the special case of K(x) even, 
(30) implies (31). 

Consequently, it is easy to construct many different functions approxi¬ 
mating the ^-function, by merely choosing suitable functions K(x). The 
following examples may be discussed particularly: 


(1) The function K(x) = - 

leads to the Cauchy function (10 a) 

S(t> 


= Lim 


+0 n(t 2 + e 2 )' 


(32) 


(2) K(x) = U(x+ 1)— U(x — 1) leads to 


S(t) = Lim -{?7(A< + 1)— U(Xt— 1)}. 

A —>■ oo 2 


(3) K{x) = e Hx|n ; this function leads to 


S(t) = Lim 

A-*co 211(1/71) 


t\ n 


(n> 0). 


(33) 
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The particular cases n = 1,2 are very simple; in these cases the corre¬ 

sponding image can be written down explicitly, viz. 

<?iM) -W = i^ 2 ; A3 , - A < Re 4? < A, (33a) 

-oo<Re^<oo. (336) 

The last function is that used by Poisson, Kirchhoff and Lord Kelvin, as 
already mentioned in §4. In (33 a), as well as in (336), the image tends to 
that of the 5-function for A-^co, as was to be expected. 

(4) The function K(x) = J cos (xs) (1 -s) n ds 

leads to 8(t) = Lim ^J cos(fe)^l-^j ds (n>0). (34) 

This type of 5-function approximation is extremely important with regard 
to the Ceskro limits (see vi, §9). For integral values of n they reduce to 
simple functions involving exponentials, namely, 


It is found, for instance, that 


<0= —iAt 


X U ! x 1 1 - cos (At) 2 sin 2 (JA t) 


7T 


2 At-sin (At) 

^.A)=- A2t3 , 

» ,. ... 3 A 2 t 2 + 2 cos (At) — 2 

S ^ = n -A¥-• 


These functions are even in t, whether n is integral or not; moreover, they 
are positive for n> 1, as may be seen from (34) after two integrations by 
parts: 

<»>■>• 


Furthermore, the limiting cases n — 0, n = oo are just the functions of 
Dirichlet (15) and Cauchy (10), respectively. Fig. 24 shows the functions 
for n = 0,1,2, drawn to have the same maximum height. 

(5) As an example showing that the requirement K(0) #=0 is essential, 
we may mention the function 


K(x) = 


Q-Vx 

x v+2 
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The corresponding 

0—<A 1 1 1) * 

<?M) = 2JJ^J ^H-l | i |H-2 ( v> ~ 1 ) 

does have the sifting property; yet it is no approximation for the 5-function; 
though still vanishing for A-^oo at any point £=$= 0, it does not increase 
indefinitely at t = 0 for A->oo, since K(0 ) = 0. 



S n (t, A) = ~ J q cos (ts) ^1 - ~| ds. 


Any of the examples given above is a special case of (30). There are still 
other functions, not belonging to the type (30), which have the sifting 
property (28) and which, moreover, are approximations of the 5-function. 
Two examples may illustrate this statement. 

(1) S(t) — Lim . 8 ! nbe - -{U(t+jT)-U(t-n)}, 

e _»o 277 -(coshe — cos£) c ' 

or, after the substitution r = 


S(t) = Lim 

r-»l — 0 


1 1 — r 2 

27r 1 — 2r cos t + r 2 


{U{t + 7T)— U(t — 7T)}. 


(36) 


This function plays an important role in potential theory. Let r, # denote 
polar co-ordinates. The solution of the two-dimensional potential equation 
inside the unit circle with boundary values F($) at r = 1 is given by 




«)' 


du. 


1 — 2r cos u + r 2 
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The sifting property of the function (36) is equivalent to the statement that 
the above integral representation of V is also valid on the unit circle itself. 

(2) 8(t) = Lim U(t+l). (37) 

This approximating function is not even in t, unlike all the foregoing 
examples; it is very important for the inversion formula of Widder (vii, §12 ). 

Finally, we would like to draw attention to a class of functions of the form 
(30) which have in fact the property (28) but which cannot be considered as 
equivalent with the ^-function, since now the integral in the denominator 
of (30) will no longer be supposed to converge absolutely with respect to 
its upper limit. Without the requirement of absolute convergence these 
functions do not vanish for 14 = 0 in the limit A^oo. For instance, a general 
class of such functions is generated by (30) if K(x) is of the type 

__. v cos# . sin# T7t . 


in which p and q are both positive and H(x) absolutely integrable for # -> co. 
It can be provedf that the corresponding functions S(t 9 A) still have the 
sifting property. Also Dirichlet’s function (15) belongs to the type under 


consideration, viz. 

which does not have a definite 
value as A^oo (£ + 0) owing to 
its oscillatory character (see fig. 
25). Another example of such 
a sifting function is the Bessel 
function 

^(A|*|) (p>-1). 


sin (A t) 


7 Tt 


sin (*t) f 

V 

i t / 

\ 


W ^ 

- \j - 

V 


Fig. 25. The Dirichlet function. 


We may finally mention an ex¬ 
ample of a function which, though zero rather than infinite at t = 0, still 
has the sifting property, namely, 


Lim -e _A *(£-f 1) A_1 1 1 1 U(t+ 1). 

A -> co 2 


(38) 


8. Applications of the 8-function 

In this section we show with simple examples how, by suitable use of 
the function properties, many problems can be solved, or at least surveyed 
most naturally. 


f See Bochner, loc. cit. p. 25. 
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Example 1. The Fourier integral . Let us consider the following limit: 

I = Lim — f ii(ye* flwl f drk(r) e iaKt ~ T \ (39) 

e —* + 0 J — oo J — B 

which obviously differs from the Fourier integral in that the limits of integration in 
the second integral are finite instead of infinite, and that the factor e -£lw 1 is involved; 
this factor, increasing the chance of convergence with regard to the integral under 
consideration, will be called a convergence factor f. Granted for the moment that the 
order of integration and proceeding to a limit may be changed, we at once see that 
I represents a sifting integral for the mean value of h(t) if — B < t < A; indeed, the 
integration with respect to 0) leads to Cauchy’s function 


1 f 00 

— I da>e~ clwl ' Hw(< “ T) 

2 7Tj 


e 

n{(t — T) 2 + e 2 y 


Example 2. The Green functions. In the case of inhomogeneous linear differential 
equations of mathematical physics the right-hand member often represents the 
exterior force acting on a system. The influence of a force concentrated in one single 
point is described by a Green function. For instance, consider the second-order 
differential equation of the Sturm-Li ouville type: 


which has to be satisfied in some interval a<x<h , whilst at the end-points x = a, b 
certain homogeneous boundary conditions must be fulfilled. In this case the Green 
function K(x, £) is uniquely determined by the following requirements: 

(1) Outside x = § it is a continuous function of x , satisfying both the homogeneous 
equation and the boundary conditions. 

(2) Both 8K/dx and d 2 K/dx 2 are continuous functions outside x = £; dK/dx shows 
a jump at x = £ of amount — !//(£) as indicated by 


dx 


K(x,£) 




1 

MV 


It turns out that these two conditions can be gathered into a single one, namely, 
K(x } £) should be a solution of the inhomogeneous differential equation 


<«>* = -'(*-£>. <“> 

which contains a ^-function in its right-hand member. This statement can be verified 
readily by integrating (40) with respect to x from £ — e to £ + e, whereby the integral 
on the right may be considered as a Stieltjes integral if necessary. 

Once the above Green function is known, it is easy to write down the required 
solution for an arbitrary function — in the right-hand member. Since <j>(x) can be 
expressed as a sifting integral, namely, 

= f S(x-i)<l>(g)di, 


we have, on account of the linearity of the differential equation and the principle of 
superposition, the solution (fulfilling the boundary conditions) 


y(x) = (* K(x, i) <t>(g) d£. 
J a 


•j* For a detailed treatment of this limit, see A. Sommerfeld, Die willlcurlichen Funk • 
tionen in der mathematischen Physik, Konigsberg, 1891. 
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Example 3. Continuous systems of orthogonal functions . In numerous cases the 
system of orthogonal functions 0 n (a?) used in practical problems is discrete; all of 
these functions are accounted for by letting n pass through the sequence of positive 
integers. Both the properties of orthogonality and normalization are usually ex¬ 
pressed in the form 

?m(l) <t>n(Z) d Z = 


r. 


0 (m^=n), 

1 (m — n) 


(41) 


(<p being the complex conjugate of 0). As a consequence, the coefficients in the 
expansion 

h{x)= S c n <j) n (x) (42) 


can be determined from 


n=— go 

Cb 


e»= f HZ)<t>n' 
J a 


kZ)dg. 


(43) 


As is well knownf, continuous systems of orthogonal functions <j) n {x) also exist, in 
which n runs through the set of real numbers v. In order to normalize these functions 
in the simplest possible way, the multiplication constants are so chosen that, in the 
analogue of (41), a ^-function appears in the right-hand member, viz. 


/: 


Z) 4>AZ) d Z = S(ji-v). 


(44) 


Again, the above relation expresses both the orthogonality and the normalization; 
after integration with respect to v the customary equivalent of (44) is obtained, namely. 


'0 (pcvf), 

dv <t> v (£) = ■ l (u 1 </*<u 2 ), 
0 <ji>v t ). 

Instead of (42) we now have for any function h(x) 


C b - f v 2 

d Z 4>pkZ) 

J a J pi 


h(x) 


/* oo 

= M5„i 

J — 00 


(x) dv , 


(45) 


in which, analogously to (43), we find the coefficients from 

Cb 


-f. 


h(x) (p v {x) dx . 


The validity of the expansion (45) can be verified by eliminating h(x) from the two 
relations above and using (44). 

The most important continuous system of normalized orthogonal functions is in 
fact that of 


&-(*) = 


V(2tt) 


e tVX 


in the interval — oo<x<oo. In this case (45) is nothing but the Fourier integral; 
moreover, if v—p is put equal to x, then (44) becomes 


1 f 00 

- e*< # = *(*). 

J — oo 


277 

This expression, convergent in the sense of a Cesaro limit, is the inversion integral 
corresponding to (25). 

t For a clear discussion of continuous systems of orthogonal functions, see 
A. Sommerfeld, Atombau und Spektrallinien, Braunschweig, 1939, vol. II, p. 752. 
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Another simple continuous system of orthonormal functions is generated by the 

3-function itself, namely, A w . 

f> v (x) = 8(x-v). 


again in the interval — oo < x < oo; here (44) reduces to 


J — 00 


-v)d£ = 8(p-v), 


which has been given by Diracf* Furthermore, (45) is the sifting integral (13) for an 
arbitrary function; it is thus simply the expansion of h(x) in terms of a special set of 
continuous orthonormal functions. 

Finally, the functions above can be considered from the point of view of eigenvalue 
theory. In this respect it is remembered that the eigenfunctions ^r v (x) of a functional 
operator L are such as to make 

L{ir v {xj) = \ v ir v (x), 


where the constant A„ is the corresponding eigenvalue. In this way the functions 

^/(2 ~) QiVX °^ Fourier integral are eigenfunctions of the operator L = djdx with 

eigenvalues iv, whilst 3{x — v) are those of the simple operator L = x, that is, multi¬ 
plication by x , as follows from (27). 


Example 4. Stieltjes'" s integral of moments. A direct application of an approximate 
impulse function is encountered in the problem of determining h(x) from the integral 
equation 


F(z) 


/'OO 

J -o 


h(s) 


(46) 


in which F(z) is given and lms>0. Actually, the integral (46) diverges for any real 
value x of z, unless k(x) = 0. On the other hand, it has a definite limiting value if the 
complex number z approaches the point x from above, namely, 

f 00 his) 

F(x + iO) = Lim - r ds. 

g—>- +0 J —oo® ^ 

The imaginary part, provided that h{x) is real, becomes 
Im F(x + i0) 

and this is equivalent to h(x) — ^Im F(x + i0) f (47) 

7T 

on account of the sifting property of Cauchy’s function (32). Accordingly, we may say 
that the unknown function h(x) is now solved from the integral equation (46) in terms 
of the given function F; we will return to this matter in example 1 of chapter xiv, § 4. 

The integral (46) was first considered by Stieltjes, particularly in connexion with 
the problem of moments, where he discussed to what extent the function h(x) is deter¬ 
mined by its infinite number of moments J 

r oo 

j h(x)x n dx (n = 0,1,2,...); 

these moments occur in the expansion of F(z) into powers of z~~ x (see also (vn, 41)), 
t Proc. Roy. Soc. A, cxm, 626, 1926. 

% See, for further details: T. J. Stieltjes, Oeuvres completes , Groningen, 1918, vol. ii, 
pp. 398-566; O. Perron, Die Lehre von den Kettenbriichen , Leipzig-Berlin, 1929, pp. 372, 
408; this author accomplishes the inversion of (46) when the integral is taken in the 
sense of a Stieltjes integral, i.e. h(s) ds replaced by d\jr{s). 
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Examining the derivation of (47) again we notice that, if (46) is given for lmz<0, 
we find the analogous solution 

h(x) = - i Im F(x - iO). (48) 

7r 

As will be evident from the preceding, the real axis will be a cut for any complex 
function F(z) defined by an integral like (46) in so far as h(x) is different from zero. 
Further, since the real part of F(z) does not jump, that is, Re F(x + iO) — Re F(x — iO), 
we find for the difference of the F- values at both sides of the cut 


F(x + iO) — F(x — iO) = 2mh(x). (49) 

Two simple examples may illustrate equation (49): 

(a) By means of the substitution s — u+p = u — z the exponential integral (m, 33) 


is changed into 


— e~*Ei(z) 


f°° e~ u 

J 0 « —* 


du , 


(50) 


which is clearly of the form (46). Consequently, Ei(z) has a cut along the positive 
part of the real axis; moreover, 

Ei (x + iQ) — Ei (a? — iO) = — 2ni (#>0). (50a) 

(6) The well-known relation between the Legendre functions (see x, § 6) P n , Q n 

i r 1 *.(•>. 




~ds 


(51) 


immediately shows that Q n (z) has a cut along the real segment — 1 ^x ^ 1; it follows 

from (49) that ^ 

Qn(x + i0)-Q n (x-i0) =-7TiP n (x) ( — 1 <X< 1 ). 


9. Series of impulse functions 

Until now we have only discussed impulse functions that are singular at 
one single point; as a consequence only the value of h(t — r) at the point 
r = 0 was spotted by the sifting integral 


j: 


h(t — T) 8(r)dT . 


We shall next consider impulsive 
functions picking out more than 
one value. A simple example of 
a series of impulse functions can 
be obtained by 'differentiation’ 
of (7) (see fig. 26): 


m 

-4 


i 

Jh 

0 


i ; 

i 3 

4 


Fig. 26. The 4 derivative ? of [£] U(t). 


U(t)^ = S(t-l) + S(t-2)+S(t-3) +.... 


This infinite series of equidistant impulse functions has a very simple 
operational image; as can be found by application of the shift rule, we have 


P 

‘ e p —l’ 


8(t-l) + S(t-2) + S(t-3) + ...± 


0 < Re^> < oo. 


(52) 
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It is often possible to express such a sum of impulse functions by means 
of a single impulse function, if only the argument <j>(t) of the latter is suit¬ 
ably chosen. Let us assume, for instance, that <j){t) is real throughout and 
that it changes sign at the points t v t 2 ,.... Then the function U{<f>(t)} (see 
fig. 27) can be written as a sum of elementary unit functions, viz. 


A mere differentiation together 
with (27) then easily leads to 




<53) 

in which the summation should 
be extended over all points t n 
where <j)(t) changes sign. Some 
simple special cases of the above 
relation are 

8{{t-a) ( t-b )} = 



Fig. 27. Unit function having an arbitrary 
function as argument. 


S(t — a) + S(t — b) 
I a — b | 


(a =)= b) y 


(54) 


77-£{sin (nt)} = 2 S(t — n). 

n = — oo 


It is not difficult to see that approximate impulse functions may also 
lead to multiple impulses. In this connexion it is to be remarked that the 
previous function (36), related to Poisson’s integral of potential theory, 
was intentionally multiplied by the rectangle function, in order to produce 
only one impulse. If, however, that factor is dropped, the result is an 
infinite series of impulse functions, namely, 


Lim 

r-> 1 — 0 


1 l—r 2 
2n 1 — 2r cos t + r 2 


= £ 8{t-2nn). 

n=— oo 


(55) 


This function is discussed by Heavisidef in the form of a Fourier power 

series: , 

v(t,r) = ——< 1 + 2 2 r n cos (nt) 

2n { 

As to its sifting property, this author remarks that (r being finite) the value 
of the integral 

J v(x — t,r)F(t)dt 

gradually tends to the value F(x) when r tends to unity from below. Con¬ 
cerning the limit 1, by which v(x — t , r) changes into the impulse function 
8{x~t)y he writes: 6 1 know no reason why a failure should occur just as 
perfection is reached.’ 

f Electromagnetic Theory, vol. n, 119. 
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10. Derivatives of the 8-function 

By analogy with the reasoning in § 3, where by introducing the ^-function 
as the limit as A-> go of the derivative of the approximate unit function of (1), 
we were led to Cauchy’s function (10 a), the derivative of the ^-function 
itself can be defined as the limit of the derivative of Cauchy’s function. 
One then obtains 


S ' (t) ^77(A 2 t 2 +l) 2 


= — Lim - 


et 


+ 0 7r(i 2 + e 2 ) 2 * 


The corresponding approximations (e=h0) for S f {t) (see fig. 28), which, 
like those of fig. 20 for S(t) itself, do tend to zero (£ + 0) if A-^oo or e~»0, 
behave quite differently (in . ^ £t 

comparison with #(£)) in the I n 

vicinity of t = 0. Though cross¬ 
ing the £-axis at t = 0, they show 
to the left and the right of it 
at t = —e/*j3 and t = 3 re¬ 

spectively, a sharp maximum 
and minimum, of absolute 


amount - 


9 


^. For e tending 



877-^3 e 

to zero, both peaks increase in 
height and approach the origin. 

Therefore, the limit function 
$'(t) is a ‘function’ that is d-oo 
at t = 0~ and — oo at t = 0+; 
in the neighbourhood of t = 0 
its behaviour is comparable to 
that of the function — 1 ft. 

Example. As an exercise we 
would discuss a physical example 
involving the derivative of the 
^-function. In the example of §3 
we have seen that an infinitely thin metal plate at x — 0 with surface-charge density 
— 1/2tt led to a potential distribution V(x) = | x | and a volume-charge density 

p(x) = —— £(#). Let us next consider the field of two neighbouring plates (at x = — \e 
27r 

and x — ie ) with specific surface charges and — re’ res P ec ^ ve ^ ( see 29). In 

this case the total volume-charge density is obviously 

p(z) = ~^l S ( x+ l e ' > + ^~l S ( 3: ~ **>• 


Fig. 28. Continuous approximations of the 
‘derivative’ of the ^-function. 


If now the plates approach each other, then in the limit a single plate is obtained; 
the two sides of this plate maintain equal but opposite charges in such a way that the 
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product of surface density and mutual distance e, that is, the moment, remains con¬ 
stant ( = 1/27r). Therefore, to the plane x = 0 charged with dipoles of moment l/2n per 
unit area there belongs the following volume-charge density: 


, . 1 T . 8(x + ie)-S(x- 

p(x) = Lim —-—--— 

^€^+0 6 




which is a function proportional to the ‘derivative’ of the 5-function. 

In a similar way we can define derivatives of the ^-function of any in¬ 
tegral order. Again using Cauchy’s function as starting-point, we find 


$ (n \t) = Lim 

e-> + 0 


(-1 ) n n \ 


j sin |(?i + 1) arc tan | j 


71 


(t 2 + e 2 )i (?l+1) 

These limits have only a symbolic meaning; they 
become more significant when explicit reference to 
the corresponding sifting integrals is given. Let us 
first write the earlier sifting integral (28) in the 
following form with finite, instead of infinite, limits 
of integrations: 


(56) 


Lim f h(r) S(t — T, A) dr = 
A —*■ oo J — jfj 


h(t + 0) + h(t-0) 


2 ire 


“2 


ii 


This identity then holds for —B<t<A if h(x) has 

limited total fluctuation in the same interval, as 29 ‘ met ^ 

5 plates with opposite 

follows from (28) when h(t) is replaced by zero for charges. 
t< ~B and t > A. 

Let us now apply the formula to the nth-order derivative U n) (t)\ then 
Lim »« W (t-T,A.)iT - 

As a consequence of having introduced finite limits of integration we can 
easily perform n successive integrations by parts. For the integrated terms 
vanish in the limit as A oo, provided that 


Lim £<*>(*, A) = 0 (f*0) (* = 0,1,2,1), 


(58) 


in which (k) denotes the order of the differential quotient with respect to t, 
A being kept constant. The conditions (58) are all satisfied in the case of 
the approximating functions (30) of § 7, owing to the absolute convergence 
of the integral in the denominator, which implies that | K(t)\ tends to zero 
at least as (a > 0). Thus we arrive at the following sifting integral: 


Lim 

A —► oo 


j: 


h(r) S M {t — t. A) dr = 


h M (t + 0) + h< n >(t-0) 


(59) 


valid in the interval -B<t<A if M n \t) has limited total fluctuation and 
S(t, A) is any of the functions (30). 


VP & B 
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Further, if the original infinite limits of integration are introduced, we 
obtain the identity 


f h(r) 8 (7 

5 J — 00 


\t — r, A) dr = 


h(n)(t + 0) + hW(t-0) 


which, again, is valid for each of the approximations (30) and any function 
h(t) whose nth-order derivative has limited total fluctuation in every finite 
interval. Similarly to the case of the ^-function itself, we write 


J h(r) S^ n) (t - 


■r)dr = 


r) £ (n) (r) dr 


tt n \t + 0) + M n \t-0) 
2 


as the formal equivalent of (60). It should be remarked that this extension 
of the sifting integral to higher-order derivatives of the impulse function 
was given by Dirac f. 

The transposition of (61) into operational language is quite simple and 
illustrative, particularly if it is applied to the definition integral for tf (n) (£); 

we easily find f0B (d» \ 

pj e~ PT 8 (n) (r) dr — p e pt j = p n+1 , 


and consequently the operational relation 


— oo < Rep <00 (62) 

which fully agrees with the result obtained when the differentiation rule 
is applied to (25). More generally, (61) can be interpreted as the com¬ 
position product of the arbitrary function fh(t)±=f(p) and S (n) (t)=p n+1 - 

The image of the left-hand side of (61) then is ~f(p)p n+1 > an d this is 

indeed equal to p n f{p)> the image of the right-hand side of (61). 

If necessary, the extended sifting integral can be taken in the sense of 
a Stieltjes integral; further details, however, will be omitted here. 

The behaviour at t = 0 of the ‘derivatives’ of the ^-function is the more 
complicated the higher the order, as may be seen from the corresponding 
approximations. To this end let us start with the image function 



which tends to p n+1 for e -> 0; hence it may be expected that the original of 
(63) is some approximation for 8^ n \t), The original in question is a step 
function which can most easily be surveyed if it is remembered that multi¬ 
plication of any image/(p) by the factor 2sinh (ep) corresponds, according 
to the shift rule, to the operation 

A h(t) = h{t + e) — h(t — e) 

2e 

| Loc. cit. p. 626. 


(64) 


DELTA OR IMPULSE FUNCTION 


laboratory- 

v i(i b-t.r. 

, . , . LEtLAND 

being performed on the original h(t). Since (63) contains n-f 1 such factors, 
whilst the remaining factor ^ n+1 has the original — ^ (Re j> > 0), we 
at once obtain the following approximation: 


^\t) = Lim--^ U{t), 

e-»0 ^ 2e 

in which the right-hand member can, of course, be written out with the 
aid of the binomial formula. So, for instance, if n = 2, 

S'(t) = Tim ^+gg)- 2 ^(0 + ^" 2 e) 

e -> 0 4^ ’ 

which is plotted in fig. 30. The analogue for the second-order derivative 
<T(£) is also given, in fig. 31; the complicated behaviour of the higher-order 
derivatives of the ^-function is apparent. 



Fig. 30. A discontinuous approxi- Fig. 31. A discontinuous approxi¬ 
mation to the derivative * of the mation to the second ‘derivative 5 

^-function. of the ^-function. 


As another approximation for the higher-order ^-functions we may 
mention that obtained by differentiating (33 b) n times. If He n denotes the 
Hermite polynomial 

the resulting operational relation is as follows: 

A n+i 

He n ( - At) =?p n+1 e^ 4 * 2 , - oo < Rep < oo (65) 

which reduces to (62) if A->oo. 

We would like to emphasize that in the application of the operational 
calculus the preceding ^-function derivatives can be treated as if they were 
ordinary functions; they never lead to wrong results or discrepancies. In 

6-2 
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this way numerous relations between various symbolic functions can then 
be deduced. For instance, if (iv, 38) is applied to (62), we obtain 

t n 8 in \t) = {— l) n n\p ( — oo<Hep coo), 

and hence, since the original of the right-hand member also equals 
(— 1 ) n n\ 8(t), it follows that 

8^(t) = ( 66 ) 

t 

In particular, for n = 1,2 one gets 

t8'(t) = -8(t) f tW(t) = 2 8(t). 

On the other hand, from the operational relation 

t n+l S (n) {t) ^ { _ Ijn+lp __ {p n) = 0 , 

it follows that t8(t) = 0, t 2 8'(t) — 0, t 2 8"(t) = 0, etc. (67) 

We shall return to these relations in vi, § 15, where we deal with null 
functions. 

Finally, we remark that the original of a polynomial in p is always a 
sum of impulse functions and impulse-function derivatives. It sometimes 
occurs that the corresponding original can be written quite simply, as 
may be seen from the following example. If the identity 

£7(l_e- ( ) = U(t) 

is differentiated, we first get 

e-*£(l-e- ( ) = 8(t), 

whence it follows that e _i 5(l — e -f )=fp. 

If to this relation the rule (iv, 33 b) is applied, the result becomes 

£<»>(!-e~ ( )=p(p- I) (p — 2) ... ( p-n ), -oo<Rep<co. 


( 68 ) 



CHAPTER VI 


QUESTIONS CONCERNING THE CONVERGENCE 
OF THE DEFINITION INTEGRAL 

1. Introduction 

This chapter deals mainly with general properties of images and originals 
so far as they are connected with the intrinsic structure of the definition 
and inversion integrals. Accordingly, much of its contents may be omitted 
on a first reading. After briefly indicating in §§ 2 and 3 many special cases 
that can be included in an operational treatment, owing partly to a suitable 
extension of the definition integral, we shall discuss in detail questions 
about convergence of the definition integral in §§ 4-7. In §§ 8 and 9 methods 
of summing divergent series and integrals are recapitulated, so that we can 
investigate in §§ 10-14 the behaviour at the boundary of the convergence 
region as well as the validity of the inversion integral. Finally, the question 
of uniqueness of operational transformations is examined in § 15. 


2. Extensions of the definition integral 

The definition integral (n, 20 a) was initially introduced as a Riemann 
integral. On the other hand, in the theory of the 5-function, it was taken in 
the sense of a Stieltjes integral (see (v, 26)), whilst the definition integral 
for the derivatives of the 5-function (see (v, 62)) was again considered as a 
formal notation for the limit of a certain Riemann integral. Apparently 
still other extensions may be taken into consideration, to enable us to treat 
a much larger class of functions operationally. In this connexion we may 
remark that Widderf has taken the Stieltjes integral as the general basis 
of his calculus. This author starts with the integral 


/: 


e~ pt d{a(t)}, 


( 1 ) 


which is defined as the sum of two limits of Stieltjes integrals according to 
f(p) = Lim f e~ pt d{oc(t)} + Lim f e~ pt d{oc(t)}. 

A —>-oo J 0 A —> <» J — A 

Moreover, it is supposed that a(t) has limited total fluctuation in any finite 
interval. It can be verified that in our notation (1) is equivalent to the 
operational relation f(p)~^d(t) for all functions a(t) that satisfy 


e~ pt oc(t) 


= 0 . 


t D. V. Widder, The Laplace Transform, Princeton, 1941. 
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General properties of the operational transforms, such as the existence 
of a strip of convergence, remain valid when the Stieltjes integral (1) is j 
taken as the basis instead of the Riemann integral. In both cases the 
function f(p)jp is analyticf within the strip of convergence occllep < /3. 
Moreover, it can be proved that the derivatives of the image may be found 
by differentiation with respect to p under the sign of integration of the 
definition integral; thus, for instance, in the case of the Riemann definition 


integral 


d k 

dp k 



e- 2 >t(-t) k h(t) dt, 


a<R ep</3. 


As to applications of the operational calculus, it is of little importance 
whether or not the definition integral is extended in the way indicated 
(as a matter of fact we could even base the operational calculus upon the 
concept of the Lebesgue integral). Far more important is to define the 
definition integral in the sense of Cauchy’s principal value in cases of diver¬ 
gence due to a finite or infinite number of singularities of h(t). Thus, when 
h{t) becomes infinitely large only at one point t = t 0 , 


v\ e- pt h(t)dt = Lim Ip f e~ pt h(t)dt+p f e~ pt h(t)dt\ 9 

J -°° +0 l J — co Jto+e j 


where a horizontal bar in the sign of integration may denote the principal 
value. In the following examples the definition integrals under considera¬ 
tion only exist as principal values. 


Example 1. If for the original 


e*—1 


the integration in the definition integral Lim (J-L + D is reduced to one single 
integration along the positive £-axis, the image is found to be 


r°o e -w<2>+j/) „ e ii<5-v+i> 

—*• 


in which the limit sign may now be omitted, if at the same time the lower limit of 
integration is replaced by zero. After the substitution s = e~ M and using (in, 14), we 
obtain 


e-vifi 

P{&(v-p-l)-&(v+p)} = —- , —Re (v-f 1) < Rep < Re v. (2) 


In cases like this the results are always two-sided transforms that cannot be con¬ 
sidered as the sum of two one-sided relations (whose individual strips of convergence 
would otherwise extend at the right to + oo and at the left to - oo, respectively; 
see fig. 10). 


Example 2. According to (v, 50 a) the exponential integral Ei (t) has a cut along the 
positive axis of t . On the cut itself the function may be adequately defined by a 
principal value as follows: 

— e s /*! e tu 

Ei(£) = 4* — ds =T — du (t>0), 

J —co S J —oo u 

t Cf. the proof in Widder, loc. eit. pp. 57, 240. 


(3) 
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For the corresponding one-sided function the image also exists as a principal value, viz. 

Ei(i) U(t)=-log(p-l), 1 <Rep< oo, (4) 

which should be compared with the analogue (iv, 46) 

— Ei( — t) t7(£)=log(p + 1), — l<Rep<oo. 

Incidentally we may mention an interesting application of (4). First we obtain with 
the aid of the shift rule 


e-*Ei(*) 17(0 = 


V 

p+l 


log p 


(Rep>0), 


of which the right-hand member can be expanded as 


00 


— logp S 

n=0 


(-i) n 

p n 


» d 

= S (-l) n -r- 
n=0 dn 



Secondly, we arrive easily at the corresponding original by applying formula (in, 3). 
Identification of the two different expressions found for the original then leads to the 
remarkable equality 

e“ x Ei{#) = 


S (_i)» — 

»-0 dn\IL(n)\ 


(4 a) 


This expression for Ei(a?) is very simple indeed; when the differentiations are carried 
out logarithmic terms appearf. 


3. The operational treatment of some special series 

In this section we shall discuss several important infinite series from the 
point of view of the operational calculus; it is thus made possible to develop 
the theory of these series by means of the more general analysis of the 
Laplace transform. 

(a) Dirichlet series 

Considering them as image functions we write 

f(p) = ia n e- p \ ( 5 ) 

i 

in which the real exponents A n increase indefinitely and monotonically; 
moreover, A x ^0. Since Dirichlet series like (5) are known to converge 
within (and also perhaps on the boundary of) some range Rep>a—in 
other words, have a strip of convergence similar to that of operational 
relations—it is quite natural to take them as images rather than originals. 
After transposing (5) term by term (as a matter of fact we shall only deal 
with Rep> 0), the following operational relation is found: 

Sa n e-i ,A «=So n Z7(f-A n ) = £ a n , (6) 

71=1 71 = 1 71 = 1 

whilst the strip of convergence is specified by 

max (a, 0) < Rep < oo. (7) 

t The analogous expansion for Ei(#) was derived operationally by Balth. van der 
Pol, Wish. Opgaven, Amst ., xvm, 95, 1943. 
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Since the numbers X n increase monotonically with n , the original at the 
right includes more and more terms as t increases. Apparently this original 
is a step function (with discontinuities at the points t = A 1? A 2 ,...) which 
can be compared with an indefinite integral of which the upper limit t also 
increases monotonically. It should further be noticed that for t<A 1 the 
original must be taken as zero, which could have been indicated by means 
of the factor U(t — A 2 ). In this book we prefer, however, to define any 
c empty sum ? equal to zero (if t < A x no suffix n satisfies X n < t). 

The legitimacy of the term-by-term transposition performed above 
will now be verified. We therefore start from the original in (6). The corre¬ 
sponding definition integral may be written in the form 



00 


e~ pt ~Z,a n U(t — A b ) dt. 

n=l 


For fixed values of t the integral reduces to a finite sum which is easily 
written out. We thus obtain the operational relation 

A n<t ( N N \ 

2 a„ = Lim £ a* £ aA , (8) 

n = l /*->oo (j = 1 i ) 

provided the integer N be chosen so as to have X N <fi< X N+V Since 
increases monotonically, N tends to infinity if jli does so. Therefore, the 
left-hand series in the right member of (8) actually yields the former 
Dirichlet series for any p within its range of convergence, R ep>a. The 
second term at the right of (8) in general only vanishes for ji co if Re p > 0. 
This can be proved by using the following estimation, 


N 




(a > 0), 


which may be deduced by the method of partial summation; a x is a real 
number that exceeds a by an arbitrarily small amount, and C is independent 
of N . We thus arrive again at the operational relation (6) with domain 
of convergence (7), the term-by-term transposition being legitimate for 
Rep > max (a, 0). Nevertheless, it may happen that the right-hand member 
of (8) does exist even at the left of the abscissa of convergence Rep = a. 
In this case the operational relation (8) leads to an analytic continuation 
of the Dirichlet series into a region where the series itself diverges (see 
the example of the series (13) discussed below). It is not possible, however, 
that the same peculiarity occurs for the operational relation found by 
differentiation of (6), i.e. 

(9) 

n ~1 n=l 


since here the definition integral for the original, as sifting integral, becomes 
identical with the Dirichlet series multiplied by p. 
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(b) Restricted Dirichlet series 

These are obtained by the specialization A n = log n. In this case the 
operational relation (6) becomes 

S Ogn) = I,a n u(e l -n) = I ]a n , max (a, 0)< Rep < 00 . 

n= \7lr n=\ n= 1 n = l 

( 10 ) 

The original is a step function jumping at t -- log 1, log 2, etc.; if a n > 0 the 
general behaviour may be surveyed from fig. 32. The classical example of 
such a restricted Dirichlet series is furnished by the ^-function of Riemann 
(in, 36) for which ct n = 1, and thus from (10), 

1 = [<fl, 1 < Rep < co. (11) 

n =1 

This important relation is closely 
connectedf with the prime-num¬ 
ber theorem to be discussed later 
(xn, §5), together with other 
number-theoretical problems. 

As to the analytic continuation 
across the abscissa of convergence 
referred to above, let us return to 
(10). According to (8) the image 
of the right-hand function can be 
written as 

[I \ 

Lim Sd--e-w . (12) 

/x->co n = l \rt* J 

Let us now specialize (10) and (12) by taking a x = a n » (- l)** 1 2). 

In the first place (10) leads to 

+ + (RepX)). (13) 

However, if /i runs through the numbers log A-he (e arbitrarily small, 
positive), then the limit (12) leads to another series for the image of the 
right-hand member of (13), namely, 

i/i _±V i/i_ 1\ i/j L _ i\ 1/1 _ n 

2\R> 2*>) 2 \2 p 3^/ + 2\3^ 4 p) 2\4P 5^/ + '" } 

which converges even for Rep > - 1. Only if Rep > 0 is it allowed to change 
the order of the terms; in that case the Dirichlet series of (13) is again 
obtained. Furthermore, if Rep > 1, the series (13) can easily be evaluated 

t See Balth. van der Pol, Phil. Mag. xxvi, 921, 1938. 
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in terms of the ^-function by summing the positive and negative terms 
separately. The resulting p-function represents the image as an analytic 
function even in — 1 < Rep < 1; accordingly, we finally obtain the opera¬ 
tional relation 


(1 - 2 1 -*) &p) - 1 = [e f ] - 2[M -1 U(t) = - *( - 1 U(t ), - 1 < Rep < oo. 

(c) Power series 

This kind of series admits of an operational attack in various ways. 
First they can be transformed into a Dirichlet series by the substitution 
z = e~ p : 

u=0 n—0 


and consequently, if (6) is applied with A n ~ n , 

co m 

(14) 

n— 0 n= 0 

Again, the operational relation (14) may have a region of convergence 
larger than that of the series itself. Certainly the image function cannot be 
defined by the series as it stands, outside its region of convergence. In the 
following argument, however, we shall always tacitly assume that in those 
cases the series is replaced by its analytic continuation. The domain of 
convergence of the series on the left of (14), that is, Rep > a, is transformed 
by the change of variables p = — logz into |z|<e~ a ; in other words, 
p = e~ a is the radius of convergence of the original power series. Con¬ 
versely, the circular domain | z \ < p, inside which the power series converges, 
corresponds (via the transformation z = e~ p ) to the infinite strip of con¬ 
vergence oc < Rep < oo of the Dirichlet series. 

Secondly, the power series can be treated operationally by introducing 
the parameter p according to z = 1/p. Then the following operational 
relation is obtained: 

oo fi oo fn 

1/p < Rep < oo. (15) 

n = 0 P n= 0 '»• 


The translation into the ^-language may be performed term by term. This 
follows from the property that the sum of any convergent series is in any 
way equal to its Bor el sum' j*: 


CO 


2 C n 
71 = 0 



e-'i ^t n dt, 

n=o n\ 


(16) 


and from the fact that the Borel sum for c n = ajp n coincides with the defini¬ 
tion integral for (15) for those real values of p that satisfy p>p~ 1 . Con¬ 
sequently, the definition integral of (15) certainly converges for p>p -1 , 


t See, for instance, E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 
Cambridge, 1940, p. 154. 
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and thus for Re^>p~ 1 ; this is in agreement with the specification of the 
strip of convergence as indicated in (15). If necessary, the series 2( ajp n ) 
should be replaced by its analytic continuation, that is, its definition 
integral. Moreover, if the strip of convergence of (15) happens to be wider 
than Re p > p~ x , then the definition integral can provide us with the analytic 
continuation of the power series which itself only converges for | p \ > p ~ l . 
As an example let us consider the binomial series 



izi y 

p r 9 


which converges for | p \ > 1; the corresponding original 


mt)i 


r =0 


\r} rl 


has a definition integral convergent for Re£>>0; thus the strip of con¬ 
vergence is wider than the domain of convergence of the initial series. 
Especially for v positive integral, when the series terminates, the right 
member is equal to the Laguerre polynomial L n {t) except for the factor n\\ 
we thus have the operational relation 


, 0<Re^<oo. (17) 

Other operational relations in connexion with power series of more com¬ 
plicated character will be derived in xi, § 6. 


4. The strip of convergence of operational relations 

Whereas in ii, §5 we derived the existence of a certain strip of con¬ 
vergence a < Re^> < j3 for the two-sided definition integral from the fact 
that the one-sided integral . 

J e~ pt h(t) dt 

in general has a domain of convergence a < J&ep < oo, we shall now develop 
explicit formulae for the strip in the case of any given original h(t ). For the 
sake of convenience we may first recall some properties of limits. A limit or 
limit-point L of a point set is any point with the property that any interval 
around L , no matter how small, contains an unlimited number of points 
belonging to the set in question. The meaning of the e greatest of the limits ’ 
and of the Teast of the limits’ is then obvious; they are denoted by Lim 
and Lim, respectively. Thus, for instance, if Lirna^ = A , then it follows 

oo 

from the definition that, for any given positive number e, a number N(e) 
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can be found such that a n < A + e for n>N; moreover, a n > A — e must hold 
for an infinite number of n’s. For example, if x is real, 


Limsinx=l, Lim sin a; = — 1. 


We now assume a definition integral converging for some value p 0 in the 
right-hand half of the p-plane (Re^ 0 > 0). Then it can be shownf that the 

integral h(s) ds exists for all finite values of t. With the help of this 

J — oo 

integral the definition integral can be written as 


V 


/>'€ 


h[s 1 ds j, 


from which it further follows, if cc (supposed to be positive) denotes the 
left boundary of the domain of convergence, 


cl — Lim (i loor I h(s)ds 

x->oo(X & J~oo 


( 18)1 


Similarly, starting from some p 0 in the left half of the #-plane, it can be 

shown that the analogous integral h(s) ds exists for any finite t. In this 

J +00 

case a, which now is necessarily negative, is to be determined from 


CL 


= Lim |i log I h(s)ds 
[X ° J +co 


(19) 


The above formulae supply a complete specification of the strip of con¬ 
vergence cl < Re p < oo of any right-sided integral p I e~ pt h(t) dt . Moreover, 

J o 
f° 

by transforming the left-sided integral p e~ pt h(t) dt into a right-sided one 

J — 00 

(compare n, §5), we obtain an analogous formula for the right-hand 


boundary j3, simply by replacing in (18) and (19) Lim by Lim . 

x —►+ 00 X —> — 3 


The above results concerning a and /? can be summarized in the following 
expression for the strip of convergence, 


Lim(-log f h(s)ds |<Rep< Lim (-log f h(s)ds j, (20) 

X —>-00 J =F00 J x—> — ool^ J Too J 


if it is understood that in either side the lower limit of integration is chosen 
as — oo, provided this will lead to a positive limit, and as + oo, provided this 
will lead to a negative limit. At first sight there remains an ambiguity in 
that, for instance, the left-hand member might yield simultaneously a 
positive limit for — oo and a negative limit for +oo. This, however, is 
impossible; it would imply the indeterminateness of the abscissa of con- 


t For proofs concerning the above statements, when the theory is based upon the 
Stieltjes integral, see Widder, loc. cit. pp. 43-4. 
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vergence of the one-sided integral J e~ pi h(t)dt. Only if cl = 0 would we 

find both limits in the left member to be equal to zero. 

It is to be remarked that (20) can be used in two different directions. 
First, it provides us with the strip of convergence if h(t) is given. Secondly, 
it may prove useful in determining properties of h(t) when the strip of con¬ 
vergence is known. For instance, the existence of the limit (a, say) of the 
left-hand member implies that (a > 0) 



( 21 ) 


which is valid for sufficiently large values of x, that is, for x > x 0 , where x 0 
depends on e of course. 

Furthermore, formula (20) includes the case that h(t) does not have a 
two-sided Laplace integral at all. This will occur when the right-hand 
member turns out to be less than the left-hand member, in other words, 
when there is no space available in the p-plane for a proper strip of con¬ 
vergence. On the other hand, the formula (20) does not answer questions 
concerning convergence on the boundaries Rep = a, Rep = /? themselves 
(for these questions, see § 10). Deferring more general questions concerning 
the strip of convergence to the next section, we shall demonstrate here the 
usefulness of (20), in a simple example. 


Example. In order to determine the strip of convergence with respect to the 
original h(t) = sin (e~*) we have to know the behaviour for x -> ± co of the functions 

f^sinw , 

sm (e~ fi ) ds — — I - du. 

00 J CO u 

0 

We obtain without much difficulty 

rx t (e-^ + oo), 

J -oo [e*cos(e _a; ) {x-> — oo), 

rx f — e“ x (#-> + oo), 

J oo ( — ^7T (x-> — co). 



The first and the last of these relations follow from the Dirichlet integral; the second 
is obtained by means of a partial integration with respect to u from the integrated 
term, whilst the third relation results from the approximation sinw^w for -u-^O. 
We then find the four limits of (20) to be 



h(s)ds 
h(s) ds 
h(s)ds 
h(s ) ds I 



Thus from (20) the strip of convergence is — 1 < Rep < 1. 
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We shall also derive the corresponding image, since that will be required later on. 
First the images of the exponential functions e^ ie ~ f are determined separately. Using 
the same substitution u = e -t as before, we find 


r=Fioo 


p I e ±it *u p ~ 1 du = pe ±iinp f ^~ v v p ~ x dv 

J o Jo 

The integral at the right can be transformed into Euler’s P-function integral by putting 

p=Li m ir + n. 

J o A->°° IJ 0 J A f 

The first integral tends to F(p) if Rep > 0 whilst the second is easily shown to vanish 
in the limit A ->oo, provided Rep< 1. We have thus established the two operational 
relations 

exp ( ±i e“ f )= == j© ±ii7r3? II 
Further, by addition or subtraction, 

cos (e~ f )=cos 0p^ III 


sin(e~ f ) = sin 


(I*) 


n (p). 


0<Rep< 1. 

(22) 

0<Rep< 1, 

(23) 

— 1 <Rep < 1. 

(24) 


Although the image (24) is here derived only for 0<Rep<l it also holds for 

— l<Rep<0, since it is analytic and the strip of convergence is known to be 

— 1 <Rep< 1. 


5. Particular cases of the strip of convergence 

In this section we shall discuss some special cases of the general formula 

( 20 ). 


(1) Originals integrable at t = 0, ancl one-sided originals 

C x C x 

We first notice that the integrals h(s) ds and h(s) ds in the left- 

J — CD J + 00 

and right-hand members of formula (20) may be replaced by f h(s)ds if 

"Jo 

the latter integral exists. The introduction of the former integrals is im¬ 
portant only if the integrals have to be taken as principal values with 
respect to t = 0, as was done in the original of (2). In particular, one-sided 
originals h(t) U(t) must be integrable at t — 0. For the latter the strip of 
convergence Rep > a is determined by 


(i a ) if a>0: 
(6) if oc<0: 


Lim 

X—>- QO 

Lim 

x—> oo 


(HJ/H) 

NJ>H) 


< Rep <oo, 
<Rep<oo. 


(25a) 

(256) 


(2) The strip of convergence of h'(t) 

The strip of convergence of the derivative of an original can be given 
much more easily than that of the original itself, since the corresponding 
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integrals h(s) ds can be solved explicitly. Thus the strip of convergence 

J Too 

of h'(t) is determinable from 

Lim (-log | h(x) — h( + oc) |] < Re^ < Lim |-log | h(x) — h( + cc) ||, (26) 

in which, again, the upper signs should be taken if this leads to a positive 
limit, and the lower signs if this leads to a negative limit. Of course, (26) 
determines the strip of h(t) itself if h(t) and h'(t) are known to have the same 
domain of convergence. 

(3) The Dirichlet series 

Since we have seen that the strip of convergence of the Dirichlet series 


2a n e~* ,An (Rep>a) 

n=l 

is equal to that of (9), we easily obtain for the abscissa of convergence a, 
by first putting in (25) 

h(t) = 

i 


the following formulae: 
(a) if a>0: 


a 


Lim 



A n <x 


2 } j 

n=l ) 


(27 a) 


(6) if-acO: 


a = Lim 

x —► 00 



2 

A n >x 


(276) 


These formulae are well known, certainly, but the interesting point is that 
here they result from a specialization of the more general theory of the 
Laplace transform which again illustrates the importance of the latter 
theory. In particular, A n = n leads to formulae for the radius of conver¬ 
gence of power series. For instance, Cauchy’s formula is easily obtained in 
the way indicated; to this end, however, the series 'La n er nv should first be 
multiplied by 1 — e~ p leading to a new series with the same domain of 
convergence. 


(4) Cut-off functions 

These functions are zero for t > b as well as for t<a (a <b); their general 
form is therefore 

h(t) { U(t - a) - U{t - 6)} (a < b ). 

The corresponding domain of convergence covers the whole complex plane 
of p 3 since the limits of integration in the definition integral are both finite. 
The same result is of course also obtained by application of formula (20). 
Less trivial are originals that have a convergent Laplace integral for any 
finite p though not belonging to the type of functions under consideration. 
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As an example (see also (n, 24) and (vi, 49)) we may mention the func¬ 
tions that behave like e _l * |1+ “ (a>0) for t->±oo . It should further be 
remarked that the ^-function and its derivatives are limiting cases of 
cut-off functions; indeed, their domain of convergence is the wholes-plane. 


6. Absolute convergence 

Whereas in § 4 we studied the definition integral with respect to ordinary 
convergence, we shall now deal with absolute convergence. We thus seek 
values of p for which the definition integral is absolutely convergent; that 
is, for which the following integral exists: 

pf°° e~ nept | h(t) | dt. 

J — 00 

Since in this Laplace integral too only Rep is decisive for its convergence, 
we observe that absolute convergence for h(t) coincides with ordinary 
convergence of the new original | h(t) |. Therefore the domain of absolute 
convergence can be found at once from formula (20) by simply replacing 
h{t) by | h(t) |: 

Lim(-log| + f I A(s)|d^]<Rep< Lim (-log(±| I his) I dsl], 
x-»oo (x & \"J Ta > ! 1 / j X ^r*{x \ J too /) 

(28) 

in which the meaning of ± is as before. Henceforth this new domain of 
absolute convergence will be denoted by 

a a <Rep</? a . 

Since absolute convergence implies ordinary 
convergence, the strip of absolute conver¬ 
gence lies wholly inside that of ordinary 
convergence or, at best, coincides with it 
(see fig. 33); in other words £ 

It is often more simple to investigate the 
absolute convergence directly, instead of with 
the help of (28). 

Both strips of convergence, that of ab- Fig. 33. The strips of ordinary 
solute and that of ordinary convergence, are an d of absolute convergence, 
bounded by vertical lines parallel to the 

imaginary axis of p. As to their mutual situation, the following may 
occur: 

(1) The domain of absolute and that of ordinary convergence are equal. 
This obviously holds for all originals not changing sign. A non-trivial 
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example is furnished by the function si nt U(t ); by dividing the interval of 
integration into equal parts of length n the definition integral for | sin 1 1 U(t) 
is reduced to a series that can easily be summed for Rep > 0. We then obtain 

( sin ^ | U(t)= — ^ f Coth^^j, 0<Rep<oo, (29) 


in which the domain of convergence is just that of sin t U(t ) itself. Further¬ 
more, any operational relation that can be derived by means of the integra¬ 
tion rule (iv, 34) has equal domains of absolute and ordinary convergencef. 


(2) The domain of absolute convergence is only a part of that of ordinary 
convergence. As an example the previous function sin(e~*) may be men¬ 
tioned. Here the definition integral is absolutely convergent if (substituting 
u = e~ f ) the convergence of 



vP~ x I sin u I du 


is ascertained. The latter is true for — 1 < Rep < 0. Therefore the conver¬ 
gence is absolute only in the left half of the strip of convergence — 1 < Rep < 1. 


(3) No domain of absolute convergence, of which the operational relation 
(23) is a simple example. 

We may further remember that the Diriehlet series also has an abscissa 
of absolute convergence oc a ; that is, (5) converges absolutely for Rep > ot a . 
An explicit expression for a a is obtained from (27) by changing a n into | a n |. 


7. Uniform convergence 

In §2 we stated that the image is an analytic function of p inside the 
strip of ordinary convergence. It can further be provedf that the one¬ 
sided integral)* e~ pi h(t) dt, as far as the upper limit of integration is con¬ 
cerned, converges uniformly in p inside any domain 


— \n + A < arg (p - Pl ) < \tt — A, 

where Pl is inside the strip of convergence and A arbitrarily small and 
positive. This means that for any given e> 0 a number A 0 (e), independent 
of p, can be found, such that for any p subjected to the conditions above the 
following holds if A > A 0 : 

! f 00 1 

I e - ^^(£)e&j <e. 


f For a proof in the ease of one-sided originals, see G. Doetsch, Theorie und Anwen- 
dung der Laplace-Transformation, Berlin, 1937, and New York, 1943, p. 149. 

J Doetsch, loc. cit. p. 41. 


vp & B 


7 
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By considering the two-sided definition integral as the sum of two one-sided 
integrals, as we did before, we easily obtain the domain of uniform con¬ 
vergence (with respect to both upper and lower limits of integration) of the 
two-sided integral, namely, 

- \tt + A x < arg (p - p x ) < \tt - A v 

- \n + A 2 < arg (p 2 -p) < \tt- A 2 , 

in which p x and p 2 are now two points in the interior of the strip of ordinary 
convergence satisfying Rep x <Rep 2 . Such a domain is illustrated in 
fig. 34 by the region inside two sectors which are bounded by the dashed 
lines. Obviously any finite part G of the ^p-plane inside the strip of conver¬ 
gence a < Re^p < /? (see the shaded part of fig. 34) is part of a suitably chosen 
sectorial domain. Therefore the definition integral divided by p supplies 
us with a uniformly convergent representation of f(p)jp in any G . 

One naturally asks whether such a domain of uniform 
convergence is also likely to include the infinite parts 
of the strip of convergence. If in the latter we put 
p = c + ip, the question amounts to whether the integral 

fit 

— CO 

is uniformly convergent (with respect to the upper 
and lower limits of integration) for a<c<fi and 
— oo < p < oo. It appearsf that this condition is equiva¬ 
lent to the requirement that the definition integral for 
the new original, that is, h(t) e“^, must ordinarily be 
convergent for all real values of p simultaneously . We 
then find with the aid of (20) for the strip of uniform convergence 



Pig. 34. A domain 
of uniform conver¬ 
gence of the Laplace 
integral. 


Limjilogmax f h(s)e i ^ s ds 

00 J T CO 


< 


<Rep 

Lim (-logmin | h(s)e i ^ iS ds 


(30) 


or abbreviated, oc u <Rep<fi u , in which max and min refer to p. This is 
again a domain bounded by lines parallel to the imaginary axis. Whereas 
the strips of ordinary convergence and of absolute convergence include any 
finite p of ordinary and absolute convergence, respectively, the strip of 
uniform convergence includes only those parts of the p -plane in which the 
uniform convergence holds, not excepting infinity ; and further, the con¬ 
vergence is uniform in all other finite parts inside the strip of ordinary 
convergence. Moreover, it appears that the function f(p)/p tends to zero 
uniformly in p if | p | -> oo with p inside the strip of uniform convergence^. 


f See Widder, loc. cit. p. 53. 


J See Doetsch, loc. cit. p. 51. 
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Since uniform convergence implies absolute convergence the domain of 
the latter is necessarily inside that of the former (the respective boundaries 
may coincide of course). In its turn the domain of uniform convergence lies 
inside that of absolute convergence. Consequently, there are in general 
three different strips of convergence with six vertical boundaries in total, 
such that cl ^ a u < oc a < fi a ^ fi u < fi. In fig. 35 all six boundaries are different, 
though various other combinations, in which the boundaries partly coin¬ 
cide, are equally possible. 


Example . Let us return to the operational relation 

(24): hr \ 

sin (©-*) = sin II(p), 

whose domains of ordinary and absolute convergence 
were shown to be — 1 < Re p < 1 and — 1 < Re p < 0, 
respectively. Instead of using (30) we can determine 
its domain of uniform convergence more directly, 
whilst we may further confine ourselves to 0 < Rep < 1. 
The integral to be investigated is 



u p ~ x sin udu. 


The lower limit of integration needs no special 
attention; we have only to examine for what values 
of p the integral 



u p ~ x si nudu 



Abs. conv. 

Unif. conv. _ 

Conv. 


Fig. 35. The strips of ordi¬ 
nary, of absolute, and of uni¬ 
form convergence. 


tends to zero uniformly in p for A -> oo. This appears to be the case for Rep < the 
abscissa Rep = £ being the separation between the domains in which f(p)/p tends 
to zero and to infinity, respectively, for | Im p | -> oo. Summarizing, we thus have 
for the definition integral of sin (e~*): 


ordinary convergence if — 1 < Rep < 1, 
uniform convergence if — 1 < Rep < 
absolute convergence if — 1 < Re p < 0. 

In this example the left-hand boundaries of all three domains of convergence coin¬ 
cide, whilst the right-hand boundaries are all different. An example having six different 
boundaries is now readily obtained by application of some elementary rules to the 
example above, viz. 

e^sin (©"**) -f e~^*sin (e f )=p[sin{j7r(p — #)} r(p— #) — sin{£7r(p+#)}r( — p — #)], 
in which & is arbitrary but for 0 <# < in this relation there is 
ordinary convergence if — l+#<Rep<l — 
uniform convergence if — £ — # < Rep < \ 
absolute convergence if — & < Rep < 


7-2 
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8. Summable series 

With a view to later investigations concerning the inversion integral and 
the boundaries of the strips of convergence we shall first recall, in this and 
the next section, something about the existing methods of' summing 5 series 
and integrals. In 'summing’ series we investigate what meaning, if any, 
can be attached to the ‘sum’ of a divergent series; of course, the new 
definition must always be such that for ordinarily convergent series the 
new sum is equal to the old (condition of permanence or consistency). 

oo AT-1 

Let us first consider a series £ a n whose partial sum S N = £ a n oscillates 

0 n —0 

for large values of N without leading to a definite limit. It can generally be 
said that the new methods of summing amount to replacing the ordinary 

sum n-i 

$(o) = Lim S N = Lim £ a n 

N->■ oo N— >-oon=0 

N -1 

by the following: S = Lim £ a n /i(n y N), 

N —► oo n—0 

in which ji(n,N) is some suitably chosen 'weight function’. 

Some special sum definitions all satisfying the condition of consistency 
are: 

(1) The limit of the mean value of the partial sum $ lV - In this case S 
becomes 

| JV-l 1 A 7 — 1 n-l 

SV = Lim = S S n = Lim = £ £ a OT 

V —oo I ’ 0 N —> oo I» n — 1 m=0 

= Lim 4 2 a„(2V-»-l) = Lim 4 S a n ( N ~ n )- ( 31 ) 

N —> oo ’ n =0 iV-^oo 1 ’ 

This is equivalent to the introduction of the weight function 

7b 

M n > N ) = 

The transformation of the double sum performed in (31) is based on 
reversing the summations over n and m. 

(2) The limits of higher-order mean values (method of Holder). That of 
the order r is obtained recurrently from that of the order r— 1 in the same 
way as S a) is obtained from £ (0) ; in other words, S (r) is the limit of the mean 
values of the partial sums belonging to # (r-1) . Therefore the rth-order Holder 
sum is defined explicitly by 
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(3) The rth-order Cesaro limits, which may best be defined as follows: 

N —1 ni n 2 n r 

2 2 2 • * * 2 a n T +i 

(O.r) = Lim -»!T 0 r °- ^7 - • < 32 > 

2 S S ••• S 1 

n l =0n a =0n 3 =0 » r =0 

After a reversal of the order of summation this definition turns out to be 
equivalent to taking the weight function 


f/ r \n, N) 


"l 1 n ){ 1 ^+i )-( 1 


N + r-: 


The Holder and Cesaro limits of the first order are obviously equal. The 
same holds, however, for the higher-order limits, since it has been proved 
that the existence of the rth-order Holder sum implies the existence (and 
equality) of the rth-order Cesaro sum, and vice versaf. Consequently, the 
two methods of summing are of equal value. Whereas the Holder definition 
has the advantage that the sum can be simply formulated in terms of mean 
values, the Cesaro definition involves a much simpler weight function. It is 
further known that the existence of the rth-order sum implies the existence 
of those of any order exceeding r. The probability that a series can be 
summed increases, as it were, with in- U( n ,N) 
creasing value of r. This is because for 

increasing r the weight function so _ N ) 

changes that the higher terms of the ^ ,, ~ ~ 1 

senes are more and more suppressed. ^ ^ , 1 _ _ 

This is schematically indicated in fig. 36, Kg 3g The weight functi ^ related 
where the Cesaro weight functions of to Cesaro’s summations, 

the orders 1 and 2 are shown together 

with the horizontal line ji ~ 1 which represents the constant weight func¬ 
tion in case of the ordinary definition of the sum (r = 0). It will further 
be clear that ‘two-sided 5 series can be treated as well; for instance, the 
first-order sum is then defined by 

00 N -1 / I n |\ 

((7,1) 2 a n = Lim 2 1_ AT )' 

n= —co N—> oo ra= — N +1 \ / 




Example. Let us consider the series £ e 2j7i ' na: which is not convergent in the elemen- 

— 00 

tary sense. Its partial sum is easily found to be 


N -1 

£ e 2ninx = 
n=-V+1 


sm{2n(N — J) x} 
sin (7 ix) 


t See K. Knopp, Inaugural Diss. Berlin, 1907, p. 19; W. Schnee, Math . Ann. lxvii, 
110, 1909. 
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which obviously has no limit for N -> oo. Let us now take the first-order Ces&ro limit, 
that is, the limit for N -> oo of 


N -1 

2 e 2ninx 
n=-N+l 



sin 2 { nNx) 
N sin 2 (7 tx) * 


In the limit A f ^oo the right-hand member becomes an infinite sum of equidistant 
^-functions, thus ^ 

(C, 1 ) 2 e 27Iinx = 2 8(x-n). (33) 

Ti— — CO 71 — CO 

The sifting property of this function is simply the equivalent of the following well- 
known formula of Poisson: 

2 | h(x)e 2ninx dx = 2 h(n) 9 (34) 

for the validity of which (in the sense of ordinary sums: r — 0) it is sufficient that the 

oo 

series 2 h(n+x) is uniformly convergent in the interval O^x^ 1 and expansible into 


a Fourier series. Further, by r-times differentiation of the series (33) a new series is 
obtained which is summable (<7,r+ 1): 

00 co 

(C,r+1) 2 (2 t rin) r e 2 ” inx = 2 8< r \x-n). 

7i= — co n— — oo 

Compared with the Holder-Ces&ro method Abel’s method is still more effective. 
The Abel sum of Sa n is defined as the limit of the corresponding power series: 

OO 

Lim 2 a n x n . 

X — 1 — 0 77 — 0 

The existence of the Abel sum is ascertained when the series in question is known 
to be summable ( C,r ) for some value of r. Moreover, the condition of consistency is 
always satisfied; the same holds true with respect to the Borel sum mentioned in 
(16), which is still more effective than the Abel sum. 


9. Summable integrals 

We are now going to discuss analogous methods of summing divergent 

f* oo 

integrals. If the integral h(x) dx diverges with respect to the conventional 

Jo 

definition /*a 

Lim h(x) dx } 

A —► oo J 0 

it may yet happen that a convergent expression is obtained after introducing 
a suitable weight function /i(x , A); we then conveniently define the integral 
in question as equal to the following limit: 

Lim f h(x) fi(x, A) dx. 

A -> oo J 0 

Again the condition of consistency has to be fulfilled. Corresponding to 

SC 

the first-order Cesaro-Holder sum we now have for ju, {x, A) = 1 - -r 


1 f A f/* 

Lim-r dfi I dxh(x). 

A-> oo A J 0 Jo 
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Further, the analogue of (32) is the Cesaro limit of order r : 
f W 

(C,r) h(x) dx = Lim 

Jo A oo 



1*0 H 

° » 
■fr 

c a 

nOr 

dfl r+ i Hftr+l) 

0 


f o J 

|7*» 

d/i 2 
'o J 

'0 J 

rj*r- i 

d/J-r 

1 0 


(35) 


which according to (iv, 35) is equivalent to 

( C 9 r) J h{x) dx = Lim J h(x) ^ 1 — ~ j dx. (36) 

The advantage of the last expression is that it also furnishes Cesaro limits 
of non-integral orders. These integrals have properties quite analogous to 
the corresponding (G, r) sums. In the first place the principle of consistency 
is not violated, whilst, furthermore, the existence of the rth-order limit 
implies that of any order exceeding r (whether integral or not), and, more¬ 
over, the higher-order limits yield the same resultf. Therefore also in the 
case of integrals the probability of a possible summing grows with increasing 
r. In addition, it can be proved that the Cesaro limit of any order r, if 
existing, is equal to the following expression: 


Lim J h(x)e~ €X dx, 

$ —> + o J o 


which we would call Cauchy’s limit, since the Fourier identity was derived 
by Cauchy as such a limit (see example 1 of v, § 8). The Cauchy limit is 
more effective than any Cesaro limit, as the former is the limiting case 
r^oo of the latter. This follows from (36) by putting A = rje and letting 
r tend to infinity. Moreover, if e -6 is replaced by x, then the Cauchy limit 
is recognized as the analogue of the Abel sum in the theory of series. 

So far we have treated the methods of summing divergent integrals that 
are of the greatest importance for the operational calculus. We may add 
that the corresponding treatment of two-sided integrals is also easy. For 
instance, the Cesaro limit of order r then becomes 

(C, r)[ h(x)dx=JAm f h(x) ( 1 — dx . 

J -oo A-> co J —A \ A } 

In this respect we may consider the principal value, already dealt with in 
chapter n in the discussion of the Fourier identity, as a Cesaro limit of 
order zero. 


Example . Summable in the Cesaro sense are the otherwise divergent integrals 

r oo /’co 

cos (( ot ) do) and I sin (o)t) dw. 

Jo Jo 

f See E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals , Oxford, 
1937, p. 27. 
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With definition (36) the first integral is found from (v, 34) which represents the 
Ces&ro limit of arbitrary order r>0: 


1 f 00 

(C,r)-\ cos (tot) dto = 8(t) (r> 0). (37) 

77 J 0 

This formula occurs in Heaviside’s workf, though less rigorously. The second integral 
can be reduced to the first by an integration by parts, and turns out to be summable 
( G , r) for any positive order r: 



sin (o)t) dto = 



(<* 0 ) 
0=0) 


(r> 0). 


(38) 


Whereas (37), as a function of t , has the character of a resonance curve (describing, 
for instance, the amplitude of a forced oscillation versus frequency in the vicinity of 
resonance), the function (38) shows some features of a dispersion curve (cf. the refrac¬ 
tive index versus frequency in the region of anomalous dispersion). 


10. The behaviour of the definition integral on the boundaries of 
the strip of convergence 

It is always certain that the definition integral converges throughout the 
interior of some strip of convergence a< Rep</?, and, moreover, that it 
diverges outside the said domain. But a general and definite statement 
concerning the behaviour on the boundaries Rep = a, Rep = /? is not 
possible, except to state that at those points where the definition integral 
does converge the latter is the analytic continuation of the image function 
inside the strip of convergence (see vn, § 3). Several different cases con¬ 
cerning the behaviour on the boundaries are possible, just as for power 
series with respect to their circle of convergence. It is well known that the 
latter series have at least one singularity on the circle of convergence. The 
analogue of this property does hold for the Laplace transform, that is, the 
function/(p)/p does necessarily have a singularity on the boundary of the 
strip of convergence. It should be borne in mind, however, that this singu¬ 
larity need not lie on the finite part of the boundary. On the other hand, 
it has been provedJ that the real point p = a of the left-hand boundary of 
the strip of convergence is always a singularity of/(p)/p, provided the real 
and one-sided original h(t) does not change sign for sufficiently large values 
of t. This theorem is an extension of the well-known property that the 
intersection of the positive real axis with the circle of convergence of any 
power series of positive coefficients is always singular. 

It will thus be obvious that with respect to the nature of the singu¬ 
larities and that of the other points, the boundaries admit of various possi¬ 
bilities; among the singularities there may be found poles, branch points, 
logarithmic singularities, etc.; moreover, at non-singular points the defini- 

f Electromagnetic Theory , vol. ii, p. 100. 

X See Doetsch, loc. cit. p. 59. 
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tion integral may exist no longer, or only in the sense of a Cauchy or Cesaro 
limit. In the last case the least order r required may still be different for 
different points, etc. This great variety of possibilities may now be illus¬ 
trated by some examples. 

(1) e A * U(t)^-^~r , ReA<Rep<oo. 

p — A 

In this cas of(p)jp has only one singularity on the boundary Re^> = Re A, 
namely, the pole at p = A. On the remaining part of the boundary the 
definition integral is summable ( G , r) for any r > 0, as can be proved with 
the help of (37) and (38). 

(2) P a _j , 0<Rep<co. 

In this example the function f(p)/p has an infinite number of equidistant 
poles on the boundary Re^p = 0, namely, at p — 277 in, where n is integral. 
With the exception of these poles the definition integral is summable (C, 1), 
since the first-order Cesaro limit then leads to 

Lim ia) f e - ** 2 8(t — n) ( 1 — dt — Lim ioj Y, e~ io)n ( 1 — ^ . . 

A-^oc J-A nto y \ A J A + oo ~o \ a; 1 — e~ l(0 

(3) t v U(t)=^~- 9 0<Rep<oo (Rer> — 1). 

P 

The only singularity of f(p)/p at Re^p = 0 is (unless v is integral) the 
branch point p = 0. On the rest of the boundary the definition integral is 
summable ( C , Re v ), as was proved by Hardy*)*. 

(4) — Ei ( — t) U(t) = log(p+ 1), — l<Re^ 9 <oo. 

Again, one singularity on the boundary Re^> = — 1, namely, the log¬ 
arithmic singularity at p = — 1. Apart from this point the definition integral 
is ordinarily convergent. 

(5) sin(e _# ) = sin^^^ II(jp), — l<Rep<l. 

On the finite part of the right-hand boundary Re^p = 1 no singularity 
at all ;f(p)jp is singular forp^ 1 +ioo, however, since its modulus tends to 
infinity. 

( 6 ) \_Jn\ *~ nn * p = 1}, 0<Re^<oo. (39) 

This operational relation is easily obtained by transposing the series for 
the 0-function term by term. From known properties of the 0-function it 
follows th&t f(p)jp is singular at any point of the boundary Re^> = 0. 

t Proc. Lond. Math . Soc. (2), ix, 126, 1910. 
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It follows that there is in general no ordinary convergence on the boun¬ 
daries of the strip of convergence, and at best the definition integral exists 
only after application of some summing method or other. At first sight one 
could think it possible to attach a definite meaning to the divergent integral 
even outside the domain of proper convergence. This, however, can never 
be accomplished by means of the Cesaro method, since even the still more 
effective Cauchy method always fails. In fact, on account of the weight 
factor e~~ eltl of the latter the only difference produced before taking the 
limit e 0 is the addition of + e to p, by which the original strip of con¬ 
vergence is shifted over a distance e; if afterwards e is made equal to zero, 
the strip of convergence reduces to the initial one, so that finally nothing 
has changed. 


11. The inversion integral 

In the foregoing chapters we have always considered the definition in¬ 
tegral (il, 20a) as the actual basis of the operational calculus. At the same 
time the inversion integral (n, 20 b) was put forward as a means of repro¬ 
ducing, under suitable restrictions, the original for some given image. In 
ii, § 5 we remarked that, provided that the definition integral is absolutely 
convergent for Re^> = c and that the inversion integral is taken in the 
sense of a principal value, that is, 

i pc+i\ f( v \ 

Lim^-d eP tJ -—+dp ( ct a <c<f ] a ), 

A —> co 277^ J c — i\ P 

the latter integral yields the mean value \h(t + 0) + \h(t — 0) of the original 
in those points t in the vicinity of which h(t) has limited total fluctuation. 
In addition, we shall now give a survey of other conditions for the inversion 
integral which, after its introduction as a Cesaro limit, appears to be almost 
without restriction applicable. 

We first discuss the case where the inversion integral holds as principal 
value, thus without the introduction of the Cesaro limit. Since we are 
continually required to speak of originals as having limited total fluctuation 
and being equal to their mean values, it will be convenient to call them 
'normalized’ functions of limited total fluctuation. The above statement 
can then be generally formulated as follows, no matter whether the original 
becomes infinitely large somewhere or not: 

I. The inversion integral holds as principal value at those points where 
the original is a normalized function of limited total fluctuation, provided 
that a a <c < (3 a and that the original is absolutely integrable in any finite 
interval. 
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As an example for possible application 


original of 


U(t — n )._ 


n=i \J(^~ n ) 


7 e p —l’ 


of this theoremf we mention the 
0 < Re^) < oo, 


which, though infinitely large at the infinite number of points t = 1, 2, 3,.. 
is absolutely integrable in any finite interval. 

The most stringent condition in theorem I is the requirement a a < c < fi a , 
that is, the absolute convergence of the definition integral. This, however, 
is not serious in the case of operational relations that emerge from others 
by means of the integration rule, since then (see § 6) the strips of ordinary 
and absolute convergence are identical. For instance, the relation (6) for 
the Dirichlet series in the strip (7) follows by an integration of (9). In all 
cases like this the inversion integral applies without any further restriction. 
Thus at once from (11) 

1 fc+iA riqy) 

[ e n = Lim — : dp (c > 1). 

A—► oo 27Tt J c—iA P 

It has proved possible, however, to drop the condition of absolute con¬ 
vergence in almost all practical cases simply by introducing the first-order 
Cesaro limit. With this in mind the theorem above can be completed as 
follows J: 

II. The inversion integral holds as a first-order Cesaro limit at those 
points where the original is a normalized function of limited total fluctuation 
provided that oc<c<fi and that the original is absolutely integrable in 
any finite interval. 

In order to apply the second theorem, that is, 


A(tf + 0) + K{t — 0) 
“ 2 


= Lim 

A -> co 


2mjc-a r a / 


dp, 


only the strip of ordinary convergence has to be known; any line R ep = c 
parallel to the imaginary axis of p that lies inside the strip of ordinary con¬ 
vergence can be chosen as a path of integration. Even for the operational 
relation (v, 25) involving the ^-function, the inversion is legitimate, leading 


This may be verified by transforming the integral in question into that of 
(v, 34), by putting p = c + is and n =* 1. It further appears that in this 
special case the inversion integral even holds as a Cesaro limit of arbitrary 
positive order. As to the operational relations (v, 62) involving the deri¬ 
vatives of the ^-function, the theorem above does not apply. This may 


t For a proof, see Widder, loc. cit. p. 241. 
% See Widder, loc. cit. p. 244. 
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easily be understood, since the odd function 8'(t ), for example, is certainly 
not absolutely integrable. Yet the inversion integral of <$< n )(£)=p™+ 1 is 
valid when taken as a Cesaro limit of the order n+ 1. 

In comparing theorem II with I we observe that the restriction of absolute 
convergence of the definition integral could be dropped in virtue of the 
introduction of the first-order Cesaro limit. This is quite analogous to the 
case of the Fourier identity for which it was first found that the existence 

r°° i i • 

of I h(t) | dt is sufficient for normalized functions of limited total fluctua- 

J — oo 

tion in order to guarantee the validity of the identity. Afterwards the 
supplementary condition was shown to be unnecessary provided the first- 
order Cesaro limit was introduced: The Fourier identity holds as a first-order 
Cesaro limit for any function that is integrable in the Lebesgue sense in any 
finite intervalf, whilst the analogue for Fourier series is also valid in view 
of a well-known theorem of Fejer. It may also be remarked that HardyJ 
was able to extend the second theorem above after replacing the condition 
of absolute Riemann integrability by the less stringent Lebesgue inte- 
grability over any finite interval. In practice, however, Hardy’s extension 
is of little importance. 

Of greater importance is Amerio’s theorem § which was derived in a 
profound study of the inversion integral, viz. 

III. In any ^-interval where the functions 

I»(*)|* I h'(t) \, |#»-»(<) | 


are continuous, the inversion integral is valid as a 1) limit with 


respect to the operational relation M n \t)=p n f(p) 
which is obtained by differentiation n times of 
the operational relation under consideration 

In addition to the discussions above we shall 
mention another important property of the in¬ 
version integral, which is required later on in the 
treatment of Heaviside’s expansion theorem (see 
vii, § 10). In many cases it is possible to alter 
(in the inversion integral) the path of integration 
Rep = c, such that for t>0 (see fig. 37) or t<0 
the new contour encloses the negative or positive 
parts of the real p-axis, respectively. This is a con- 



Fig. 37. Transformation 
of the inversion integral 
into a contour integral. 


sequence of the exponential decrease of the factor 


e pt in the integrand for | p | ->oo in the left half of the p-plane (t > 0) or 


f See E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals , Oxford, 
1937, p. 13. % Mess. Math, l, 165, 1921. 

§ Bendiconti delV Acc. delle Scienze Fisiche e Matematiche , Napoli , (4), x, 1940. 
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the right half (£<0). On account of a theorem due to Jordan)* the 
deformations indicated are certainly permissible if /(p)/p tends to zero, 
uniformly with respect to arg p, for | p | oo and p in the left (right) 
half of the complex plane. As to the operational relation (in, 3) for the 
T-function, this amounts to transforming the inversion integral (m, 6) 
into Hankel’s integral (m, 7). 

In concluding this section we may remark that, whereas thus far we have 
considered the inversion integral only in connexion with a given definition 
integral, the question arises whether, conversely, the original when given 
in form of a convergent inversion integral in some strip of convergence 
(a < c < /?, say) leads to the existence of the definition integral in a < Rep < /?. 
Sufficient for this is J: (i) /(p)/p analytic and tending to zero uniformly for 
| Imp | -->00 and (ii) the inversion integral given converges absolutely at t = 0. 
The inversion integral is assumed here as an ordinary integral, but the 
resulting definition integral may be valid only in the sense of a principal 
i value 

Limp e~ pi h(t)dt. 

A-> co J —A 


12. Adjacent strips of convergence for the same image 

Whereas in the case of a given original the definition integral yields a 
uniquely defined image for some definite strip of convergence, different 
originals may correspond to one image, in different strips of convergence of 
course. It is then natural to ask what relationship, if any, exists between those 
originals. Quite a simple rule can be established with the aid of the inversion 
integral, if the singularities on the boundary 
of the strip of convergence are assumed to 
be first-order poles. To see this, let us sup¬ 
pose that/(p)/p has first-order poles p k on 
the finite part of the line Rep = oc , which 
line may further separate the strips of ■ 
convergence I and II from each other 
(see fig. 38). If, moreover, f(p) have the 
originals h x and h 2 with respect to I and II, 
respectively, then it follows (if necessary, 
in the sense of ( C , 1) limits): 

jip). 

p 





Ipt J 


dp. 


P 


Fig. 38. Adjacent strips of con¬ 
vergence for one and the same 
image. 


f See E. T. Whittaker and G. N. Watson, A Course of Modem Analysis , Cambridge, 
1940, p. 115. J See Doetsch, loc. eit. p. 126. 
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When subtracting we come to an integral with a closed contour M, that is, 


JL-A, = Af 

2 1 2m J z 


e»< f M dP ' 

V 


This transformation is allowed if f(p)jp tends to zero uniformly for 
| Im p | ->oo inside the strips of convergence; it is sufficientf for this if the 
definition integral is uniformly convergent in both I and II. Now the 
preceding contour integral can easily be evaluated on account of Cauchy’s 
theorem of residues, the only singularities of f{p)jp in the interior of M 
being the poles p k (with corresponding residues R k ). We therefore can 
express h x (t) into (£) so as to have simultaneously 



2 R k e^t 


P i n H 3 
p in I. 


(40) 


We have thus arrived at a simple rule to survey the change in original when 
passing a line containing a number of first-order poles. 

A different point of view is as follows. Instead of keeping the image 
function constant, we may also introduce a new image by subtracting 
R 

p2 -—from/(p), to make the image free from singularities at Hep = a. 

If f(P)IP is subjected to the same restrictions as before, we now find the 
operational relation 

/(3>) ~P S -A-= h 2 (t) - U(t) 2 R k (41) 
P Pk 


which is valid in both strips of convergence I and II. 

Rules (40) and (41) will now be illustrated by three examples involving 
the ^-function of Riemann. 


Example 1. As to the operational relation (11), that is, 

Zip) = [e*]f 1 < Rep < CO, 

the only singularity on the boundary Rep = 1 is the pole at p = 1 with residue 1. 
The next pole of f(p)/p is situated at p = 0; accordingly from (40) we first have 

Zip) ==[e*] — ©*» 0< Repel. (42) 

Next the function f(p)/p shows a pole at p = 0 with residue £(0) = — in crossing 
the new boundary at Rep = 0, again from (40): 

£(p) = [e*]-e« + i, -l<Rep<0, (43) 

whose domain of convergence cannot be extended beyond Rep = — 1. 

The difficulty in practice is that it may sometimes be doubtful whether the be¬ 
haviour of f(p)/p at infinity actually allows the crossing of the boundary. However, 
we may verify afterwards the operational relation obtained, namely, by means of 


f See Doetsch, loc. cit. p. 51. 
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the definition integral itself. Accordingly, in the case of (42) and (43), if the upper 
limit of integration tends to infinity along the discontinuities of the function [e*], the 
definition integral yields the limits 


Lim 
N 


ri°i 

im p 
-> CO J — 

Lim p 

jV->oo J 


log N 


N i 

J ([e a ] — e s )ds = Lim l 2- 


A r —> oo 


’logiV 


'([e J 


n ^in v 1 —pN p 

1 1 1 1 \ 

? ] — e 8 + h) ds = Lim J 2---—— — ■ ) 

* iV->ooU=l^ p 1-p^' 1 2A*/ 


}} = £(;?)> 0<Rep<l, 

(44) 

= Up), 

— 1 <Rep< 0, 


which really converge, in the regions indicated, to the analytic continuation of the 

00 i 

series 2 —, that is, to £(p). On the other hand, the last expression has no finite limit 


M 



[*]-«•+* 



Fig. 39. Originals of £(p) in different 
strips of convergence. 



J__1_ l_ 

n=i n v 1 —pN*- 1 


for Re p > 1. 


for Rep< — 1; therefore, (43) is not valid at the left of the line Rep = — 1, though 

in crossing this line no pole of — f(p) would be passed. For the rest also (20) will lead 

to the line Rep = — 1 as left boundary of the strip of convergence with respect to the 
original of (43). In fig. 39 the three different originals, which thus lead to the single 
image £(p), have been drawn. Moreover, fig. 40 shows the original corresponding 
to a finite value of N in (44) for the strip Re p > 1 instead of 0 < Re p < I; the tran¬ 
sition at j t — N from the step curve to the exponential curve clearly indicates how 
only for N oo the complete step function jV] results. 

We further remark that, again starting from (11) and crossing the pole at p — 1, 
rule (41) leads to the operational relation 


£(*>)- ~~ =[e‘] - e* U(t), 0<Rep<oo. 
P-1 


(45) 
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Example 2. Another application of the theory given above refers to the operational 

relation (in, 40). As is well known, the function — II(p) £(p) has poles at p — 1,0,— 1, 

V 

B B B 

— 3, —5, ... with residues 1, — J, 2^ * jf ’ (pf ’ •••> respectively, in which B n denotes 
Bernoulli’s numbers, which can most easily be defined by 


2 00 ft 

-r = 2 —(\z I <2n). 

e 2 -l n ^n\ 


(46) 


In applying rule (40) we find successively 

1 


n(p)?(p)= 


e e “‘ 

1 

-1 

e e_ * 

-1 

1 


e e "‘ 

^1 

1 


e e_< 



■*©» 


-e*+*. 


1 <Rep < co, 
0<Rep< 1, 
— 1 < Rep <0, 


(47) 


2N B 

2 -5 e -<»"»* f — 2N — 1 <Rep< — 2N + 1 (N> 1), 

n=0 n - 


the right-hand members of which are just the remainders of the following infinite 
series: 

1 00 B 

- =— = S 

6 e -1 n = o 


( <>log i)- 


Example 3. In this example we shall deal with the function 

i(v) = (^-i)^" ip n(ip)C(p), 

which is important in Riemann’s functional equation of the ^-function, viz. 

2 


C(1 ~p) 


{ 2 tt) v 


■(?) 


008 Hr I r (^) & p )> 


which is equivalent to £(p + £) being an even function ofp. The simplest operational 
deduction of this relation rims as follows. First from (24) we have with the help of 
the shift rule 

sin(jTrp) H(p) .sin(2 nne-*) 

—__-=- ( — 1 <Kc pel), 

(2nn) p+1 27m 

which, when the sum over n is taken, leads to 

— d = j sin( ;:: e ' t) ( o<Re^<D. 


(2w)» 


2nn 


The right-hand member is simply the Fourier series of \ Sa (e - *) ^^([e^] — e _t -f J) 
(cf. (xii, 6) and (xii, 10)); thus, according to (43), after p is replaced by —p, it has 
the image — ^£( —p). If this image is put equal to the left-hand side of the operational 
relation above, Riemann’s functional equation is found. 

An alternative procedure for arriving at the functional equation, revealing at the 
same time the connexion existing between the ^-function and the 0 Z -function, is the 
following. If the shift and similarity rules are applied to (m, 16), we obtain 


n m i 


n iv n v' 


== Q—7J' n2 e“ 2t (Rep>0), 
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and, after carrying out the summation over n, 

n (ip). 


n\v 


Kkv) = \{U 0,e- 2t )-l}, l<Rep<oo. 
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(48) 


The image divided by p is singular only at the poles p — 1 and p = 0, since the poles 
of the factor II(£p) are cancelled out by the zeros of £(p). From (41) we thus get 


p Up) 

n iP 


C(p)- 


2(p-l)* 


= K*.(O,e-*0-!}-*<*»-1)17(1), 


of which the strip of convergence may possibly cover the whole complex plane of p. 
This actually appears to be true, as can easily be seen after simplifying the right-hand 
member by means of a well-known functional equation of the 0-functions. If then 
the £-function is introduced we finally obtain the relation 


P 


-{£(*> + «-» = *** m {0 s (O, e 2t *')-l}, — oo < Rep <oo. 


P 2 -F 

From the 6 -series the convergence of the definition integral for any p follows at once. 
| It is observed that in this relation the original is an even function of t. Thus, the 
original being unchanged by the substitution — the image will only change its 
sign by the corresponding transformation p->—p. Therefore f(p + £) is even in p, 
which statement is equivalent with Riemann’s relation. Incidentally, the last 
operational relation is somewhat simplified by eliminating the factor l/(p 2 — I); 
we then arrive at 

+ — co < Rep <oo, (49) 

in which the variable t rather than 1 1 \ occurs, the function between { } being even in t. 


13. Operational relations having a line of convergence 

The operational relations thus far discussed had a strip of convergence of 
non-vanishing width. Sometimes, however, the strip of convergence happens 
to reduce to a single line parallel to the imaginary axis, thus representing 
a transition between a strip of finite width and a non-existent strip. As an 
example we may quote the relation (m, 11) 


£e-«i‘i 


CLp 


a 


2-p 2 ’ 


- Re cl < Rep < Re a, 


which, for a real, is valid only if oc > 0. In the limiting case oc = 0, having 
performed the limit at both left and right sides of the relation itself, we 
obtain 


l = 27rp<J(tp), Rep — 0. 


( 50 ) 


The validity of this operational relation can otherwise be verified by means 
of the definition integral; for p — id) it becomes 


f 00 . f 00 

p e~ io)t dt = 2p\ cos (<ot) dt y 
J -oo J o 


which, according to (37), actually leads to the image required as a (C, r) 
limit with r > 0. As is apparent from this example, the definition integral 


VP & B 
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is not necessarily assumed to be convergent in the elementary sense when¬ 
ever a line of convergence occurs. On the contrary, a large number of 
possibilities exists as in § 10, where we have discussed the character of the 
convergence on boundaries of non-vanishing strips. In addition, /(p}/p is 
usually singular somewhere on the line of convergence, whereby the type 
of singularity may vary largely; this can most conveniently be surveyed 
by means of examples, which will now be given. 


(!) Re ^ = °( e>0 )- ( 51 ) 

The only singularity of f(p)/p on the line of convergence lies at p = 0. 
Excluding this point the convergence of the definition integral is ordinary, 
as is seen by suitably transforming the path of integration, that is, closing 
it either in the upper £-plane (if pji < 0) or in the lower £-plane (if pji > 0), 
and then applying the theorem of residues with respect to the poles at 
t = ±ie. The operational relation (51) is that of Cauchy’s approximating 
function (v, 32). 

(2) Sm ( A< ) =yC/(p 2 + A 2 ), Rep = 0(A>0). (52) 

7Tt 

In this case /(p)/p has two singularities, namely the discontinuities at 
p = ±iX. Otherwise this Dirichlet function (see (V, 15)) has an ordinarily 
convergent definition integral. 

(3) Rep = 0. (53) 

Z 


Outside the singularity p — 0 the corresponding definition integral con¬ 
verges in the sense of a principal value. 


(4) 



(P + 0) 
(P = °)’ 


Rep = 0. 


(54) 


Outside the singularity at p = 0 the definition integral is summable ( C, r) 
for r > 0, as follows from (38). 

(5) t n =2m n pS (n: >(^\, Rep = 0. 


Outside the singular point p = 0 the definition integral should be taken 
as a Cesaro limit of order r with r > n. 

It is to be remarked that the ordinary rules remain valid in applications 
involving a line of convergence. So, for instance, with the attenuation 

rule from (50) e M^ 27rX S{ip-iX), Rep = ReA, 

and after combining the formulae for A = i and A = — i : 

sin£^=r 2nS(p 2 + 1), Rep = 0, 


cost==27rp£(p a -f 1), Rep = 0. 


(55) 

(56) 
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Also the important rule of the composition product may be applied, even 
if the definition integral of either factor converges only as a Cesaro limit; 
more precisely, if for some value of p outside the singularities the initial 
operational relations involved are summable (G, r x ), ((7, r 2 ), respectively, 
then the operational relation for the composition product, if the latter 
exists, will be summable (C,r x + r 2 + 1), whilst the corresponding image 

remains equal to ^/i(p)/ 2 (i>)- This theorem, which is valid independently 

of the width of the strip of convergence, was proved by Doetschf for one¬ 
sided originals. 

It will be evident from the preceding that the introduction of operational 
relations possessing a fine of convergence admits the possibility of opera¬ 
tionally transforming two-sided originals that could only be treated before 
in their corresponding one-sided form. As to the images, a definite original 
may also correspond to ap-function that is not everywhere analytic on some 
line parallel to the imaginary axis. In particular, many relations may be 
found whose line of convergence coincides with the transition boundary of 
two different strips of convergence related to a single ^-function. If on this 
line the singularities are merely poles of the first order (see the preceding 
section) we have in addition to (40) the general relation 

f(p)r=±h 2 {t)-%'ZR k e‘P* t , R ep = a, 

which indicates that on the line in question the original is simply the arith¬ 
metic mean of the values at the left and the right of it. So for (42) we get 

Rep=l. 

Finally, any operational relation possessing a single line as domain of 
convergence can be transformed into a relation that has the imaginary 
p -axis as line of convergence; that is, by means of the attenuation rule. 
Both the definition integral and the inversion integral then reduce to the 
corresponding formula of (n, 5); as a consequence, the theory of the special 
operational relations above is equivalent to that of the Fourier identity. 


14. Symmetry between the integrals of definition and inversion 

The starting-point of our operational calculus was formed by the pair 
of integrals (ii, 5) which emerged from the Fourier identity. The initial 
symmetry between both integrals was lost later on, since in the definition 
integral the integration was always fixed along the real axis, whilst the 
inversion integral in general admitted a considerable variation of its path 
of integration. As a consequence, the ^-function had to be analytic. The lost 

f Ann . Scu . norm . sup . Pisa (2), iv, 83, 1935. 

8-2 
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symmetry is restored when operational relations with a line of convergence 
are introduced, as will be clear from what follows. If in the definition integral 


ftp) 

p 




e- p8 h(s)ds t 


a<Rep</?, 


(57) 


the functions /and h are formally replaced by new functions, namely. 


f(x) -> 2 7TX h*{ix ), h(x) , 


ix 


and, moreover, the following substitutions are made: 

p = — it, s — — ip, 

we obtain the relation: 

1 rico 


j*(p) 


e pt J — dp, a' 
i*P 


(58) 


(59) 


We at once recognize the expression above as the inversion integral 
corresponding to the new operational relation 

Rep = 0, 


that is, when expressed in terms of the initial functions 


= Rep = 0. (60) 

The validity of this operational relation can be verified in a straight¬ 
forward manner from (57). Since in so doing it turns out that the definition 
integral of (60) is simply the Fourier identity for h(t), provided (57) is 
applicable for Rep = 0, we arrive at the conclusion that any operational 
relation whose strip of convergence contains the imaginary axis (or, alter¬ 
natively, reduces to this line) will also lead, according to (60), to a relation 
with a single line of convergence. Consequently, there are always two co¬ 
existing operational relations; in this way (50) is the counterpart of p = S(t). 
We may further draw attention to a new kind of symmetry between the 
image and the original. Whereas, concerning the image, the function/(p)/p 
is necessarily analytic inside a non-vanishing strip of convergence, it 
follows likewise, from the integral representation (59), that the original 
of (60) is analytic in the range a' < Im t < /?' of the complex i-plane. Accord¬ 
ingly, originals that can be continued analytically outside Im t — 0 possess 
a strip extending in a direction parallel to the real axis of t (see fig. 41), in 
contrast with the strip of the image functions which parallels the imaginary 
axis of the p-plane. Just as the definition integral represents the p-function 
in the whole strip of convergence, the inversion integral represents the 
original everywhere in the interior of the i-strip. As an example showing 
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a t -strip of non-vanishing width we may mention the relation (40) with 
inversion integral as follows: 

1 1 fc+iao 

—^. e*r(p)£(p)dp (c>\; -$n<Imt<fr). 

e e — 1 2niJ c -i X 

In every respect a complete symmetry thus obtains between the image and 
the original. Just as f(p)jp has at least one singularity on the boundary of 
the p -strip, the original must have a singular point on the boundary of the 
£-strip (though perhaps at infinity) or on the real axis if the strip has zero 
width. In the example just mentioned the original is singular on the boun¬ 
daries Im t = ± \tt at t — log (2 kn) ± \iir (k positive integral). Though in 
the way indicated any operational relation virtually involves two different 
kinds of strips of convergence, there does not seem to exist any definite 
relationship between them, since according to § 4 the p-strip is determined 
solely by the behaviour of h(t) as 1 1\ ->oo, whilst, on the other hand, the 



Fig. 41. The strips of convergence for p and t. 


i-strip depends, amongst other things, upon the singularities of h(t) in the 
finite part of the £-plane. It is further possible that either strip reduces to 
a single line simultaneously, as can be seen from 

2 8(t — n)=p 2 ) (Re^> = 0; Imt — 0). 

71 — — co n = — oo \47Tl / 

The symmetry between image and original also becomes apparent from 
many other features not treated here. We conclude the present section by 
remarking that the rules of the operational calculus may be considered in 
pairs such that corresponding rules change into one another by the sub¬ 
stitution (58); for instance, the attenuation and the shift rule, or the rule 
of the composition product together with that for the product of two 
originals. 

15. Uniqueness of the operational relations 

As is obvious—from the fact that in this book the definition integral is 
taken as the basis of the calculus—at best only one image belongs to a given 
original. On the other hand, it is of special importance in practical applica¬ 
tions to know whether the original is uniquely determined by the image 
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given in some strip of convergence, since this knowledge is required in 
order to be able to infer the identity of the originals from the equality of the 
corresponding images. It has already been seen in § 11 that the inversion 
integral, if necessary as a (£7,1) limit, always represents the original when¬ 
ever the latter is normalized and of limited total fluctuation; in other words, 
there is at most one original that is everywhere normalized and of limited 
total fluctuation, and belonging to a given image in a given strip of con¬ 
vergence. Consequently, there does exist a one-to-one correspondence 
between image and original if the latter is subjected to the conditions of 
normalization and limited total fluctuation. As to practical applications, 
the restriction with regard to the originals is of little, if any, importance. 
If, however, other types of originals are considered as well, the question 
whether some image given in a certain strip of convergence may have 
different originals can be reduced to a simpler one, namely, whether the 
image f(p) — 0 may belong to non-vanishing originals. These originals 
N(t) do indeed exist; after Doetschf they are called null functions. They are 
highly discontinuous and satisfy 


[ U N(t)dt = 0 (61) 

JU 

for arbitrary limits t x and t%. 

It is evident that the addition of null functions to a given original does 
not effect the image in any way, that is, the original is determined uniquely 
but for null functions J. Henceforth we shall refer to this as the uniqueness 
theorem. From (61) it follows further that null functions are different from 
zero only on some point set of zero Lebesgue 
measure. A simple example of a null func- N '^ 

tion is drawn in fig. 42; it is zero everywhere 
except at the integral points where it has 

unit value, thus giving a true idea of the —: 3 —^ - 0 -y- 2 -3 t 

‘emptiness’ of null functions. Just as in 
the case of the unit and of the ^-function, 

the null function of fig. 42 can be obtained Fig 42 Example of a null 
as the limit of a continuous function, viz. function. 


Lim ——— -c 

(nt) + e 


It is almost unnecessary to emphasize that in physical and technical 
applications of the operational calculus the null functions can be wholly 
ignored. 

In concluding this chapter we will briefly indicate the general trend 
followed in the proof of the uniqueness theorem, mainly because a remark¬ 
able property of the image function then becomes more vivid. Usually the 
t Loc. cit. p. 34. } See Doetsch, loe. cit. p. 52. 




VI. 1£ CONVERGENCE OF DEFINITION INTEGRAL 

proof is first restricted to one-sided originals; in this respect we would 
mention that Bremekampf showed that at most one original satisfying 
Dirichiefs conditions of Fourier series and integrals belongs to a given 
image. LerchJ, however, based his proof of the theorem for one-sided 
originals on the problem of moments (cf. example 4 of v, §8). First the 
definition integral for Rep > cl is transformed by an integration by parts 

as follows. f(/n\ f 00 C* 

- — - = p due~ PlU h(u), 

P-Pl Jo Jo 

in which p x denotes an arbitrary point inside the strip of convergence. If 
f(p) has to be zero identically for Rep > a, the integral above must certainly 
vanish at the points 

p =p 1 + (n+l)g 1 (n = 0,1,2,...) (q x > 0). (62) 

The substitution s = e~ q ^ then leads to an infinite number of equations, viz. 


J ijr(s)s n d$ = 0 (n = 0,1,2,...), 

r-log x fay. 

where i(r(x)== \ e- p i u h(u)du. (63) 

Consequently the requirement/(p) — 0 implies the vanishing of all the 
moments of i}r(x). Further, since p x lies inside the strip of convergence, the 
function xjr(x) of (63) is continuous in the interval 0 < x < 1. It is well known 
that the latter condition necessarily leads to a vanishing ifs(x ), whence it 
further follows that e~ p ^h(t) as well as h(t) itself has a vanishing integral 
between arbitrary limits t x and t 2 , which is (61). If so the uniqueness 
theorem has been proved for one-sided originals, then the extension for 
two-sided functions§ is not difficult. It is to be noticed that a strip of non¬ 
vanishing width was prescribed; thus the uniqueness theorem is not yet 
proved for operational relations that have a line of convergence. It should 
be kept in mind, however, that in this special case the theory of the Fourier 
integral is applicable as was already mentioned at the end of § 13; if the 
originals are then confined to functions that are absolutely integrable in 
( — oo, +oo), the uniqueness proves true. 

Though only the general lines of the proof of the uniqueness theorem were 
indicated, it may be observed from the preceding that the knowledge of 
the vanishing of the image function, /(p) = 0, is used only in part; in the 
case of one-sided originals we merely accounted for the vanishing in the 
sequence of points shown in (62). This illustrates the general property that 
a non-vanishing image having an infinite number of equidistant zeros on 


t Proc . K. Akad. Wet. Amst. xl, 691, 1937. 
| Acta Math, xxvii, 339, 1903. 

§ Doetsch, loc. cit. p. 52. 
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a line parallel to the real axis can never have a one-sided original. Indeed, 
if such an original did exist, it could be nothing but a null function, whose 
image would then, however, be identically zero. The theorem under con¬ 
sideration was extended by Doetschf, who proved that the image of a one¬ 
sided original is never zero at an infinite number of points p n of the real 

00 1 . . 

axis, provided that the series 2 — is divergent in the elementary sense. 

1 Pn 

On the other hand, it is quite possible to construct one-sided originals that 
have an infinite number of equidistant zeros on a line parallel to the 
imaginary axis, as can be seen from the rectangle function U(t)— U(t~-oc) 
whose image 1 — e~ a ^ shows such a sequence of zeros on the imaginary axis 
itself. Furthermore, there do exist two-sided originals with an infinite 
number of equidistant zeros on the real p-axis all lying inside the strip of 
convergence. The relation 

sin(ap)cos ?> an(p)==^e~ e ~^sin(tanae^), — 1 <Rep<co (64) 

which can be obtained with Euler’s integral for the F-function, may serve 
as an example. 

Finally, summarizing our general considerations concerning the unique¬ 
ness theorem, we may state that in practice the null functions are of no 
importance with respect to the originals , since they can be added at will. 
It should be borne in mind, however, that null functions used as images 
may sometimes lead to non-trivial operational relations. So the image of 
(50) is proportional to x8(x) (x — pji), which is a null function in the sense 
of a Stieltjes integral. 


f Loc. cit. p. 38. 




CHAPTER Vn 


ASYMPTOTIC RELATIONS AND OPERATIONAL 
TRANSPOSITION OP SERIES 

1. Introduction 

Whereas the preceding chapter dealt with fundamental rather than 
numerical questions, we shall now summarize the theory in which numerical 
relationship between image and original is paramount. In so doing we shall 
confine ourselves to one-sided originals, though all the theorems to be dis¬ 
cussed presently might easily be extended so as to include two-sided 
originals as well, though at the cost of simplicity. The whole basis is pro¬ 
vided by a number of theorems showing the relationship between the 
behaviour of the original in the neighbourhood of t = 0(oo) and that of the 
image at p = oo(0), respectively. These theorems are called Abel theorems 
when, starting with a given property of the original, a conclusion is stated 
with respect to the corresponding image. In the other case, when the con¬ 
clusion refers to the original, they are called Tauber theorems. As to these 
names, the theorems in question may be considered as extensions of the 
well-known Abel and Tauber theorems of ordinary power series. 

In §§ 2-5 the general Abel and Tauber theorems are surveyed. In § 6 
they are applied to derive general operational identities, whilst in §§7-11 
they are studied in connexion with term-by-term transposition of series. 
That in this respect one should be very careful is seen from the series 

S e- n2 * a , 

n =1 

which by means of (n, 24) would formally lead to the following representa¬ 
tion of the image: 

OO qP 2 /An 2 

Jnp S ——, 

71 = 1 W 

which, however, is divergent for all values of p. The theory of the present 
chapter will reveal the in general asymptotic character of those series 
obtained by operationally transposing term by term. For this purpose the 
concept of asymptotic series is recalled in § 7. Further, if the series develop¬ 
ment of the original is given, then the validity of the series for the image will 
be shown to depend upon some Abel theorem, whilst the legitimacy of the 
transposition of a given series for the image depends upon a Tauber theorem. 
Since Tauber theorems are the more complicated, it will in general be more 
difficult to prove the legitimacy of the term-by-term transposition of the 
series for the image than that for an original. In the last section of the 
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present chapter we shall discuss Widder’s inversion formula, which, in 
contrast to the Abel and Tauber theorems, yields numerical relations 
between image and original at any point. 

2. Abel and Tauber theorems 

As already mentioned, these theorems reveal the relationship between 
the values of the original at t = 0(oo) and that of the corresponding image 
at p = oo(0), respectively. Of most simple character are the rules 

A(oo)=/(0), (la) 

A(0)=/(a>), (16) 

or, more precisely, 

LimA(£) — Lim/(p), ~Limh(t) = Lim/(p). 

t—> oo p->+ 0 t—> + 0 p-> oo 

Either of these formulae is valid for one-sided originals provided both left- 
and right-hand members exist, whilst it is further to be supposed that p 
as well as t runs through real positive values. The validity of (1 a, 6) is made 
plausible by first substituting u = pt in the definition integral 

f(p) =J o 

and then taking the limit under the sign of integrationf. It should be kept 
in mind that (la), for instance, states only the equality of left- and right- 
hand members; we should know in advance in some way or other that both 
limits do, in fact, exist. Of far more importance is the theorem that states 
the existence of the limit involving/, and the equality of both limits, given 
the existence of the limit involving h. These theorems are written down as 
follows: 

Lim h{t) =4/( + 0), (2 a) 

t~> GO 

h( + 0)=^Lim/(p). (26) 

p~> 00 

According to the definitions in § 1 the statements above are typical Abel 
theorems; if the arrows pointed in the opposite direction the theorems would 
be of the Tauber character. To justify the terminology we shall discuss 
these theorems operationally, as they are originally formulated for power 

00 

series £ a n z n (radius of convergence p = 1). In this respect we have 
o 

(1) Abel’s theorem: If the series above is known to converge for z = 1, 
then its sum at this point is equal to the limit value for z-> 1 - 0 (this limit 

f See Balth. van der Pol, Phil. Mag. vm, 864, 1929. 
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in fact exists) of the function defined by the power series for ( z | < 1. With 
the help of the arrow notation we may thus write 

S= 7 Lim S a. n « n • (3a) 

ra=0 z~>l ?i—0 

(2) Tauber's theorem: Given that the function defined by the power 
series tends to some limit for z approaching 1 from below through real 
values, then the power series converges at z — 1 with sum equal to the limit 
value above, provided Lim ( na n ) — 0. Therefore 

oo 

CO 00 

Lim S®n 2W= 7 , S®» if Lim(«a n ) = 0. (36) 

z-^ln —0 n=0 co 

By putting z — e~ p it is quite easy to formulate both theorems in the lan¬ 
guage of operational calculus, if use is also made of the operational relation 
(VI, 14), that is, w £<J 

(Re^>0). 

ra=0 0 

If the image and original are denoted by f(p) and h(t ), respectively, the 
theorems (3 a, b) become equivalent to 

Lim h(t) =4 JAmf(p) (Abel), 

oo p + 0 

Lim f(p) =4 Lim h(t) (Tauber), 

P -> + 0 t -> OO 

if LimZ{/i(£) — h(t— 1)} — 0. 

t~^ CO 

Consequently, the restricted theorem of Abel (Tauber) concerning 
ordinary power series leads to definite conclusions as to the image (original) 
when something is known about the corresponding original (image); the 
general Abel and Tauber theorems of the operational calculus are extensions 
of these restricted theorems. In addition, the simple example above already 
indicates that Abel theorems are in general the more simple, since Tauber 
theorems are valid only under special supplementary conditions. On the 
other hand, the Tauber theorems provide functional properties of much 
more profound character, with the result that they are extremely useful in 
the solution of intricate problems, such as the determination of the dis¬ 
tribution of prime numbers. It can generally be said that any Tauber 
theorem supplies sufficient conditions to reverse the corresponding Abel 
theorem. In view of the symmetry existing between original and image 
(see vi, § 14) it would not be anticipated that Tauber theorems are essentially 
more difficult to prove than Abel theorems. The asymmetry occurring in 
the set of theorems is easily understood, however, by remembering that 
the data concerning the original can be woven into the definition integral 
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which is the actual basis of the operational calculus. In the other case, that 
of the Tauber theorem, something has to be concluded about the original 
itself, whilst the data referring to the image will yield only an integral 
property of the original through the definition integral. To be sure, one could 
alternatively start with the inversion integral, but this is not fruitful since 
the inversion integral in general only exists as a Cesaro limit. 

In discussing the general significance of (1) and (2) we observe that the 
behaviour of the image for large values of p is mainly determined by the 
character of the original at small values of t; and likewise, the image for 
small values of p is related to the original for t large. This is of particular 
importance from the point of view of physics; accordingly, the numerical 
behaviour of transients in electrical networks, immediately after switching 
in the exterior source, is largely correlated to the trend of the network 
admittance for high frequencies, whilst the transient at later times is 
closely related to the admittance for low frequencies (see vm, § 6). 

After discussing the general Abel theorems in the next section we shall 
deal with Tauber theorems in §§ 4 and 5, since it proves useful to treat real 
and complex Tauber theorems separately. In the first case the image is 
considered for real values of p (§ 4), whilst in the second the p-variable is 
allowed to approach the line Rep = 0 from an arbitrary direction (§ 5). 


3. Abel theorems 


As some of the simplest Abel theorems we mention the following exten¬ 
sions of (2 a) and (2 6), which are both easily deduced with the help of 
appropriate sifting integrals: 


Theorem I. 
we have 


For any one-sided operational relation h(t) U(t)=f(p) 
Um ^^ Um ^Sv) (v>-l), ( 4 ) 

0 V + 00 


and , moreover , 
axis , 


if the strip of convergence extends 


h(t) 


V 

CO V 


> Lim 

p-* + 


p v f(p) 

0 n(v) 


at least as far as the imaginary 

(v>-l). (5) 


As to (4), it is almost obvious that the strip of convergence is not neces¬ 
sarily required to extend to the line Rep = 0, since in this case only the 
behaviour of the image for large values of p is significant. The first part of 
theorem I, that is, (4), can be proved directly by means of the theory of the 
sifting integrals as discussed in v, § 7; to this end the left-hand side of (4) 
is first rewritten as follows: 


A 


- Lim = Lim 

t—> 0 * V 


h(x ll<y+V) ) 

%vf(v+ 1) 


= 2 Lim f" 

A~> oo J 0 


^w+u) 

jvj(v+l) 


S( — r, A) dr, 


( 6 ) 
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in which according to (v, 33), the approximate 5-function is taken equal to 


* m ) = m^i) exv[ - {At |( ' +1) ~ 1} {v> ~ 1] ' 

Returning to the initial variable t by putting r = t v+1 and then identifying 
A with p v+1 , we find with the aid of the definition integral corresponding to 
the operational relation under consideration that A is equal to the right-hand 
member of (4). Similarly, the second part (5) of theorem I is deduced by 
using the sifting property of the function (v, 35) 


»{*> A) = 


exp{— (A | ^ I)" 1 } 


v ’ ' “ 2U(v)A v + 1 \t\ v +*’ 

which shows the peculiarity, already mentioned, that it is no approximation 
of the ^-function as it does not become infinitely large at t = 0. 

The simple Abel theorems above thus correlate numerical values of image 
and original at the special points 0 and oo. To obtain a similar relationship 
between the values at other points we first apply the attenuation rule and 
the integration rule for Rep > 0 to f(p)=h(t) U(t). The result is 

TJ(t)[ e~^ Ms)ds +a -, Rep>max(0,—Rea), 

Jo P + a 

which again is a one-sided relation. When rule (5) is applied we obtain 
from it 


* 1 f 

Jim 7» 
->oo£ J 0 


■*.)*=» Lim 

p^a+0 n(^) P 


(v> — 1; Rea>0). 


This formula becomes particularly simple for v = 0; it then states that the 
definition integral, if convergent at p = a, is equal to the limit of the image 
as p->a. The last is self-evident if the point p = a lies inside the strip of 
convergence. If, on the other hand, Rep = Rea acts as boundary of the 
strip of convergence, the formula states that at the boundary the definition 
integral, in so far as it is convergent, assumes values in accordance with the 
analytic continuation of the image function from the inside of the strip 
of convergence. It can generally be said that the knowledge provided by 
the Abel and Tauber theorems when approaching the boundary of con¬ 
vergence always proves very useful, whilst their results become trivial when 
reference is made to points inside the strip of convergence. Moreover, by 
a simple displacement the point p = a can always be shifted to the origin, 
which makes the formulation of the theorems as simple as possible. 

Tor a better understanding we shall give two non-trivial applications 
of (5), both in connexion with the Riemann ^-function: 

(1) From (vi, 11) it follows that 


£(p + l) = e~*(V], 0<Rep<oo. 




126 


OPERATIONAL CALCULUS 


_ VII. 3 

In this case the original tends to unity as t->co. Thus we infer the existence 
of the limit of the image (p -> 0), this also being equal to 1; or, alternatively, 

Lim {(p-l)£(p)} = 1, 

p-> i + o 

which states that the residue of g(p) at its pole p = 1 is necessarily equal 
to unity. 

(2) Starting from 

oo i [e £ ] 1 

- (Rep>0), 


we further find 


1 


1=1 7b HlP Ji = l ^ 


[e‘] l 


V 


aP+V--t^U{t) S (Re^>0). 


71 = 1 W 


As t tends to infinity the original tends to Euler’s constant 

C = Lim ( S --logtfV 

as is easily seen by putting N = e*. By Abel’s theorem we then get 


(7 = Lim fajJ+1)-^}. 
p->o l V) 


Thus, simply by applying the Abel theorem twice, the behaviour of £(p) 
in the vicinity of p == 1 is found to be 

1 


C(p) = 


p-i 


+o+.... 


(7) 


To enlarge the field of application we may generalize the Abel theorems 
(4) and (5) by replacing v by v + n+ 1 ,f(p) by —and the original by 

the corresponding expression obtained in accordance with the integration 
rule (iv, 35). We then get the following theorem: 

Theorem II. Given the one-sided operational relation 

h(t) U(t)=f(p ), 


then it follows that 


Lim . ,, 

t ->+o n\t v+1 


P v f(p) 


Lim _ . _. 

p —>■ oo II(p + n + 1) 


(n = 0,1,2,...) ( v> —n — 2) 

( 8 ) 

and , moreover , if the strip of convergence extends at least as far as the imaginary 


axis , 


. J/4 1 -:)’* , T . 


Lim- . ,, 
<-> * n\V +1 


P v fiP) 


Lim . 1 . 

p-^+o II (v + n+ 1) 


(n = 0,1,2,...) (v > —n — 2). 

(9) 
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These formulae allow a simple interpretation; for instance, if (9) is 
rewritten as 


ft rr 0 

1 J(/ ?T °Jo dTl "'Jo dTnh( ' T ' n 


Lim 


(n+ 1)! 


rt r*T„ 
dr 0 dr 1 ... 

Jo Jo Jo 


dr n 


> Lim 
p ^ + qH [v + n+ 1) 


P v f(P) 


(n = 0,1,2,...) ( v> —n — 2), (10) 


it states that, in order to be able to tell something about the image, the 
original itself need not tend to a limit; on the contrary, the existence of the 
limit of the mean value in (10) is already sufficient, no matter how large 
the order n may be. In the electrical networks just mentioned the current, 
as a function of time, is often taken as the original; if in transient pheno¬ 
mena the current is represented by a Fourier series, then its first-order mean 
value as t oo tends to the constant term of the series, this constant merely 
being the direct-current component. According to the Abel theorem (9) 
or (10) for v — n — 0, this constant is equal to/(0); in physical terms this 
means (see (viii, 17)) that Ohm’s law remains valid with respect to the 
direct-current component in the case of oscillating currents. 

Returning to (10) it should be remarked that this formula does not 
produce the n of the minimum order that is required to get a definite result 
for the left-hand member. As to the form of the left-hand member of (9), 
there is a close relationship to the Cesaro limits of vi, § 9, since in the under¬ 
lying definitions (vi, 36) just the same integral occurs. In view of this for 
p = _ l we may also write equation (9) as follows: 



h(s) ds - 


f(p) 


Lim 

p-> +0 P 


(ii) 


An example showing that (9) can be applied for v = 0 , but not the original 
Abel theorem 5, is provided by the operational relation 


sint U(t) = -~-^ (Rep>0). 

For, by putting n = 1, v = 0 in (9) and taking the limit 

Lim^ f sin$(l — = 0, 

t-> oo 1 Jo \ t) 

it follows that for 0 the image must tend to zero. Another non-trivial 
application of (9) again refers to Riemann’s ^-function in the one-sided 
operational relation (vi, 45), 


C(^)--^T^[e f ]- e *C7(0, 0 < Hep < oo. 
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In this case the limit h( oo) does not exist either; a non-vanishing limit is 
present for the first-order mean value, namely, 

k — log ([e*]!) — e* + 1 


1 C l 

Lim- ([e s ] — 
>oo t J 0 


e s ) ds =* Lim 


of which the right-hand side is easily shown to be — \ after using Stirling’s 
approximation (see (28)); from (9) or (10) (if v = n = 0) it further follows 
that £(0) — — 


4. Real Tauber theorems 

As already indicated by the arrow notation, it is not certain in advance 
whether the preceding Abel theorems may be reversed so as to obtain the 
corresponding Tauber theorems; that is, from a limiting property of the 
image for real values of p one cannot infer corresponding properties of 
the original. The very simple example 

sin* U(t)i==~-^ (Rep>0), 

for which Lim f(p) = 0, already shows that applying/(0) =$h( oo) would lead 
p o 

to the fallacious property Jjim sin t = 0. 

t—> oo 

This is also evident from the general formula (11) according to which the 
existence of the Cesaro limit of some arbitrary order n of the integral on 
the left implies the existence of, and equality to, the right-hand limit. If 
the right-hand member is given, without any further data, it is impossible 
to learn the order n actually required. Therefore, in the case of Tauber 
theorems, some non-trivial supplementary conditions are usually given 
that prove sufficient to guarantee some property or other of the original. 
Of course, one would possibly prefer a set of necessary and sufficient con¬ 
ditions so as to be able to reverse the Abel theorems in the Tauber sense. 
In the case of simple originals, however, it is usually more convenient to 
know sufficient conditions. An example of this is provided by (9) for n = 0 
and v > — 1, leading to the following theorem^: 

Theorem III. Given the operational relation 

U(t) (Rep> 0), 

then a sufficient condition for the validity of 

h(s)ds 

Lim p v f{p) =4 Lim II(y + 1) * - 0 , -1) (12) 

p^ 0 + t-+ 00 1 

is that a positive constant K can be found so as to have 

Kt v + h{t)>0 (t> 0). (13) 

t G. Doetsch, Theorie und Anwendung der Laplace - Transformation > Berlin, 1939, 
and New York, 1943, p. 210. 
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This theorem is easily applied to originals that are positive for IfVJLAND 
A further simplification is possible if h(t) happens to be monotonic for 
t> 0; it is then permissible*)* to change the right-hand member of (12) by 
means of De THospitafis rule; thus 

f M^)ds 

Limn(r+ 1)=^—=# Lim (14) 

t^cv t-+ oo t 

Therefore we have the following theorem: 

Theorem IV. Given the operational relation 

f(p)^W)U{t) (Rep>0), 

then a sufficient condition for the validity of 

Limp v f(p)=$ Limll(r)^ (v^-1) (15) 

p-^O-f- t —> OO t 

is that h(t) should be monotonic for t> 0. 

There exist many other conditions concerning the legitimacy of reversing 
Abel theorems into Tauber theorems; further details will not be given, 
however, because of their complicated nature. 


Example. To study the number-theoretical function d(n ), which denotes the total 
number of divisors of n (1 and n included), let us start with the series (in, 36) of the 
^-function. After squaring this series it follows that 

£ 2 (p) = i d{n ^ (Rep> 1). (16) 

The Dirichlet series is first rewritten as 

C(3»+1)=S— — (Rep>0), 

n=i n n p 

and then (vi, 10) is applied, leading to the following operational relation 

[e { ] din) 

f 2 (p+1)^=2 - (Rep>0). (17) 

n =1 n 

Its domain of convergence extends on the left to Rep = 0. Since the residue of f(p) 
at its pole p = 1 is known to be 1, the image function of (17) obeys 


Limp 2 /(p) = 1. 

p-> 0 

Further, since the original is monotonic we obtain from (15) when applied with v 


or, when x replaces e*, 


1 = 2 Lim 4 S 

t-^ oo t 2 n =1 n 


s d{n) 

n=l n _ 1 
(log a ;) 2 2* 


Lim 


2 : 


Finally, it is usual to write the above statement about the function d(n) in the alter - 
native form r*] d , n v 

2 -~!(logx) 2 (a;->co). (18) 

71=1 n 


VP & B 


f See Doetsch, loc. cit. p. 209. 


9 
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5. Complex Tauber theorems 

So far we have discussed Tauber theorems in which only real values of p 
were important, since the assumption was made that the point p — 0 was 
approached along the real p -axis. It will be evident that further properties 
of the originals are obtained if limiting properties of the image are also 
known for complex values of p. Restricting ourselves again to strips of con¬ 
vergence extending on the left up to the line Re p = 0, we mention the theorem 
of Ikeharat, which even involves the behaviour of the image in the approach 
to an arbitrary point on the boundary of convergence. In continuing the 
enumeration of the theorems in the preceding section we then have 

Theorem V. In order that , with reference to the operational relation 

f(p)^Ht) u ( f ) ( Re i> > o), 

the following limiting formula should be valid: 


Lim f(p) = Lim h(t), 

p — > +0 t —^ co 


it is sufficient that , simultaneously , 

(1) e f h(t) is positive and non-decreasing for t^O; 

(2) a constant A exists such that, for Rep tending to 0 + , 


Lim 

Rep-^ + ol P P 

tends to some bounded function g (of argument Imp) uniformly in any finite 
interval —a <lmp< a. y -imp 

The condition of uniform convergence in (2) amounts 
to the requirement that, given — a<y = lmp<a, a 
number S can be found (depending perhaps on e and a , 
but not on y), such that 


f(x+iy) A 


x + iy x + iy 


-g(y) 


<e 



■ Rep 


for any x subject to 0 < x — Rep ^ d. This manner 
of approaching the imaginary axis is illustrated in 
fig. 43 by means of shading. Fig. 43. Illustrating 

In particular, if the function f(p)jp on the boundary the approach to the 

is singular only at p — 0 , this being a first-order pole, imagi f ary T axis m ® n_ 
. r . ° t tioned m the complex 

condition (2) is satisfied. For a better understanding Tauber theorem. 

we may treat two examples; the first does not allow 

the application of theorem V, whereas the second example does. 


t J . Math . Phys. x, 1, 1931. 
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We first consider the operational relation 

~-j-=(l-cosi) U(t) (Rep>0), 
which does not fulfil condition (2) of theorem V, since the function 



may remain finite at the pole p — 0 —if A is chosen equal to 1—yet be 
infinitely large at the additional poles at p = ± i. It is therefore reasonable 
that to/(0) = 1 there should not correspond h(cc) — 1; for the rest, the 
(trivial) result 1 t 

Lim- (1 — coss)ds = 1 

<->oo t Jo 

can be obtained with the help of (12) and (13). 

The second example to be discussed is 

^^=(l-e-0?7(<) (Rep > 0). 

In this case the function “ is regular for Hep > —1, and thus it 

possesses the required property as Rep^0;/(0) = h(oo) = 1 as it should. 

It may be remarked that theorem V is usually written so as to be applic¬ 
able to p — 1, or even to an arbitrary valuef of p , instead of to our p = 0 
which was chosen to facilitate comparison with the real Tauber theorems 
already given. 

The preceding complex Tauber theorem is particularly useful in the 
derivation of the law concerning the distribution of prime numbers (see 
xh, § 5). That it is equally well suited for less complicated problems of 
number theory may be seen in the discussion of the example below. The 
difficulty in those applications generally amounts to our not knowing 
whether e*A(£) is monotonic. If necessary, the latter condition may be 
replaced, however, by the requirement that the function 

<f>(P) = !) 

must be ‘ completely monotonic ’ for p > 1, that is, <j>(p) should satisfy 

0, (f>'{p)*k 0 , <j>"{p)> 0, f{p)^ 0, etc. 

This can be shown by application of the attenuation rule and a theorem of 
BernsteinJ, which states that the one-sided original with domain of con¬ 
vergence Rep > 0 is a non-decreasing function of t if, and only if, the image 
ls completely monotonic for 0 < p < oo. 

f See Widder, loe. cit. p. 233. J Acta Math, li, 56, 1928. 

9-2 
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Example. Referring to the example of the foregoing section, we shall derive a 
second property of the function d(n). Let us apply (vi, 10) to (16); it gives 

[e*] 

£ 2 (p) = 2d(n) (Rep>l). 
n~l 

In order to make the operational relation suited for application of theorem V, we first 
eliminate the second-order pole at p = 1. This is accomplished by subtraction of 
another relation, namely, 

2 / [6^1 \ 

= |(*+l)e*-Sd(») \mt) = M(e*)U(t) (Rep>\). (19) 

(P~ l ) 2 \ n=l I 

Now it is important to notice that the function 

[#] 

M(x) = x(logx + 1) — 2 d(n) 

ra = 1 


is positive for x > 1, as is easily seen in the plot in fig. 44. Since for any divisor of the 
number n (<#) there correspond two integers m lt m 2 whose product is less than x, 
[x] 

the function 2 d(n) is equal to the total number of lattice points (that is, of integral 
1 

co-ordinates m 1# m 2 ) that lie in the first quadrant of the (m l5 m 2 )-plane, and ‘inside’ 
the hyperbola m 1 m 2 = x. Moreover, this total number is equal to the shaded area in 
fig. 44, whence it easily follows that M(x) is the dashed area between the hyperbole 
and the step curve 

x 


Lw+iJ 


thus M(x) is necessarily positive. If, further, the integration and attenuation rules 
are applied to (19) we find 

y£> 2 (P + 1) = U(t) e~ ^ 


I 

P 


P 


(P+ 1) 2 




M(eT)dr (Rep>0). 


( 20 ) 


Since M is positive the original multiplied by e* is 
obviously monotonically increasing with t. On the 
other hand, the left-hand member of (20) divided 
by p has only one singularity on the boundary of 
convergence Rep = 0, namely, the pole of the first 
order at p — 0. Hence theorem V is applicable, 
leading with the aid of (7) to 


2 — 2 G = Lim 

t oo 


■'f Jf(e T )dr|, 


or, after introducing the definition of M(x), 



i rx [s] 

Sd(n) 
x J 1 n=l 


ds 


— ~ log#— 2(1 — C) [x -> co), 


Fig. 44. The lattice related to 
[x] 

the function S d(n). 

l 


this being an approximation to the first-order mean value of the function 


1 lx] 

- S d(n). 
x n=X 


It should finally be noticed that the real Tauber theorem III, when applied to the 
operational relation (20), would produce an expression for the second-order mean 
value. 
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6. Operational equalities 

The preceding Abel and Tauber theorems can be applied not only to 
special operational relations but also to the many operational rules as 
treated in chapter iv. Then the corresponding results are equalities con¬ 
taining both original and image. Let us first discuss some suitable examples 
to make things clear. 

(1) From the rule (iv, 41a) for one-sided relations possessing a strip of 
convergence Rep > 0: 




it followsf with the help of Abel’s theorem 


Jo S Jo 


’/(«) 


ds. 


( 21 ) 


In this way it is easy to evaluate Dirichlet’s integral by applying (21) to 
h(t) = sin t U{t ). The arrow in (21) maybe reversed inasmuch as the restric¬ 
tions of the Tauber theorems are satisfied. 

(2) From the rule (iv, 29) involving the product of two originals, which 
we now suppose to be one-sided with strip of convergence Rep > 0, we obtain 
after Abel’s theorem (11) 

f 00 i ds 

J o ^l( 5 )^2( 5 )^ 5= 7 2^J /l(®)/a(“*)^5 ( c> b). (22) 

This equation is closely related to Parseval’s well-known theorem of 
Fourier series; the latter is obtained by taking for Ji x and h 2 the following 
cut-off functions: 

hi(t) ={U{t)-U(t-2n)} 2 a n e int , 

oo 

h 2 (t) = {U(t)-U(t-2n)} £ b n e int , 

— oo 

because then, on account of the orthogonality of the trigonometric functions, 
the left-hand side of (22) becomes 


(*2 n 

L' 


hli s ) hi{s) ds = 277 2 a n b -n- 


(3) From a rule that is closely related to (iv, 33 6), namely, 
(® + ■■■ {p + n-\)f(p + n), 


j- The relation (21) was derived by Balth. van der Pol, Phil. Mag. vm, 864, 1929, 
by an integration with respect to A from 0 to oo of the similarity rule (iv, la). 
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it follows again from (11) for any one-sided operational relation that 



h(s)ds=? (n— 1)1 f(n). 


For instance, in the case of the function f(p) = p~ v an extension of Euler’s 
second T-function integral is obtained, viz. 


(n-l)\ 

n v 




in which n is a positive integer and v fractional > — 1. 


7. Asymptotic series 

Since in practical application of the operational calculus we often 

encounter asymptotic series it may be useful to recall first the underlying 

00 

definitions. After Poincare it is said that the series 2 u n {x) approximates 

77 = 0 

the function 8{x) at x = a asymptotically if the difference between S(x) 
and the finite sum N 

S u n(%)> 

71 = 0 

after dividing by the last term taken into account, tends to zero for x tending 
to a, where a may be finite or infinite. A conventional notation for the 
asymptotic equality is the following: 

oo 

S(x)& 2 u n (x ) ( x~>a ). 

71 = 0 


Whereas the asymptotic expansion in mathematical symbols is character¬ 
ized by N 

S(x)- 

-»■ < 23 > 


the analogue with respect to the ordinary sum definition of a convergent 
series is t n \ 

Lim |£(#)— “ 0. 

A T OO 1 77 = 0 j 

The difference between the two definitions is obviously the following: in 
the ordinary sum the number of terms N is variable, x being held constant 
whilst in the asymptotic expansion x is varied while N remains constant. 
Po wer series, being ordinarily convergent within their circle of convergence, 
are at the same time asymptotic there because the convergence is uniform. 

Of special interest are the asymptotic series (#^0) corresponding to 
those power series for which the error is less than the absolute value of the 
last term u N (x) whenever the series is cut off at this term. It may even 
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be supposed that the ‘power series’ contains non-integral powers of z. 

Let £ u n ( x ) denote such a ‘power series’ in which the exponents of x may 
o 

increase steadily with n . If then 


N 


S{x)~ £ u n (x) 

n =0 


; !«*(*) I > 


the asymptotic character at x = 0 follows immediately; first we have 


N 

S(x)~ £ w„(x) 
—0 


N+l 

S(x)~ £ U n {x)\+U N+I (x) 

n —0 


; 2 | \> 


and then 


S(x)~ Zu n {x) 

n =0 


I u N (x) I 


^ 2 1 u N+l( x ) 1 

| u N (x) | 


The right-hand member of this inequality vanishes in the limit as #->0, 
since the quotient u N+1 ju N is a positive power of x except for a constant 
factor. In view of (23) the ‘power series’ is indeed asymptotic for £-^0. 

As to numerical evaluation, those series for which the error is less than 
the absolute value of the last term taken into account are favourably broken 
off after the term of smallest absolute value. This does not mean, however, 
that it would be impossible to obtain still better approximations (for in¬ 
stance, by properly accounting for the first term neglected, by means of a 
weight factor). A well-known example is provided by the exponential 
integral. By repeated integration by parts it is found that 


— e p Ei ( —p) — J 


p + u 


-du 


0 ! 1 ! 2 ! 

- -« *1 - 3 “ • • ■ 

P P Z p 6 




P 


JV 


; + (_!)* jVdl 


(p + u)#+ l 


du . 


If for the moment we confine ourselves to p > 0, the term with the integral 
at the right is easily shown to be less in absolute value than (A— 1 )\jp N , 
by replacing the numerator of the integrand by unity. Thus we get the 
asymptotic series ^ f 

-e»Ei(- 2 J )*S(-l) tt ^ ( 24 > 


n=0 


P 


which, at least for p > 0, is of the special character that the error is always 
less than the last term taken into account. Finally, a function is never 
uniquely determined by any asymptotic expansion. This is clearly shown 
by the relation N } . 

Lim j p N +'lf(p )- £ (- l ) n ^U = °> 

which is not only satisfied by f(p) = — e^ Ei ( —p) but also by 
— e^Ei(— p) J rAe~ ap if ol> 0. 





136 


OPERATIONAL CALCULUS 


VII. 8 


8. Operational transposition of power series in p- 1 and in t 

In § 1 of the present chapter an example was given showing that trans¬ 
position of series term by term is not in general legitimate. This applies 
to both original and image. Even power series that are convergent for all 
finite values of t may lead to divergent series for the image function. So, 
for instance, the power series of the function e -!2 U(t), when transposed 
term by term for Rep > 0, produces the series 

_2! J_ 4! 6! 1 

1 l!p 2 + 2!p 4 3!p® + '"’ 

which is divergent throughout. Yet, according to ( 11 ,25), the original under 
consideration certainly has an image. Only in a few general cases is it 
always possible to obtain a convergent series for the original from a con¬ 
vergent series for the image . One of these cases was treated in § 3 of the 
preceding chapter; as to power series in 1 jp with radius of convergence p 
we have the operational relation (vi, 15), that is, 


c° n oo fn ( l \ 

»=oP ft n=o n\ \ pj’ 


(26) 



Imp 

§HP 

IPI-f 



( 0 


Re f 





V 



Re Rep 0 


in which the legitimacy of transposing term 
by term was shown with the help of Borel’s 
method of summing. In this example the 
2-series converges everywhere; thus the origi¬ 
nal is an integral function of 2 except for the 
unit-function factor. Also in the case of non¬ 
integral exponents n the method using the 
Borel sum is suited for proving (26). It is 
possible that the strip of convergence of (26) 
extends farther to the left than is indicted 
by Rep = Ijp. For, if^> 0 denotes (on the circle 

of convergence) the singularity of f(p) that is as far to the right as possible, 
the left-hand boundary of convergence will be given by the line Re p = Re p 0 
(see fig. 45). 

The transposition of power series in p- 1 thus leads to power series in t 
that are everywhere convergent. On the other hand, if a power series in t 
is given (as a one-sided function), then the probability that the corre¬ 
sponding series in p will also be convergent is greatly diminished, since the 
new coefficients are obtained from the old by multiplying the latter by n!, 
as is seen from (26). Yet the theory of asymptotic series in combination with 
some appropriate Abel theorem allows of a general treatment of power 
series in 2, whether convergent or only asymptotic. The following theorem 
can be stated: 
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Theorem VI. If a onesided original is represented asymptotically as 
2-^0 + by some power series of not necessarily integral exponents exceeding 
— 1, then the p-series obtained by transposing the original term by term 
represents the corresponding image asymptotically as p-> oo. 

The proof of theorem VI is very simple indeed. Writing the original in 
the form ^ 

h(t)U(t)&U(t)'%c n P n * (t-> 0) (m n > — 1), 

n=0 


then, according to (23), the asymptotic character of this series is expressed by 


N 


Lim 

*->o 


m- zc n *«» 

_ n—0 _ 


« 0. 


Further, since m N > — 1, with the help of Abel’s theorem (4), 


0 — Lim^p”^ lf(p) — c n n - (m ^ 

\ nF} n ^ n p™n 


which in turn is just the condition expressing the asymptotic character 


°f f(P)- 


f(P) X ^ C n^~ (P-+&). 

71 = 0 V 


This proves the theorem under consideration. 

Either of the series involved in theorem VI may be convergent as well 
as asymptotic, in whole or in part. More precisely, the following cases are 
possible: 

(1) The 2-series as well as the -series converges everywhere. An example 
is provided by the relation 

sin(2 <Jt) U{t)^== /-e -1 ^, 0<Re#<oo, (27) 

V P 

which can be obtained by transposing the power series of sin (2 yjt) term 
by term. 

(2) The 2-series converges everywhere; the ^-series only in some part of 
the complex ^p-plane containing p = oo. This situation is encountered in 
the example 

^-j-= 1 -p+^-... = C7(i)( 1 -|; + ^-...) = cos t U(t) (Rep>0). 


(3) The 2-series is convergent throughout; the ^-series is asymptotic as 
p->o o without being convergent. See example (25). 

(4) The 2-series is convergent only in some finite part of the 2-plane 
containing 2 = 0; the jp-series is asymptotic as p-+oo. As an example we 
may quote 

—:pe*>Ei (-£>) = — (Re^>0), 
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which is obtained from (m, 34) by a shift; the power series in t converges 
only for 1 1 j < 1, whilst the corresponding series in p leads to the asymptotic 


(24). 


(5) Both the ^-series and the p -series diverge throughout. An example 
of this is given by the original coming from (24) when p is changed into 

!/*» / 1\ CO 

_ e i*Ei -- «2(-l) n »U n+1 (t-+ 0). 

\ */ n = 0 


This original certainly possesses an image for Rep > 0, since the left-hand 
side behaves like log t as 2->oo. The asymptotic series for the image is then 


/(*>)* S(- iy 


%!(%+!)! 


n —0 


P 


,n+1 


(p-> oo). 


Consequently both series are asymptotic here. 


Example . Stirling's series . This famous asymptotic series is extremely useful in 
approximating the function II(^). It can be derived operationally as follows. Let 
us put 

H(p) = pVe-vj(27Tp)eMr). (28) 

Then Stirling’s approximation can be reduced to the statement p(oo) = 0. A simple 
relation involving fi(p) is obtained when the logarithm of (28) is taken and then the 
functional equation of the T-function is applied, namely, 

p{MP+l)-MP)} = P-(P* + ip)l°g(l+lj. (29) 

The right-hand side of (29) can easily be translated into the 2-language with the help 
of the following relation: 

—£7(2)=plog ^1+“^ (Rep> 0), (30) 

which in turn may be verified by applying the rule for multiplying the original by 2. 
If it is supposed that pp{p) has some original h(t), one further finds, upon transposing 
the left-hand side of (29) with the attenuation rule and the right-hand side by means 
of (30), an equation for h(t ). After some simplification the result is found to be 

+ U ( t )> 0<Rep<<x>. (31) 

The Stirling series in question is obtained from this relation simply by transposing 
the power series for the original term by term. The latter is, on account of (vi, 46), 

U(t) S — <”- 2 . (32) 

ra~2 «-! 


Therefore p(p)«S 




2n(n— l)p n 


1 

I2p " 


: + 


360p 3 1260p J 


(p->oo). 


(33) 


A closer investigation will show that the asymptotic development (33) is valid not 
only for real values of p -> oo but also for | p | -> oo in any sector — tt + 8 < arg p < n — 8 
of the complex p-plane, thus excluding the negative real axis of p. 


laboratory 

B.T.R. 
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9. Transposition of series with ascending powers of p 

In the preceding section only series with descending powers of p were 
discussed. This is quite natural, since the individual terms, being pro¬ 
portional to p~ N , always have an original, however large N may be. It is 
remarkable that ascending power series of p also exist, thus containing 
p v with v > 1, that may be transposed term by term with the help of (m, 3). 
Though the latter relation is not valid for these values of p, yet the resulting 
series may be true in the asymptotic sense. We shall coniine ourselves to 
series that contain integral powers of p^\ hence the image may be written as 


f(P) = £e n P* n , (34) 

n — 0 

which is supposed to have a non-vanishing radius of convergence. Let us 
apply (hi, 3) formally; we must investigate whether the resulting series 
for t > 0 can actually represent the original asymptotically, that is, 

CO t~^ n 

‘“’“i.'-nFw (, "* co) ' <35) 

A sufficient condition as to the validity of (35) is that t N R N (t) must be a 
monotonic function of t for N > 0, where R N {t) denotes the remainder 

2N— 1 

m >-W- 

In order to prove this we first differentiate the power series for f{p)jp inside 
its circle of convergence N times in succession; this easily leads to 


Lim 

p o 






= o. 


Next, on account of the monotonic character of t N R N (t), the Tauber theorem 
IV can be applied with v — giving 

( 2N-1 f -\n \ 

, L i“‘ r w npwr 0 ’ (36) 

which is the very definition of asymptotic development; hence (35) follows. 
It is further striking that in (35) the terms with even values of n disappear 
because II (— \n) is infinitely large for n even. These terms would come from 
integral powers of p which individually would lead to derivatives of the 
(^-function. This kind of transposition of power series, dropping the even 
terms, was already applied by Heaviside in transient phenomena of cables, 
though without a proper proof. Carsonf has also made extensive investiga¬ 
tions concerning these series. 


t Electric Circuit Theory and the Operational Calculus , New York, 1926, pp. 50-84. 
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V(^) 


(Rep> 0), 


= erf(^)C7(0, 0<Rep<oo. 


(37) 


after multiplying by e~ f and integrating, we obtain 

1 

aAp+I) 

From this relation it is easy to get 

= e*erfc(^) U(t), 0<Rep<oo 

to which the preceding theory may be applied. Term-by-term transposition of the 
power series 

— pi —p —p 2 + 


(38) 


Vp 


V ^+1 


leads to 


e ‘ er fc(^ ) *-A-)( 1 -i + A-^ + 3 -^Z-...); (39) 


suitable integration by parts of the error function directly proves (39). The image 
of (38) represents the frequency admittance of an infinite cable consisting per unit 
length of a series resistance and a shunt capacitance (of equal magnitudes, in suitably 
chosen units of course), the whole in series with a unit resistance (see xv, § 4). According 
to the theory in § 5 of the next chapter the original here represents the current as 
a function of time after a unit voltage has been applied to this cable. The expansion 
(39) is very useful in determining the current a long time after the electromotive force 
was switched on. 

Let us omit the resistance in series with the foregoing cable, and let a voltage 
{1 — e _f ) U(t) be applied. This will give rise to a current equal to the original in the 
following operational relation 

P + 1 * 

Again transposing term by term the series 

\'p 


-== — ie-‘erf U(t) = U(t) 


/: 




du (Rep>0). 


p + 1 

we find the asymptotic expansion 


= pi _pi -J- p\ —pi -f. 


/: 




du>, 


1 / 1 3 3.5 \ „ 

^(nt) ( 1 + 2« + 4«* + 8t 3 + '") -” 00 ' 


On the other hand, if the voltage applied is equal to (1 — cos t) U(t), we are led to the 
relation 

1 u 

— du (Ren>0), 

-u) 


<JP 

p 2 + 


,U(t) f* sini 

1' A J 0 


which does not allow us to derive an asymptotic series for the original from the corre¬ 
sponding power series of the image. This is due to the oscillating character of the 
original h(t) as t oo, which in turn is due to the oscillating voltage applied. 


Example 2. It is even possible that the series for the original is convergent rather 
than asymptotic. This can be seen from the example 


0 -V p er f c 


fe) 


U(t), 0<Rep<ao. 


(40) 
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This relation can be derived as follows. In the integrand of the corresponding definition 
integral we substitute for the error function its integral representation. If the order 
of integration in the corresponding repeated integral is changed the second integral 
can easily be solved explicitly, whence for the image 


Taking the arithmetic mean of this integral and that obtained from it by the sub¬ 
stitution a new integral is found which is readily evaluated. 

When the image series of (40) 


e -Vi» — 


1- 


1 1 21 31 


is transposed term by term the result is for t > 0 


1 - 


I 

V(^) 



1 

IQOt 2 



which is the convergent development in powers of l/t of 


1 


1 

V(T^) 


J e -u?2/4* 


this being the original of the relation (40). 

One should be very careful in applying (35) to the transposition of power series 
with ascending powers of p, as is observed from the analogous series 


, p* p p 2 

+ —+^-- + 

1! 2! 3! 


which would yield the function 

l + 1 




12 1 + 160« 2 


"■)'( 2 ' erf0 (^)) 


U(t) 


as original of p . This ^-function, however, has the image 2 — e“^ p , which is quite 
different from e^ p ; indeed, the latter has no original at all, as can be made plausible 
from the absolute divergence of the corresponding inversion integral, even if taken 
in Abel’s sense. In addition, it is easily verified that the (sufficient) condition men¬ 
tioned above for the validity of (35) is not satisfied either. 

Whereas in applying the rule (35) the positive integral powers of p automatically 
disappear, it is still possible that power series containing only positive integral powers 
have a definite operational meaning. For instance, if it is known that the one-sided 
original h(t) U(t) possesses moments of any order 


1*00 

Mn= Jo 


h(s)s n ds (n = 0,1, 2,...), 


and further that f(p)/p has a power series of non-vanishing radius of convergence, 
then for the image 

00 f —l^ n 

f(p)=p'Z- —:— M n p". (41) 

n=0 n! 


This Maclaurin series can be proved by first applying (iv, 38), then the integration 
rule (iv, 34a), and finally Abel’s theorem I. So, in the case of the relation 


{0 3 (O,t)-l}U(t)=^/(irp)coth{^/(7Tp)}-l =f(p) (Rep>0), 
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derivable from (51) to be discussed later on, the corresponding moments are found 
to be 

f •) -1 = (- l)"n!(4 7r )"+i- B, ” +3 

J 0 (2n + 2)! 

In accordance with (41) the power series for the image is 

f(p) = 4np £ (| P | <tt). 

It is almost unnecessary to emphasize that merely knowing the power series of the 
image (corresponding to a one-sided original) does not imply the existence of the 
moments. So, the image l/(e p — 1) of (v, 8) can be expanded into powers ofpif | p [ < 27 T, 
yet the original \t] U(t) does not have any moment integral. 


10. Expansion in 
theorem II) 


rational fractions (Heaviside’s expansion 


This section is devoted to operational treatment of images for which 
f(p)/p can he expanded as a sum of rational fractions. A rational function 
is the most simple; it is the quotient of two polynomials: N(p)/D(p ). 
Moreover, if it is supposed that the degree of N(p) is less than that of D(p ), 
we may write 


ftp) _ N{p) = y ^ a n ,k 
P D(P) n-lt-l (P-Pnl 


(42) 


thus without an additional polynomial. It is evident that the finite sum 
in (42) may be transposed term by term. The original of any separate term is 


P 


SPnH *- 1 


(. P-Pnf (*“!)! 


U{t) (Re^>Rep„). 


Let us enumerate the poles p n according to decreasing values of Rep n ; 
thus all poles he on the left of (some perhaps on) the vertical line Re p = Re p 1 . 
Consequently 

N m n fk —1 

f(p)r^ U{t) S S a n ,kji. — pr,. Rep 1 <Rep<oo. (43) 

n= 1 1 (fC— I) 1 


It is also an easy matter to determine the original belonging to f(p) in other 
domains, such as Rep 2 <Rep < Rep l3 but they are of less importance. 
The transposition of rational functions considered above only for the strip 
Re^ > Re^q—that lying as far to the right as possible—is called Heaviside’s 
(second) expansion theorem, in honour of Heaviside who frequently applied 
itf. This theorem is useful in the operational solution of linear differential 
equations with constant coefficients (vm, § 3), and in the theory of transient 
phenomena in electrical networks. 


t Heaviside’s first expansion theorem will be treated in vm, § 8. 
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On the other hand, if the degree of N(p) exceeds (or is equal to) that of 
D(p), a polynomial containing positive integral powers of p must be added 
to (42), which will lead to the ^-function and its derivatives. For instance, 
if all the poles are of the first order, the result is 

p s + s b m p m = U(t) s a n ePnt+ 2 b m 8to-»(t), R < Rep < oo. 

n=lP Pn m—\ n =1 m= 1 

We would like to draw special attention to a property that characterizes 
the importance of expanding the image in rational fractions. Instead of 
taking the complete image function we consider, in succession, first the 
fraction corresponding to the pole^, then the sum of the fractions belonging 
to p l9 p 2 , next the sum of those corresponding to p 17 p 2 , p Si etc.f. The 
successive operational relations are 


P 


a 1 


P~Pi 


p (—— + ——) 

\P-Pi P-PJ 

l a i 
\P-1 


P 


etc. 


- +-—- 

-Pi P Pz 


== U(t) a ± 

= U(t) e Plt +a 2 e p ^), 

= V(t) (a x e Plt *f a 2 e p + a 3 e^), 


Obviously the right-hand members represent the complete original 
approximately as t^co. The more poles taken into account, the better the 
approximation. It is of great importance that this method of approximation 
is not restricted to rational functions, as will be seen below. 

Let the one-sided original k(t) U(t) have a strip of convergence Rep > Rep 1? 
and let its image be such that in the remaining part of thep-plane the only 

singularities of ~f(p) are first-order poles p l9 p 2 > • • ■, with residues a l9 a 2 ,.... 


In this case it will often be possible to obtain better and better approxima¬ 
tions of the original (£->oo) by transposing more and more principal parts 
a il(p—Pi)> a d{p-~p 2 )i For instance, suppose that the procedure 

(VI, 41) of widening the strip of convergence (by suitably neutralizing the 
poles) is applicable to the operational relation under consideration. Then 
it follows N N 

f(p)-p S 2 a n (44) 

n —1 


= 1 P~Pn 


in which the left-hand abscissa of convergence is equal to a N = R ep N — b N , 
where b N is some positive constant. On the other hand, this abscissa of 


f We suppose that any vertical line in the p -plane contains at most one pole. 
As before, these poles are enumerated according to decreasing values of Rep„. 

% To keep the reasoning as simple as possible we shall assume that the poles all 
he on the left of the imaginary axis. 
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convergence is obtainable from the general formula (vi, 20). As soon as 
cc N becomes negative we thus have 


Lim - log f f Ms) — Yj a n ew) ds 
J x [ n J 


Hep N -b N . 


From this limiting relation we infer that, for e sufficiently small and posi¬ 
tive, there can be found a number # 0 (e) such that the expression under the 
limit sign is less than — e; this can be written equivalently as 



n 

X 

N ] 

Ms) - 

W=1 J 

■ ds 

e V N X | 


if x>x 0 (e), 


whence it further follows that 


f (*(«)- IX ew) ds 


Lim 

rc->oo 


e v * x 


= 0 . 


(45) 


If, moreover, De rHospital’s rule may be applied (for which it is sufficient 
that the expression in braces is a monotonic function of 5 ) the result is 


N 


h(t) — Sa n e^ 


Lim 


71 = 1 




= 0, 


(46) 


which shows that for large values of t we have, under the conditions indi¬ 
cated, the approximation 

N 

h(t)aa E #*©*«*. 

71=1 

Finally we would emphasize that the larger N taken, the better the approxi¬ 
mation. 


As an example may be cited (vi, 11) 

£(p) === [e*], l<Rep<co. 

In this case f(p)Ip has simple poles at p — 1 and p = 0 with residues 1 and — 
respectively. Accordingly, the original [V] has approximations corresponding to 


V 

p-V 


= e* U(t) 9 


P 

P -1 


l=(e«-i) U(t), 


of which the last is the better, since its mean value as t 00 is exactly equal to that 
of the true original. 

Even in the case of higher-order poles the corresponding principal parts may lead 
to useful approximations for the original. To see this, consider the example of § 5; 
after applying the attenuation rule it is found that 

v [e ' 3 

- £ 2 (p + l) = e~* I d(n) (Rep>0). 

P+1 71 = 1 
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Here the function f(p)/p has a pole of the second order with principal part 

1 ( 20 - 1 ) 

P 2 P 

The corresponding operational relation, that is, 

- +(20- l)==±(t+2C- 1) U(t), 

P 

leads to the following approximation: 

[e 1 ] 

S d(n) ~t + 2C—l (t-+cc). 

n =l 

This is completely in accordance with the result of § 5, where by the use of the complex 
Tauber theorem it was shown that 


x ds 

— Zj 
1 * n= 


d(n)~x log x — 2x(l — G) 
1 


(x^co); 


when differentiated through with respect to x it just gives the approximation found 
above. 


In the foregoing, where the original was approximated by taking a 
number of principal parts of f(p)/p, it was left undecided whether the 
process had to be stopped somewhere owing, for example, to singularities 
different from poles. If such singularities are not present we may continue 
the procedure ad infinitum , provided, of course, that there are an infinite 
number of poles and, what is more, that the strip of convergence can con¬ 
tinually be widened by way of the successive relations (44). The equation 
(45) then holds good for all values of N; in the sense of Poincare it obviously 
implies the asymptotic expansion 

rx co e p n x 

h(s) ds & 'Ea n — (x~>cc). 

J oo n = l Pn 

If, again, the rule of De PHospital is applicable, the original itself is 
asymptotically represented by 

h(t )« 2 a n ^ nX {x~>oo). 

n= 1 

Instead of asymptotic there may often be ordinary equality, such that 
in the case of the relation 


P S ~ZT^ U ( t ) S a n ePnt (Rep>Rep 1 ), (47) 

n = lP P n » = 1 

the original is simply obtained by a term-by-term transposition of the 
infinite series in rational fractions (a so-called Mittag-Leffler series). For 
instance, the result so obtained will certainly be true if the path of integra¬ 
tion in the inversion integral can be closed at the left (see end of vi, § 11), 
since then the right-hand side of (47) is found by means of Cauchy’s theorem 


VP & B 


10 
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of residues (see also fig. 37). Furthermore, if the poles p n are real the original 
is a Dirichlet series, which type of series was studied before as an image 
function (see vi, § 3). The following three examples are cited: 


pP(p,i) =p s 

71 — 0 


(-i r 


i 


n! p + n 


= u(t) s ! 

n =0 


l) n 

e~ 


■nt 


n\ 


(Rep > 0 ), 


f(p)+c = p s 


=i n(p + n) 


= U(t)-£ — (Re^ > — 1), 

n=l n 


J(np) coth{J(np)}=p £ 


n = -oo P + 7TW 


-=XJ{t) 2 e-™ 2( (Re^> 0 ). 


(48) 

(49) 


The first of them has already been dealt with in (m, 19, 20 ) in the discussion 
of the Prym functions. The second example (48) gives, after the convergent 
series at the right has been summed, 

^'(^) + C'=— ?7(£)log(l — e~ f ), — 1 < Rep <oc, (50) 

which is also found by a straightforward reduction of its definition integral 
(by means of integration by parts) to (m, 14) involving the ^r-function. 
Finally, the original (49) is merely a #-function; thus 

*J(np) coth{^( 77 p)}= U(t) # 3 ( 0 , t)> 0 <Rep<oo. (51) 

The series for the image function in (49) is based upon the well-known 
expansion of the cotangent function in rational fractions, namely, 


looting) _ (C,0) 


(52) 


which itself can also be transposed term by term, though its poles stretch 
to infinity at both sides of the origin. By first differentiating (m, 11 ) so 
as to obtain 

sgn£e~ wm = 

0 'p* — n‘ 

the term-by-term transposition leads to 


2 n^ 

i (~n<R,ep<n), 


sgn t 

np cot (up) - 1 , 


1 < Rep < 1. 


(53) 


In any of the examples above the expansion in rational fractions of the 
image function converges everywhere outside the poles. Meromorphic 
functions of this kind are of genus zero. It is also possible that the expansion 
of ( 47 ) in rational fractions, as it stands, does not converge owing to the 
special behaviour of p n and a n for large values of n. Convergence may be 
maintained, however, by subtracting from any term the first n terms of its 
corresponding power-series development: 


P~Pn 


_Ji + JL + 2L* + ..l 
' pi A 1 
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If at least N such terms are necessary to guarantee the convergence, the 
function under consideration is of genus N. Therefore, the development of 
a meromorphic function whose poles are all of the first order and whose 
genus is N, is generally 


ftp) 

p 


® / 1 \ p p 2 

= 2 a 7l\ -i-h“2 +— 3 + .. . H- JT- I . 

n — 1 \P-Pn Pn Pn Pn Pn / 


(54) 


There are some difficulties in transposing these image functions term by 

00 a 

term, unless N = 0. For instance, the term S(t) 2 — of the original in general 

1 Pn 

diverges. Yet, new operational relations are readily obtained, namely, by 
first differentiating (54) N times in succession, which can be inferred from 
the following example. After writing the series for the image of (48) in 
the form 

00/1 1 \ 

(55) 


fr(p) + 0 = 21 > 

»=i\« p+nj’ 


the function i/r(p) + C appears to be of genus 1, whilst the function 
- { ty{p ) + 0} is of genus 0 on account of (48). Straightforward transposition 
of (55) term by term is impossible, unlike the case of 

which is obtained after differentiating. The last series leads to the new 
relation 

Pf'(p)^U(t)t£e-^f = -ji-U(t) (Rep>-1). (56) 

n= 1 e — I 


11. Transposition of other series 

In the preceding sections we studied term-by-term transposition of 
several types of series, particularly power series and expansions in rational 
fractions. The question arises whether still other series exist that admit 
term-by-term transposition, leading to convergent or asymptotic develop¬ 
ments. 

In confining ourselves again to one-sided originals, one of the few state¬ 
ments that will generally hold is the following. Term-by-term transposition 
of any series 

U(t) e K(t) 

n=0 

for Rep > 0 is allowed if it is uniformly convergent for t ^ 0. For, if we put 
h(t) U(t) = i,{h n (t) + R N (t)} U(t), 

71 = 0 


10-2 



148 


OPERATIONAL CALCULUS 


VII. 11 


and supposing h n {t) U(t) =/ n (p), 

we have f(p) = Xf n (P)+P f “ B N (t) dt. 

n —0 J 0 

Further, on account of the uniform convergence for t > 0, | R N {t) | < e if 
N >N 0 (e), where A^(e) is independent of t. Therefore 


f(p)-Xfn(P) 

n =0 


< I p 


(* oo 

'i 


e -H eptdt = 6 


P 


Hep 9 


and consequently 


f(P) = Zfn(P)- 

n —0 


Particularly, it is often desired to transpose term by term those series 
which are expansions in orthogonal functions. As an example we may men¬ 
tion the functions e~~ i( L n (t) in which L n (t) denotes the Laguerre polynomial 
of degree n. According to (vi, 17) its image becomes 

e~*L n (t) (Rep > 

Therefore, the operational relation 


°0 / 79 _ 1Y^ CO r 

(Kej>>0) <57) 

is certainly valid if the right-hand side, being an expansion in orthogonal 
functions of the original, is known to converge uniformly for t > 0. 


12. A real inversion formula 


Until now the inversion integral has been considered as a general means of 
producing the original corresponding to a given image function. The inver¬ 
sion integral is of no direct value if f(p) is given only for real p, as we would 
first have to calculate it—by means of analytic continuation—at the path 
of integration Re^> = c. In principle the analytic continuation is always 
possible, though often difficult. On the other hand, the original can be 
expressed in a form that involves only the values of the image at the real 
axis of p. Best known in this respect is Widder’s formulaf, which in the 
case of one-sided originals reads 


h(t) = Lim 

N—> oo 


p n + 1 / dyv(p)| 
\ dp) p 


(«> 0 ). 


(58) 


In this formula h(t) should be replaced by 0) -f&(£ — 0)} at points of 

discontinuity. The expression (58) can be derived from a sifting integral. 
If for/(^)/^9 the definition integral is inserted, and the differentiation is 


f 4 The inversion of the Laplace integral and the related moment problem Trans . 
Amer. Math. Soc. xxxvi, 107-200, 1934. 
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performed under the sign of integration, the right member of (58) becomes^ ^ 
the sifting integral for the mean value of h(t) that corresponds to the 
approximation function 

AW-1 

8(t- 1) - Lim fL—e- N n N U(t), 

n -> oo ■ 

which, on account of Stirling’s formula, is equivalent to (v, 37). Incidentally, 

(58) may be written in a more elegant form as follows: 


h(t) = Lim \ 

N oo I 


d^M) 

dp N p 
d* 1 


{ dp N p 


p—N/t 


(59) 


It may be expected that, in considering Widder’s expression for finite 
values of N rather than for JV-^oo, we obtain a set of approximations for 
h(t). The larger N chosen, the better the approximation will be. We obtain 
successively 


N = 0: 


N=l: f 


m, 

i) 


N = 2: 
etc. 


/(? 


-V 

r 

r 


+ ?M7 


The first of them just delivers the exact value at t = oo because of Abel’s 
theorem. 

It is important to notice that, in the case of any known one-sided opera¬ 
tional relation, the limit relation (58) may lead to interesting properties. 
The following example due to Tricomij* may be cited. Starting from 

e -p==± jj(t — 1) (He£> > 0), 


and putting in (58 )f(p) = e~ p 9 we find 


£ w 


or, putting t = x _1 , 




£ W 

U(l—x) = Lim -~~^r 


oo e 


(f>0). 


(x> 0). 


For x = 1 this formula becomes 


-= Lim 

^ iV-> oo 


iV ]$n 

n?0 nT 


which shows that the exponential series of e* is approximately halved if, 
for large integral values of x , it is broken off at the term n = x. 


f R.C. Accad. Lincei , xxv, 416, 1936. 
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Whereas Widder’s formula applies to any point where h(t) has limited 
total fluctuation, different expressions may be found of less generality, 
though also relating the one-sided original to the trend of the image func- j 
tion along the real axis. Examples are provided by 

(1) If h{t) can be developed as a Taylor series in the neighbourhood of 
t = 0, it follows that 


h(t) = E 


t n 


t 0 (nl)*\dx- 


-A- 

/7 ✓VtTX V 1 QQ 


x=0 


(60) 


To verify this statement, the definition integral is written as 



e~ u h(xu) du . 


Performing the differentiation under the sign of integration, we obtain 
further 

o = A(n) (°)J e ~ Uundu = n\U n \0 ) 

leading to (60), this being the Maclaurin series of h(t). 

(2) If there is a strip of absolute convergence, the integral of the 
original for t > 0 obeys 



00 


= Lim 2 

A —> co n— 1 


(-!)-» /(A») 
n\ A n 


It should be noticed that in this formulaf two limits occur; one corre¬ 
sponding to A ^oo, the other with respect to the order of the partial sums. 
(3) If h(t) can be expanded in a Taylor series, it follows that 

h{t) = Lim [[e pt f(p)J], (61) 

—y co 

in which [[$£(#)]] has the same meaning as before, namely, the part of the 
Laurent expansion n 

4>{x) = s c n x n 


that contains only the negative powers of x. Formula (61) is obtained by 
applying Abel’s theorem (4) to (iv, 4 a). 

In this connexion we mention further the following equation: 

j + h(s) ds = Lim ( — |) {^n^\ (* >0 )> ( 62 ) 

J t — 0 V —> co \ */ [dp p jp=N!t 

by means of which it becomes possible to determine those values of t for 
which the original is impulsive, for elsewhere the limit is automatically 
zero. Again, (62) can be deduced from a suitable sifting integral; inserting 


t For a proof, see Doetsch, loc. cit. p. 133. 
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the definition integral and integrating by parts we obtain for the right-hand 
side of (62) , , 

Lim N dsll — duh(u ). 

iV -> co Jo \ Jo 

Finally, the result required is found after using the limit 

AT/ 

sgn t S(t) — Lim — e~ m (t + 1 ) N ~ 1 U(t+ 1), 

iV-> oo ^ 

which in turn follows from (v, 38); the left-hand side is equal to the even 
^-function multiplied by sgntf. The Hmit (62), sieving out the impulse 
functions occurring in the original, is particularly useful when applied to 
the operational relation (vr, 9) involving a Dirichlet series: 

h(t) = 2 a n S(t -2 a n e- pXn - 

n ~1 n~l 

The coefficients of the Dirichlet series 

<f>{p) = S «»e“ pA “ 

n=l 

are then given by a n = Lim ( —• 

N-> oo \ \A n / 

In concluding this chapter we remark that, just as in the case of Widder’s 
inversion integral, it is possible to replace the definition integral by expres¬ 
sions that are completely free of exponential functions, which otherwise 
are so characteristic in the operational calculus. Whereas in Widder’s 
formula the limit as V^oo of the Vth-order differential quotient is im¬ 
portant, the analogous expression for the image function contains a limit 
of a repeated integral. Thus, for one-sided originals, 

/ V \N+1 rNfr> fr 0 rrj C T ir—i 

f(p) = ^Lim (N + 1)! (T J j ^ dr 0 J ^ dr x J ^ dr 2 ...J ^ dr N h(r N ), (63) 

which is easily proved after showing it to be equal to 


Moreover, similarly to the corresponding (59), we have 


f(p) = Lim 

2V—> QO 


?N}p 

J. H 

['drS'dr a ... 
'o Jo J 

r 

'o 

1 dr n Ht n ) 


CN/p 

dr 0 
'o J 

l/ T ‘J 

17*—.J 

f ^ 

0 


indicating clearly how the image function is related to the higher-order 
mean values of the corresponding original. 




CHAPTER vrri 


LINEAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 

1. Introduction 

Whereas the preceding chapters were devoted to discussing fundamental 
principles and establishing general rules, the rest of the book will be aimed 
substantially at problems that are most rapidly solved by means of the 
operational calculus. A simple example is provided by the linear differential 
equations with constant coefficients. These equations are of utmost import¬ 
ance in the description of electrical and mechanical systems whose basic 
elements, such as inductances, resistances, moments of inertia, do not 
depend on time nor on currents, voltages, displacements, and the like. 
First of all it is shown that the solution of the given differential equation is 
reducible to an algebraic problem. For systems initially at rest the treatment 
is as simple as possible (§§ 2, 3). Also in the case of general initial conditions 
(at t ~ 0, say) the operational calculus readily leads to a solution if the 
required function is replaced by zero for t < 0 (§4). As in further discussions 
the concepts of admittance and impedance play an important part, we 
shall treat them in some detail in § 5. Next, in §§ 6 and 7 , they are shown to 
be particularly useful in the operational treatment of transient phenomena 
occurring in electri'cal networks when switched on or off. Heaviside’s first 
expansion theorem is discussed in § 8 ; it is of primary importance in the 
description of the response immediately after the electromotive force has 
been switched on. Finally, a classification of different types of admittance 
is given in § 9 . 

2, Inhomogeneous equations with the unit function at the right 

The most simple linear differential equation with constant coefficients, 
having the unit function on the right-hand side, is the following: 

+ + = U(t), 

or, by way of abbreviation, 

CD 

In physical problems leading to differential equations it is customary to 
place on the right the terms that are independent of the function required, 
which usually represent the exterior forces acting upon the system under 
consideration. In the case of equation ( 1 ) such influences from the outside 
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start to work at t — 0 , and are completely absent for t < 0 . For instance, 
equation (1) is obtained for the charge q of a condenser C if at the time 
t = 0 an electromotive force of unit magnitude comes into action. More 
precisely, if the condenser is connected in series with an inductance L and 
a resistance R (see fig. 46), the charge on the condenser satisfies the differ¬ 
ential equation TO , 

< 2 > 


which is a special case of (1). To solve the 
general equation (1) operationally, it is 
natural to identify h(t) with the original 
of the calculus|. Then the equation is 
transposed term by term, which comes 
down to multiplying it by p e~ pt and in¬ 
tegrating from “00 to -boo; in other 
words, the complete equation is subjected 
to the operator 

pi dt er pt . 

J —00 

It is to be remarked that in the general method of Laplace the solution of the 
differential equation is assumed to be of the form 

h(t) = j e pi <fi(p)dp, 

where the function $ and the path of integration have to be suitably chosen 
afterwards. If some line parallel to the imaginary axis happens to be an 
adequate path of integration the substitution above reduces to introducing 
the image of h(t) by means of the inversion integral. The direct term-by- 
term transposition of (1) is easily performed if the differentiation rule is 
applicable; at any rate this is allowed inside the strip of convergence 
corresponding to the nth derivative of h(t). Let us assume that such a strip 
exists; moreover, restricting ourselves to the region Rep > 0, the image of 
the right-hand side of (1) is equal to I. Therefore from (1) 


+q(t) -<j(t) L 

-1[- 




T_ 


-SI 


Fig. 46. An example of an 
electric circuit. 


(a 0 p n + a 1 p n ~ 1 + ...+a n „ 1 p+a n ) f(p) = P(p)f(p) = 1. 


The image of the required solution is thus determinable from a mere’ 
algebraic equation; upon dividing we obtain 

^ ~ P (P) ~ a oP n + a x P n ~ x + • • ■ + aZT p + a n ’ (3) 

whose original, if existing for Rep>0, is a particular solution of the 
differential equation (1). In particular, if the polynomial P(p) has no 


t For instance, see Balth. van der Pol, Phil . Mag. vn, 1153, 1929. 
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multiple zeros the original is easily found. By expansion in rational 
fractions we first have 


1 _ P = 1 y 1 P 

P(p) pP(p ) P(0) k =iP k P'(p k ) P-Pk 


If, again, p x is the zero farthest to the right, the original of any 
term is determined by 


—=e**' U(t) 
P~Pk 


individual 


for Be^>Rep 1 . Therefore, as the original of (3), and thus 
solution of (1), we find 


h(t) = U(t) 



n e p k t \ 

+ £xP^P\p k )/■ 


as a particular 


(5) 


The method used above is obviously based upon Heaviside’s second expan¬ 
sion theorem, the theory of which was given in § 10 of the preceding chapter. 
It may not be superfluous to emphasize that the particular solution (5) 
fulfils equation (1) in the whole t- range (including t — 0). It is that solution 
of (1) which is subjected to the side condition that, before the exterior 
force has come into action, that is, for t < 0, the system is completely at 
rest; this implies that at the point of transition t = 0 the function and its 
derivatives of orders up to n— 1 are continuous, their values being zero. 
On the other hand, it is equally possible to construct n other particular 
solutions of (1), namely, by transposing (1) with respect to the strips 
Rep 2 <Rep<Re^? 1 , Rep 3 <Rep<Rep 2 , etc. For practical applications, 
however, these solutions are of little importance, since they correspond to 
less simple boundary conditions. Further, it is evident how to deal with 
equations for which P(p) has multiple zeros; in this case originals of the type 
(vn, 43) with k > 1 are obtained. Although of minor importance in practice, 
it may be remarked that even the eigenfunctions of the homogeneous 
equation can be found similarly from relations having a line of convergence. 
For transposition of the corresponding homogeneous equation leads to 
L(p)f(p) = 0, which is satisfied, amongst others, by the image of the 
operational relations 

f k (p) = (Rep = Rep & ), 

as, according to (v, 27), we have 

P(p)fk(p) = P(Pk)fkiP) = 0 xf k {p) = o. 


In practical applications it will usually be preferred to join any pair of 
rational fractions corresponding to conjugate zeros, at least if the coeffi¬ 
cients of (1) are real throughout, in order to obtain (5) immediately in a 
real form. 
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Example. The transposition of the preceding equation (2) for the charge on the 
condenser, excited by the unit-function voltage, leads to 


f(P) = 


1 


Lp 2 + Rp + — 

u 

Introducing the following abbreviations 

wi= V( a2 -^)’ 

we obtain for the expansion in rational fractions 

f(p) = C+—j— (—- ?- -- 1 -^- 

and thus for the original 

q(t) = U(t)+ —)). 

( 2o) 1 L \ct + o) 1 a—ioj) 


<?(') 


<?(*) 



R 2 >4L/C 



Fig. 47. The charge of the condenser of fig. 46, the e.m.f. being U(t ). 

This expression for the charge is in a real form if and only if R 2 ^ 4 L/C. An alternative 
solution, which is in a real form if R 2 ^ 4 Lj C, can be given after first having rewritten 


f(p) - 


p 




ip{(p + a) a +wj} 

whence, by application of some elementary rules to (in, 22), it easily follows that 

m r‘ ____ m 


qW = /o e_aTsin(W “ T)dT = r... 


Z/W 0 (6Jo + a 2 ) 


[w 0 — e -a *{a sin (a> 0 1 ) -f cos (o) 0 £)}]. 


The different character of q(t) according as R 2 <^LjC or R 2 > 4L/G, is illustrated by 
fig. 47. 


3. Inhomogeneous equations with arbitrary right-hand member 

The special equation (1), which had the unit function U(t ) in its right- 
hand member, was treated in some detail because it is simple and therefore 
very useful to explain the general operational procedure of solving linear 
differential equations with constant coefficients. We now proceed to 
equations having an arbitrary force function at the right: 

d n d 71 * 1 




dt n + ai dt 71 - 1 




h (t) = <p(t). 


( 6 ) 
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Let us assume, once more, that the wth-order derivative of h{t) has 
a non-vanishing strip of convergence. Then from ( 6 ) it follows that 
P(p)f(p) = <fi(p)i if <j>(p) is the image corresponding to q?(t) in the said 
strip. Again, the image of the solution in question is found by a simple 


division: 


f(p) = 


<Hp) 

p(pY 


Furthermore, if 1 jP{p) is expanded in rational fractions, that is to say 


the image becomes 


i " _!_ ]_ 

p(p) kiiP'(Pk) p-pY 


m = s 


i i p 


k=\P\p k )pp-Pk 


M- 


(7) 


Finally, after applying the composition-product rule, the original is easily 
written down for Rep > Rep 1? in so far as the relation 9 o(t) = <fi(p) is valid 
there. The result is 


n e p k t 


I 


e -;p fc r 99(7) dr. 


(8) 


This again is a particular solution of the differential equation. Just as 
in the preceding section other particular solutions can be obtained with 
respect to the strips Rep w < Rep < Rep^ lying between the remaining 
zeros of P(p); they are unimportant in practice. Concerning multiple 
zeros of P(p ), the situation is similar to that of the foregoing section; any 
of the rational fractions can be transposed with the help of the composition- 
product rule, irrespective of the order of the zeros. 


Example. The charge q(t) on the condenser of the example of the foregoing section, 
under the influence of an electromotive force e“* s (which is thus working for t < 0 too), 
satisfies the differential equation 


_ d 2 q dq 1 
L d^ + R dl + G q = e 


,-< 2 


The transposition of this equation into the p -language is 
{ispt + Rp + Y ^f(p) = *Jitpe i®\ 


whence it follows that 




in which o) 0 and a have the same meaning as before. Upon applying the composition- 
product rule we obtain 

q(t) = —— j e -(i-T)2 ~ aT sin (ti> 0 T) dr. 

L(o 0 Jo 

This expression is in real form if B 2 ^ 4 L/C ; it can be reduced to error functions of 
complex arguments. Moreover, it is easily verified that the particular solution q(t) 
above corresponds to the condenser being uncharged, and the circuit being current- 
free, at t = — 00 . If I2 2 > 4X/C we had better expand f(p) into rational fractions. 
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4. Differential equations with boundary conditions 

In the preceding two sections a particular solution of the differential 
equation was found, which was examined afterwards to see to what special 
supplementary conditions it corresponded. It is also possible to treat 
operationally the more general problem of constructing the solution h(t) 
that satisfies given boundary conditions at any given point (for simplicity 
we shall choose the point t = 0). This is achieved by means of a differential 
equation for the one-sided function h*(t) = h(t) U(t); in the new differential 
equation the prescribed values of the derivatives of h(t) at t = 0 occur as 
parameters in the right-hand member. First the derivatives of the function 
h*(t) are calculated: 

jh*{t) = h'(t) U(t) + h(t)S(t) = h'(t) U(t) + h{0)8{t), 
d 2 

— h*(t) = h"(t) U(t) + h'(t) d(t) + &(0) 8'(t) (9) 

= h"(t) U(t) + k'(0)8(t) + h(0)8'(t), 

etc., 

whence the differential equation for h*(t) follows readily: 

p {lt) h * {t) = u (t)P(j^m+K-iH0)+a n _ 2 h’(0) + ...}8(t) 

+ {a n _2^(0) + a n „ 3 ^ , (0) + 

Consequently it is expected that, to obtain the solution h(t) of 

p (j})h(t) = <p(t) (10) 

for t > 0 whose derivatives assume given values U k \0) at t = 0, we may take 
the part t > 0 of the particular solution of 

P H) h * {t) = ^ U W + W\£ a n-*-l 

+ d'(t) n j:a n _ k _ 2 hM(0) +... + #»-«(<) a 0 h( 0) (11) 

that vanishes, together with its derivatives, for t < 0. The new equation is 
always inhomogeneous, even if the equation for h(t) is homogeneous (<p — 0). 
The required particular solution of (11) is easily obtained by applying the 
theory of the preceding section. After transposition of (11) we find for the 
image of h*(t) 


f*(p ) =f*(p)+f*(p) 


(12) 
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in which 


and f?(p) 


fi(p) = 


<FHp) 

P(p) 


P 2 « re -fc-i^ ( * ) (0)+3> 2 2 a n-k-2 h<Jc) ((i) + ■ ■ • +p n a 0 h(0) 

&=0 fc = 0 


(13) 


»n +P a n -1 +^X-2 + — + 
if $*(p) denotes the image of 9 v{t) U(t ). The corresponding original h*(t) 
is obviously wholly independent of the values of cp(t) at t<Q ; this is not 
astonishing, since, once the initial conditions at t = 0 are given, the earlier 
values of (p{t) have ceased to interfere. 

We shall now prove that the solution of ( 10 ) for t > 0 , subject to the given 
boundary conditions at t = 0 , is the right-hand part (t > 0 ) of the one-sided 
original of ( 12 ) inside the strip Re_p > Re^ 0 , where p 0 is the zero farthest to 
the right of P(p). To do this, consider the expansion of f*(p) in powers of 
1 Ip; provided 9 ?( 0 ) is finite (so that, according to Abel’s theorem, 0*(oo) 
is finite too), the part/* (p) yields (1 jp) n as the lowest power of 1 /p. The lower 
powers of 1 /p occurring in/*(p) thus originate from the other part,/ 2 *(p). 
It is then easily verified from (13) that 


h'( 0 ) . h"( 0 ) 


f*(p) = h( 0 )+-^ + 

J~ 


p 2 


+ ...+ 


tt n - «(0) c, 


P 


,n—1 


+ —+ 
p n 


Finally, term-by-term transposition for Rep > 0 leads to a power series for 
h*(t) whose first n terms just yield the prescribed values of the derivatives 
at t — + 0 . 

The separate parts of/*(p) and their corresponding contributions to 
h*(t) admit of a simple interpretation. For the first term /i*(p) = ^i (2) is 
independent of the given boundary values at t = 0 and therefore represents 
the system for t > 0 if it is supposed to be completely at rest for t < 0 . In 
other words, hf(t) is characteristic for the switch-on phenomena, that is, 
the response due to suddenly applying the impressed force <p(t) to the 
system at rest at t = 0 . On the other hand, the second term, /f(p) = h*(t), 
is independent of <p(t ), and is determined solely by the initial conditions at 
t = 0 . The function h$(t) would be the exact solution if, for t > 0 , q>{t) was zero 
though the values of (p(t) for t < 0 may affect the initial values of h(t), h'(t), 
etc. at t — 0 . Therefore, h*{t) describes the system after the exterior force has 
become inactive; in other words, it represents the 1 

typical switch-off phenomena, corresponding to 
certain specified initial conditions. Both kinds 
of phenomena can be discussed on fig. 48, where 
some electrical system is excited by an electro- Kg-48 Illustrating switch- 
motive force e(t). If the switch I is on and II is on, mena> 
the differential equation governing the current 

through the system is of the form P(d/dt) i(t) = e(t). The switch-on current 
i^t) is obtained when the electrical system is assumed to be completely at 
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rest before t = 0, while at t = 0 the switch I is suddenly closed, the switch 
II being kept off, so that the impressed voltage is thus e(t) U(t). On the 
other hand, the switch-off current i 2 (t) is generated if II is switched on 
and I is switched off at t = 0, so as to make the exterior source inactive 
for t > 0. We may just call i 2 (t) the short-circuit current. 

We return to these transient phenomena in subsequent sections; we may 
remark, however, that h$(t) can be found by expanding f*(p) into rational 
fractions, whilst the rule of the composition product is used in the deter¬ 
mination of Concerning the short-circuit phenomenon h*(t) it is 

observed that according to (13) the image f*(p) is a rational function of p 
with the special properties that its numerator and denominator in general 
are of equal degree, and the numerator contains a factor p. This makes 
Heaviside’s second expansion theorem easily applicable, since f*{p)!p will 
not contain terms other than the rational fractions. We may therefore put 


whence it follows that 


n 


nH p) = s 

fc =i 


P 

P~Pk 


n 


Kf(t) = U(t) 2 c k e Pkt . 

k= 1 


Consequently, the short-circuit current is a linear combination of the 
eigenfunctions e p 8 } that is, of the non-vanishing solutions of the homo¬ 
geneous equation P(d/dt)h(t) = 0, valid for all values of t (see the end of § 2). 
The weight factors c k depend upon the given initial conditions. 


Example 1. Let us once more return to the circuit of fig. 46; we now suppose the 
electromotive force e - ^ to be active for ^>0, whilst at t = 0 the charge q(t) and the 
current i(t) = dq/dt are prescribed. We have thus to construct that solution of 



dq 1 

+ R dt + C q 




which obeys the boundary conditions q(t ) = q( 0) and dqjdt = i(0), at t = 0. According 
to the theory given above we may equally well study the differential equation for 
g*(2) = q(t) U(t), which reads 
d?n* da* 1 

L d^ + R d7 + n , i* = U W + {£*«» + + £< 7 (°> <*'(«)> 

dt 2 dt G 


and transpose it operationally. If this is done we arrive at the following relation 


q*(t)-: 


p+P 


+ {Li( 0) + Rq(0)}p + Lq( 0) p"- 


Lp* + Rp + - 

The charge q(t) for t > 0 is equal to the sum of two different components: 
(1) The switch-on part: 

( cl — 8 

Q-fit _ e -at | cos _j-L sin (ft). 


P 


(p+P) (lp 2 +Rp+^ 


= U(t) ■ 


oO J 


£{(«-/?)*+*$ 
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The right-hand function would describe the charge on the condenser after switching 
on the electromotive force erfi* suddenly at t = 0, provided both the charge on and 
the current to the condenser vanish at t = 0. 

(2) The switch-off part: 

(Zti(O) + Rq{Q)}p + Lq(0) p 2 

Lp* + Rp +1 

In this case the 2-function represents, for t> 0, the charge on the condenser if at t = 0 
it is suddenly short-circuited. 


= £7(2) e-*^ 


q 0 cos ( 0 ) 0 t) + {fc'(0) + aq( 0)} 


sin (w 0 2) 


)■ 


Example 2. Another example, not dealing with network theory, of a differential 
equation reducible to an inhomogeneous one is provided by Humbert’s trigonometric 
functions of the third orderf. These functions are solutions of the differential equation 


d*A 

dt* 


+ A = 0, 


that can be determined as follows. Let functions A 1# A 2 and A 3 be defined by first 
expanding e~/> a< into powers of p and then letting p z = 1. Thus 


eV<= \-pH+p t l- t l+p*t- p t l + ... = A^Q+pA^*)+/>**•«. (14) 


Consequently , fl t e . 

Ai (t) = 1-—+—- ... = Je-'+fel'cos(iV 3< )» 

A 2 (<) = + ”• = Je~ < -fe 1< oos(J A /3 t+in), ■ 

A 3 w = -t + —- — +... = ie-'-feS'cosliV^i-iw). 


(15) 


Apparently these functions are extensions of the conventional trigonometric functions 
of the second order, which may be defined similarly by means of 


e it = cos gj n f 9 

if use is made of i 2 = — 1. 

The one-sided trigonometric functions of the third order satisfy the inhomogeneous 
equation . . 

(~ + 1 ) = A"(0) 8(t) + A'(0) S'(t) + A(0) 8"(t), 


from which it is easily seen (ignoring null functions) that 

(^+ i )^*« = m (5 +1 )*?(*) = »(«). (5 +1 )ww = -m 

From these equations it is not difficult to deduce the following operational relations: 

Ai 0<~Rep<co, 

p*+ 1 

0<Hep<co, 

P*+l 

Aj(*) V{t)= f—, 0<~Rep<co, 

p 3 +l 

by means of which many properties of the A-functions may be derived. 

f P. Humbert, Le calcul symbolique , Paris, 1934, p. 29. 
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5. Admittances and impedances 

With a view to application of the operational calculus to electrical net¬ 
works it may be useful to discuss the concepts of admittance and impedance 
in some detail. The former was introduced by Heavisidef who defined the 
admittance as the mathematical operator A (djdt) that has 
to be applied to the electromotive force e(t) in order to get i * —-/(t) 

the current i(t), entering (leaving) the network at P(Q) (see e ^| 
fig. 49), in response to the said electromotive force. Further¬ 
more, the impedance Z(djdt) is defined as being the inverse 
operator of the admittance A{djdt)\ thus 




•Q 

Fig. 49. The 
terminals of a 
network. 


While thus in Heaviside’s definition the given voltage e(t) may be wholly 
arbitrary, the present-day definitions of admittance and impedance are 
concerned only with cisoidal time dependence, e ioJt , where thus the applied 
voltage is alternating and of frequency v = a>/277\ In the quasi-stationary 
theory of electrical networks, that is to say, when the networks are governed 
by linear differential equations with constant coefficients, the response 
current will also vary in time according to e io)t . The operators A(d/dt) and 
Z(dldt) then become equal to the ratios i/e and e/i respectively; they are 
independent of the time and are simply functions of the frequency or, 
alternatively, of w. To distinguish the general concepts of admittance and 
impedance in the sense of Heaviside from the restricted analogues the latter 
will be called the frequency admittance and the frequency impedance, 
respectively, such as to have for the special e(t) = e ia)t : 


i(t) — A(i(j)) & iojt = 


c>iiot 


Z(ico)' 

The functions A(ioj) and Z(ioj) may further be defined for complex values 
of a), in such sense that, if we put p = ico, the current corresponding to the 
impressed voltage e(t) = e pt is determined by 


i(t) = A(p)E 0 e pt = 


Z(p) 


(16) 


It thus follows that the frequency admittance and the frequency im¬ 
pedance are functions of the complex variable p, which determine the ratio 
between current and voltage both for damped vibrations (Rep < 0) and 
for increasing vibrations (Hejo > 0), whilst for undamped vibrations Rep = 0. 

In addition to these frequency functions we shall introduce the response 
current i s (t) due to the unit-function voltage U(t). After Barnes and Pren- 


VP & B 


t Proc. Roy. Soc. lii, 504, 1892-3. 


ii 




162 


OPERATIONAL CALCULUS 


VIII. 5 


dergastf, this function of time (per unit of voltage) will be called the time 
admittance of the network; it is identical with Carson’s indicial admittance. 
The knowledge of either the time admittance or the frequency admittance 
proves sufficient to determine the response of the network to any arbitrary 
voltage e(t). As a consequence, there must exist a certain definite relation¬ 
ship between both kinds of admittance functions, which is most easily 
surveyed in the following operational manner. Suppose E(p) and I{p) to 
be the images for Re^> > 0 of the applied voltage e(t) and the current i(t) in 
question, respectively. Now, the inversion integral states that 


e(t) 


\ pc+i oo 

2mJ c -i 


Mp) 


e*- 

io o V 


dp (c > 0). 


Therefore, since any component e pt of the voltage e(t) causes a current of 
amount A(p)e pt , and the system is linear, the total voltage e(t) produces 
a current equal to 




\ pc+i co 

~ 2mJ c - io0 ( 


'»A (P mr> d f (oo, 


The right-hand side, however, is nothing but the original corresponding to 
the image A(p)E(p); consequently 

I{p) = A(p)E(p) (Re^>0), (17) 


which is clearly the operational formulation of Ohm’s law. In particular, 
if e(t) is chosen equal to U(t), we have to put E(p) = 1. Since in this 
particular case /(^) is the image of the time admittance we h&ue 
consequently i s (t)=A(p) (Re^ > 0). (18) 


e(t)(£) 


In words, the frequency admittance, as a function of p, and the time admit¬ 
tance, as a function of t, stand to each other as image and original in the 
operational sense. 

Simple quasi-stationary systems, to which the 
theory above is applicable, are networks that 
are built up by means of ideal resistors, capaci¬ 
tors, self-inductances and mutual inductances, 
since then linear differential equations with 
constant coefficients obtain. The network of 
fig. 50 may serve as an example; its behaviour 
is determined by the following set of equations: 

1 ft di 

e(t) = _ji (T)dr = Bi&) + L 

After eliminating i x and i 2 we get a relation between i and e, namely, 



Fig. 50. Example of an 
electric network with two 
meshes. 


i - i x -H 


e -( B+i s)( i -°l)' (19) 


J J. Math . Phys . xi, 27, 1932. 
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E 0 = (B + Lp)(I 0 -CpE 0 ). 

Consequently for the frequency admittance of the system 

Mp) = §■ = c P + 1 


o B + Lp 


( 20 ) 


The time admittance is found as the original of (20); therefore 


which function at the same time represents the current due to an electro¬ 
motive force of amount U(t). 

The treatment of more complicated networks will be postponed till the 
next chapter, where we will show how to determine the admittance between 
the terminals P and Q from the complete set of current and voltage equations. 
There is often a far more simple method, however. If mutual inductances 
are absent, the admittance between P and Q can easily be found by first 
giving separate impedances B , 1 jCp, Lp , to the individual resistors, 
capacitors and self-inductances, respectively, and then applying Ohm’s 
law, according to which in any intermediate stage either the impedances 
or the admittances should be added, depending on whether the individual 
elements are connected in series or in parallel. For instance, in fig. 50 the 
admittance (20) is the sum of the admittances Op and 11{B + Lp) occurring 
in the branches i x and i 2 respectively. The second part in turn is the inverse 
of the sum of impedances B and Lp , whose elements are connected in series 
in the i 2 branch. In this way it generally turns out that both the impedance 
and the admittance of any network containing only a finite number of 
resistors, capacitors and self-inductances, can be written as the quotient 
of two polynomials in p with positive coefficients, whilst the absolute 
difference between the degrees of numerator and denominator never 
exceeds 1. So, in the example cited above, from (20), 


A(p) = 


LCp 2 + BOp +1 
Lp + B 


( 21 ) 


It may already be remarked here that later on (ix, § 3) the concept of 
admittance is somewhat generalized; by so doing it is possible that the 
difference in degree of numerator and denominator becomes other than 
— 1, 0 or 1. Moreover, for non-quasi-stationary systems, such as cables 
(xv, §4), the admittance is often a more complicated transcendent. In 
other parts of physics and engineering the concepts of admittance and 
impedance also serve a useful purpose. For instance, in acoustics, where the 
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frequency impedance at a point is defined by the ratio of a sound pressure 
P = P Q e pt to the corresponding velocity of a membrane, a column of air, etc. 
There is a time admittance as well, which describes the response to a sud¬ 
denly impinging force, represented by the unit function U(t) on the right- 
hand side of the underlying differential equation. A closer examination of 
(18) shows that it is only valid if the function A (p) has no singularities in the 
half-plane Rep > 0, since otherwise the strip of convergence would not 
extend to the imaginary axis. In particular, poles p r subject to Rep r >0 
are forbidden; this actually applies to all passive systems, that is to say, 
systems without sources of energy. For, if it were possible to have a pole 
p x on the right of the imaginary axis, then from A (p x ) = oo according 
to (16) a current ac Plt of non-vanishing amplitude might exist without 
any e.m.f. being present; further, this current would gradually increase 
(Rep 1 >0), which is inconsistent with there being no sources of energy. 
The poles corresponding to a passive network thus all lie to the left of the 
imaginary axis, or at best on the axis itself (the point at infinity included). 
The latter circumstance, however, never occurs if the network is not only 
passive but also dissipative, that is to say, if the existing currents transform 
a part of the electric energy into heat. To see this, suppose p x is a pole of 
A(p) on the imaginary axis. The above current a would then represent 
an undamped oscillation; but this is contradictory to the fact that in dissipa¬ 
tive systems the amplitude of the current should decrease. Dissipative 
systems have only damped eigenfunctions e p ^ (Rep k < 0), though in the 
case of passive but non-dissipative systems undamped eigenfunctions may 
occur. Obviously these definitions are independent of whether the system 
under consideration is electrical, mechanical or acoustical. 

We now discuss some general properties of frequency and time admit¬ 
tances that are valid irrespective of the particular structure of a system. 
Of special importance thereby is the admittance A for imaginary values of 
p (= id)) whose behaviour is decisive for undamped oscillations. The corre¬ 
sponding function A (io)) depends on two real functions of oj, e.g. the modulus 
and phase of A(ia)), whereas the time admittance i s (t) is determined by a 
single real function of t. The asymmetry occurring here is only apparent, 
since i s (t) may also be compared with the single function A(p) for real p\ 
the latter function represents the response of the system to aperiodic 
oscillations e pt . In practice, however, the behaviour of undamped oscilla¬ 
tions is far more important, so that usually the two real functions deter¬ 
mining A(ico) are considered side by side with the real function i s (t) (see 
fig. 51 illustrating these functions for the network of fig. 50 if B 2 C < L). 

In the following P and Q will denote the real and imaginary part of 
A(iw), respectively, so as to have for real values of (o 


A(ico) = P(<o) + iQ((o). 


(22) 
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As general properties! we may mention: 

(1) From the requirement that (in the case of an electrical network) any 
real e.m.f. causes a current that is real too, it follows that P{o)) is an even 
function of o) and Q(o)) an odd function of o). For, the real e.m.f. 

cos (cot) = ^ e io)t +1 er i<d 

leads to a current \A (ioj) e io)t + \A (— ioj) e~ i(oi , 

provided that the network is assumed to be a linear system. On account of 
(22) this yields as imaginary part of the current: 


| {P(( 0 ) - P{ - &>)} sin (cot) +1 {Q(b)) + Q( - «)} cos (ut), 

which has to vanish for all values of t. This is possible only if the coefficients 
of sin (cot) and cos ( cot ) are both zero. Thus P is even and Q is odd in co. For 
the network of fig. 50 these functions are, on account of (20), 






n/ . (R 2 C-L)co + L 2 Cto* 

*“* 02 i r . 2,.,2 


|A(/w)| arg A(/co) 



Fig. 51. Frequency and time admittance of the network of fig. 50. 


(2) From the fact that the influence of the applied voltage U(t) is felt 
only after the moment t = 0 (effect comes after cause) it follows that the 
admittance for Rep>0 of any dissipative system is uniquely determined 
by either of its components P{co), Q(co) for real values of co ; viz. 


>)=— P-Srs*-- T -^Ids (Rep > 0), 
nj 0 p 2 + s 2 nj-np + is 


A(p) = 2.4(0) + - 


s (^ 2 + 5 2 ) 


ds — A (oo) — 


Md> 

>P + IS 


(Rep > 0). 


f An exhaustive treatment is given by M. Bayard, ‘Relations entre les parties 
reelles et imaginaires des impedances’. Rev . gen. tiled, xxxvir, 659, 1935. Cf. also 
J. H. Schouten, Tijdschr . Ned. Radiogenootschap , xi, 129, 1945. 
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To prove these formulae we first observe that for any dissipative system 
the integrand of the inversion integral of (18) is singular on the line Re p = 0 
only at the pole p = 0 where the residue is A( 0). Therefore the operational 
relation (18) can be extended by applying the method of (vi,40). It then 
covers a strip Rep 0 < Rep < oo, where p 0 is the first singularity to the left 
of the imaginary axis: 


A(p)f=±i s (t) — A(0) (Rep>Rep 0 ). (25) 

If in the inversion integral we choose c = 0, putting at the same time p = is, 
we obtain 


ckist 


which by means of (22), upon using the even character of P(s) and the odd 
character of Q(s), is transformed into 


MO-1(0) + i (26) 

njQ & 7TJ o S 

Further, since i s (t) must be zero for negative values of t (when the voltage 
U{t) has not yet become effective) the right-hand side of (26) is equal to 
— -4(0) for t — — t' (t f > 0); thus for t' > 0: 


a /r\\ 1 f 00 sin(£'s) 1 f"cost's) 

A{0) -;h —r-®* 1 *- 


Consequently, in combining this with (26) it is found possible to express 
the time admittance for t' > 0 in either P- or Q-values: 


i s {t 


./) ^ 2 psi 
7TJ 0 


sin (£'s) 


P(s)ds = 2A( 0) + 


2 f 00 

ttJo 


cos (t’s) 


Q(s)ds (t'> 0). (27) 


After multiplying these expressions by U(t f ) and transposing them for 
Rep > 0, we arrive at the identities (23) and (24). In addition to this we 
remark that it is easy to verify the equivalence of (27) to the respective 
inversion integrals (having a line of convergence) of the following relations: 


sgnfij-(| t |)==2P(ip) (Rep = 0), 
i s (\t\) — 2A(0)i==—2iQ(ij>) (Rep = 0). 


(28) 

(29) 


(3) For dissipative systems the mutual relationship between the real 
and imaginary parts of the frequency admittance A (ioj) for real frequencies 
a) is expressed by the formulae 


Q(«>) = 


2wpPfsJ-PM _1 f” 

77 Jo S 2 -W 2 <S- 77j_ a , 


S — 0) 


ds. 


(30) 


2 f° 

P{(»)-P(CX>) = - 

77j0 


' sQ(s) - (oQ((o) 


ds = 


1 f- Q(s)-Q(<d) ^ 

77J_co S — OJ 


(31) 
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The first of them may be obtained by first subtracting from (23) the identity 


PM-ir 

n Jo 


P(o>) 

p 2 -hS* 


ds (Re^>0), 


giving 


A(p)-P(<o) = ~^ P(S p2 + s i <t)) ds ( Re P> 0)- 


Unlike (23) the last integral is convergent even for Re^> = 0. If then (22) 
is taken into account, we are easily led to (30) for p = io). In quite the 
same manner (31) follows from (24). 

(4) The following formulae express P(gj) and Q{( o) in terms of the time 
admittance: 

P(co) = coj sin (ojt){i T (t)~ A(0)}d£, Q(w) = cos (o)t) {i s (t) — A(0)}dt. 

They can be proved by separating the definition integral of (25) with the 
help of (22) into its real and imaginary parts for p = io). 

It will be obvious that the above-mentioned properties may still hold for 
other functions A(p), not necessarily restricted to the ratio of two quan¬ 
tities such as current and voltage, either of which is caused by the other. 
In fact, the proofs above are based on very general properties of complex 
functions. In this connexion it should be noted that in Kramers’s dispersion 
theory*)* th e se ^ formulae (30, 31) were derived for the real part £ and 
the imaginary part 7} of a certain coefficient of polarization, the com¬ 
bination £, + iy] simply being an analytic function of the frequency 0 ) — pji. 

Finally, the formulae given above may gain in elegance if a suitable 
change of variables is made. For instance, (23) is transformed by $ = p tan <f> 
into 2 cin 

A{p) = - P{pt&n<j))d<j) (Re^)>0). 


6. Transient phenomena 

Discussing below the response of a system to a sudden change we con¬ 
veniently fix our mind on electrical systems. The simplest case is then fur¬ 
nished by introducing a unit voltage at t — 0, whereby the potential across 
the terminals is raised instantaneously from zero to unit value. As has 
already been seen in § 2, the underlying differential equation may have U(t) 
on its right-hand side only; it is then an easy matter to solve the equation 
operationally. It is less simple, however, if the e.m.f. is also involved in the 
differential operator, as in equation (19) concerning the network of fig. 50. 
The concept of admittance then proves very useful, since in the first place 
the frequency admittance follows easily from the structure of the system 


f Atti Congr. Int. Fisisi , xi, 22, 1927. 
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(see formula (20)), and secondly, the behaviour of the system under the 
influence of a unit-function e.m.f. is determined at once from the original 
of the frequency admittance, thus leading to the time admittance. 

We need not particularly emphasize the importance of the relation (18), 
which we shall now examine in greater detail. From vn, § 2, we know that j 
the behaviour of the original as $-> 0(oo) is closely connected to that of the 
image as ^-*oo(0). Therefore the relation (18) expresses that in the very 
beginning the current is determined by the behaviour of the admittance at 
very high frequencies, whilst later on it mainly depends on the behaviour of 
the admittance in the low-frequency range. In particular, by means of the 
Abel theorems (vii, 4 and 5) for v — 0 we have 

A(o o) = i x (0), A( 0) = i s (o o), 

provided i s (t) has limiting values as t->0 and t->o o. It is further known 
that the existence of the left-hand members does not imply that of the right. 
Yet the possible applications of Tauber theorems to finite passive electrical 
networks can be surveyed easily by considering the general form of the 
time admittance i T (t). Since in this case A (p) is always the quotient of two 
polynomials in the variable p, differing in degree by at most ± 1, the fol¬ 
lowing expansion in rational fractions is valid generally: 

A(p) = ap + fi + ?+ Ze fc -^— (Re^Oj^ + O). (32) 

P k=l P-Pk 

The original of this function then gives for the corresponding time ad¬ 
mittance the expression 

ij-(t) = <xS(t) -j- U(t) j/? + y £ + 2 c^e^j • (33) 

In this expression the exponential terms represent damped oscillations in 
so far as Rep fc < 0. Only in the case of passive, non-dissipative, networks 
can y be different from zero; in this case A{p) may also have some poles 
different from zero on the imaginary axis (Re^*. = 0) leading to undamped 
oscillations in i s (t ). Moreover, if y = 0 the condition (vii, 13) with respect 
to the Tauber theorem III for v = 0 is satisfied; we therefore obtain 

1 

A(0)=4Lim 7 i s (T)dr. (34) 

t —^ co tj 0 

In words: after a long time the mean current (— the direct-current com¬ 
ponent per unit voltage) becomes equal to the admittance A (0) for ordinary 
direct current (p = 0). Thus Ohm’s law with reference to the mean current 
for t^o o is the physical equivalent of some mathematical Tauber theorem. 
For dissipative networks (Re^> /c <0) the mean current on the right of (34) 
may be replaced by the actual value i s (co). 



VIII. 6 


LINEAR DIFFERENTIAL EQUATIONS 


169 


It is now easy to study transient phenomena due to electromotive forces 
of quite general character, completely different from the unit-function 
voltage above. To this purpose the relation (17) is of utmost importance. 
Of particular simplicity is the ^-function voltage e(t) = S(t) for which 
E(p) = p. If i $ (t) denotes the current due to the impulse e.m.f. S(t) it follows 
immediately that 

i s {t)=pA(p) (Rep>Rep 0 ). (35) 

For instance, in the case of the network of fig. 50 we obtain from (20) 

i s (t) = C8'(t)+^e-W L U(t). 


The equation (17) provides us with many relations between transients 
corresponding to different electromotive forces e(t). First we infer from 
(18) and (35) by applying the differentiation rule that 


Furthermore, the current i e due to any arbitrary e.m.f. e(t) can always be 
obtained if either the time admittance i s {t) or its derivative i 6 (t) is known. 
To see this we first rewrite (17) as follows: 


xA(p)xpE(p) = - xpA(p)xE(p). 


P 


P 


Then, by means of the composition-product rule, 



i s {r)e'(t- 


-r)dr=j" 


i s {r) e(t — T)dr. 


(37) 


It is thus also a matter of indifference whether we know either the time 
admittance i s {t), or the function i s (t), or the frequency admittance A(p ), 
because the current is always uniquely determined by each of them when¬ 
ever the e.m.f. applied is given. 

In concluding this section, let us take the alternating e.m.f. 

e(t) — sin (ojt) U(t ), 


switched on at t = 0. The image of this function is E(p) = (opj{p 2 -\-(o 2 ). 
According to (17) the response current is given by 


i(t)^^ A (p) 


P 2 

P 2 +W 25 


which upon applying the rule of the composition product yields 



i s {r) cos {co(t — t)} dr. 
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Although i s {t) is zero for t<0 we may not replace the lower limit of in¬ 
tegration (— oo) by zero. The notation — 0 indicates that the integration 
should start somewhat below zero, so as to include, if necessary, any 
impulse term 8(t) in i s (t). 


7. Time impedances 

In the theory of electrical networks there exists a high degree of sym¬ 
metry between the properties of currents on the one hand and electromotive 
forces on the other. Numerous properties remain valid if currents are 
replaced by e.m.f/s, and vice versa, provided the admittance A (p) is at the 
same time replaced by its inverse, the impedance Z(p). Consequently, 
just as one can ask for the current if the e.m.f. is given (this problem was in 
fact treated above), one may deduce formulae expressing the voltage in 
terms of the input current; the role played by the admittance is then taken 
over by the impedance. For example, if the current at the terminals is 
given by i(t) = I(p ), the corresponding input voltage obeys 

e(t)±=Z(p)I(p) (Rep > 0), (38) 

since the network is supposed to be linear and since the current e pt produces 
a voltage Z(p)e pt ; for the rest (38) may be derived in exactly the same 
manner as (17). In particular, corresponding to the unit current i(t) — U(t) 
we have the following electromotive force: 

ej .(t) = Z(p) (Re^>0), (39) 


which we shall call the time impedance by analogy to the time admittance 
i s (t). In the case of the network of fig. 50 the frequency impedance is 
found from (21) to be 

7 ( v 1 Lp + R 

(P) A{p) ~~ LCp 2, + BCp + 1 * 

After expanding into rational fractions and transposing term by term the 
time impedance is as follows: 


e x (<) = 


U(t) ji?- 


LPx±R Plt 

RGp x + 2 


BOp t + 2 e j 


where 



are the poles of Z(p). 

The relation (39) will also be valid for Re^> > Rep 0 if, now, p 0 is that pole 
of Z(p)lp which is as far to the right as possible; in the case of passive net¬ 
works, Z(p), like A{p), never has a pole on the right of the imaginary axis. 
Furthermore, the time admittance and the time impedance can be directly 
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related with each other by means of the rules of the operational calculus. 
In this way the identity Z(p)A(p) = 1, if first rewritten as 


i x Z(p) x pA(p) = “ x PZ(P) x A(p) — 1 


yields at once 

/•f + 0 rt+ 0 

e s (t — r) i' s {r) dr = e' s {t — r) i x (r) dr = V(t), 

J-o J-o 


in which the limits of integration originating from the composition product 
(— oo, + oo) are properly replaced by zero and t, or, more precisely, by — 0 
and t + 0 , in order to account for possible terms involving ^-functions. 

Though in practice the time admittance is preferred, since usually the 
voltages rather than the currents are known, it is advantageous to use them 
together, especially in combinations of switching-on and switching-off 
phenomena. For instance, let us assume a system completely at rest for 
t < 0 . Let further at t — 0 the unit voltage U(t) come into action; at time 
t =s t v however, the voltage source is cut out. In this special case the 
switching-on current is cut out at t = t x and the question of determining the 
remaining voltage may arise. The operational solution runs as follows. 
For all values of the time t the current is represented by 

i(t) = U(t 1 — t)=^I(p), 
whilst (38) may be written in the following manner: 


e{t)±=^xpZ(p)xI(p). 

If now the rule of the composition product is applied, the answer to the 
question above is found in the form 

e(t) = f e' s (t — r)ij.(r) U(t 1 — T)dT = f e' s {t — r)i s {t) dr . (41) 

J — oo J — 0 


It is most striking that (41) applies to all three intervals t< 0, 0<t<t lJ 
t > t v where the course of e(t) is quite different. With respect to the first 
two intervals the upper limit of integration t x may be replaced by t , since 
in the interval t<T<t x the argument of e' s becomes negative and thus 
implies a vanishing e'. Thus, if t<t x the integral (41) reduces to ZJ(t) on 
account of (40), as it should; for t > t v however, the function (41) is far from 
trivial. 


8. Series for small values of t . Heaviside’s first expansion theorem 

In the preceding sections we have repeatedly dealt with images that are 
rational functions of p, whose numerator and denominator were different 
in degree by at most unity. In particular this applies to the frequency 
admittance A(p) and the frequency impedance Z{p) of electrical circuits. 
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Further the image (13) of the short-circuit current (see § 4) had numerator 
and denominator of equal degree. In their operational transposition these 
three quantities led to the time admittance, the time impedance and the 
short-circuit current, whilst the respective originals could be determined 
rigorously by first expanding the images into rational fractions and then 
applying Heaviside’s second expansion theorem. But for small values of t 
(e.g. immediately after the source has been switched on) these expansions 
are of little value. It is then better to use a series in powers of t 9 to be ob¬ 
tained by developing the image into powers of 1/p. In order to include all 
the above possibilities we shall assume the image to be a rational function 
of the form 

ft ^ _ «o + <hP + a iP 2 + ■ • • + a nP n + a n +iP n+1 

j \Jtrf U , U ^ r U . I U mV), 


b 0 + b 1 p + b s p 2 + 


+ b n p n 


“U , “1 , , '±n = , 

P U p n ~ X P 


+ a n + a n+1 p 


p n p 


o , &i , , b n ~i i 

i u n 


1 




V 


in which b n is supposed different from zero. 

Let this function be developed into powers of 1/p, viz. 


(42) 


^1 „ ^2 


/(!») = ?jp-3 + 


A3i_A 4 1 A 5 J. 

b 2 n ' b\p bnP 2 + bnP 3 


(43) 


where the coefficients are easily determined as follows: 


— a n +i> 


A 2 — 

a n+1 bn 

1 

> 


a n+l b n 

0 

a 3 = 

1 

bn 


a n -1 b n ^ 2 

etc. 

bn _x 


Obviously the series (43) converges outside any circle enclosing all the 
poles of f(p) and having its centre at the origin p = 0. It is then legitimate 
to transpose the series term by term (see (vn, 26)); confining ourselves, more¬ 
over, to Rep > 0, we obtain for the original the following convergent series: 


l 


a 3 t A 4 t 2 
b*li + b*2i 


A 5 «\ 
hi 3 ! + ' 


This is nothing but Heaviside’s first expansion theorem, which is of great 
importance in the calculation of transient phenomena. 
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Example. Returning once more to the network of fig. 50, we have for its admittance 

( 21 ) 

. LCp* + BCp +1 „ , 1 -B 

A(p) ~ Lp + R Cp + Lp LV + '"’ 

consequently, for the time admittance. 


it R 2 \ 

i T ( t) = — *•+ ...J. 


9. Classification of admittances 

The preceding discussions enable us to divide the possible types of 
electrical admittances into different classes. Three distinct cases can be 
distinguished as to the difference in degree of the numerator (degree m) 
and the denominator (degree n ), since | m — n | < 1: 

(1) m — n — 1: 

In this case the coefficient a n+1 in (42) is different 
from zero; therefore the development (43) starts 
as follows: 

4(p) = c 0 p + c 1 + C ^ + ..., 

where c 0 4= 0. For high frequencies the network be¬ 
haves like a capacitor of capacitance c 0 . Further, 
the first few terms of the time admittance are 
given by 

ij -($) = c 0 £(£) F U(t) (c x + c 2 t 4-...)• 

Thus an impulse function of amplitude c 0 at t = 0 
is present, followed by a continuous function having 
cq as initial value (see fig. 52a). 

(2) m — n = 0: 

In (42) we may take a n+1 = 0. Therefore the 
development of A (p) starts with a constant term <q; 
for high frequencies the network behaves as a re¬ 
sistor. The corresponding development of i s {t) Fig. 52. The time 
begitis with the term c x U{t). This leads to the admittance for t 0. 
curve of fig. 526, showing a sudden jump at t =0. 

(3) m — n — —l: 

We now may suppose in (42) a n+1 = a n = 0; hence the first term of A(p) 
is cjp* Accordingly, the network has the character of a self-inductance 
l/c 2 for high frequencies. The expansion for i T (t) starts with the term 
c 2 t U(t ), so as to make the curve of fig. 52c continuous at t = 0; its slope 
there is determined by the constant c 2 . 
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A different classification of the electrical networks is still possible, 


namely, with reference to their behaviour for low frequencies. This comes 
down to the properties of i s {t) for large values of t. If p^ and p v are the 
lowest powers actually occurring in the nu¬ 
merator and denominator of A (p) respectively, 
then the absolute difference of p and p, too, 
cannot exceed 1. Therefore, again, we have 
three different cases according as p — v = 1,0, 
or — 1. In the low-frequency range the corre¬ 
sponding behaviour of the network is, in the 
same order, that of a capacitor, that of a re¬ 
sistor, or that of a self-inductance. As p->0 
the respective functions A(p)jp, A(p), pA(p ), 
have a finite non-vanishing limit. Accord¬ 
ingly, in (32) j3 = y = 0, y = 0, y 4= 0, respect¬ 
ively. Consequently, the time admittance 
i x (£) given by (33) is schematically represented 
for t — > oo by the three diagrams of fig. 53, pro¬ 
vided we confine ourselves to systems without 
undamped eigenfunctions e v *f. 

Finally, in combining the two distinct classi¬ 
fications we are led to a total number of nine 
different types of networks. In the next 
chapter we shall classify the mutual ad¬ 
mittances analogously. The latter classifica¬ 


&-2> = 1 

ir(t) 

a 


c 

) 


irW 

b 


0 


IrW 

c 

^ / 

_ ^ _ 


Fig. 53. The time admit¬ 
tance for t oo. 


tion as well as that above has been discussed previously by Nijenhuis and 
Stumpersf. 


f ‘On some properties of electrical networks’, Physica , ’ s-Grav ., vni, 289, 1941. 




CHAPTER IX 


I 

SIMULTANEOUS LINEAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS; 
ELECTRIC-CIRCUIT THEORY 

1. Introduction 

Just as in the preceding chapter we applied the operational method to 
a single linear differential equation with constant coefficients, thus ob¬ 
taining an algebraic equation of the first degree for the image, we can apply 
it to a set of differential equations, thereby reducing its solution to that of 
a system of first-degree algebraic equations. Such systems are encountered, 
for instance, in the quasi-stationary theory of electrical networks, at least 
if we are interested in a complete survey of all the currents rather than in 
the current flowing through some particular branch. The disadvantage of 
getting a set of differential equations is neutralized by them being of the 
second order only. 

We shall briefly deduce the general form of the equations in §2, where¬ 
upon they will be approached operationally in § 3. Though our terminology 
and the accompanying examples will always refer to electrical systems, 
the general outlines equally apply to other fields, where, if necessary, the 
maximum order of the individual differential equations may be greater than 
two. In §§4-6 we shall discuss in succession the time admittance, some 
general applications, questions of boundary conditions, and transient 
phenomena. The body of the theory below is substantially the same as that 
in the preceding chapter except that in the following a whole set of simul¬ 
taneous equations is taken as starting-point. Finally, filter networks of 
the ladder and lattice types are treated in §§ 7 and 8, these being special 
cases of general electrical networks. 

2. Equations of electric-circuit theory 

In the quasi-stationary treatment the electrical networks are supposed 
to consist of a finite number of branches which are connected to one another 
at a certain number of vertices. Each separate branch contains a resistance 
B, a capacitance C and a self-inductance L in series. For the present we 
shall not account for mutual inductance between different branches. The 
electrical behaviour of such a system is governed by the two laws of Kirch - 
hoff. According to the first law the algebraic sum of currents flowing into 
any vertex is equal to zero. The second law of Kirchhoff states that the 
total voltage drop around a closed loop is equal to the total electromotive 
force therein impressed. 
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(i.i) 


-/, (2.2) i 




■- i 

L I 


i [ _^_J 

1 —>^-'4 
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& 

N-" 


i 


(3.3) 


We shall consider a network with N independent meshes. Let us make 
a definite choice out of the great many possibilities of taking a system 
of N independent meshes, and number them by 1,2, ...,2V. Let further 
>*••>% denote the independent mesh currents and e v e 2 ,..., e N the 
corresponding set of independent electromotive forces. It is then not 
difficult to write down the system of N differential equations in question, 
by properly accounting for the actual branch currents (i.e. linear com¬ 
binations with coefficients + 1 or — 1 of the mesh currents) and the various 
electrical elements themselves, even if 
we had not ignored mutual inductances. 

We shall not give the general equations, 
however. We rather prefer to study the 
particular case of planar networks (an 
assembly of branches and vertices that 
can be drawn in a plane without cross¬ 
ings) where the coefficients of the equa¬ 
tions can easily be interpreted in terms 
of the real network elements, owing to 
the fact that the N meshes can be chosen 

such that any branch current is the algebraic sum of at most two mesh 
currents. We simply take the N adjacent meshes, none of which has parts 
of the network in its interior (see fig. 54 with N = 4). In this special case 
it is also easy to fix the positive directions of the mesh currents adequately, 
for instance, counter-clockwise as in fig. 54. 

Let (n, m) indicate the branch that is common to the nth and the mth 
mesh; in addition, (n, n) denotes the branch that belongs to the nth mesh 
only. Let L* m , B* m and C* m represent the self-inductance, the resistance 
and the capacitance of the branch (n, m), all connected in series. The second 
law of Kirchhoff applied to the nth mesh then yields 

d 


e, (4.4) 

Fig. 54. An electrical network 
with four meshes. 


— {^Zn-jfo + &Zn + J dtj i n 

+ dt\(i n -i m ) (n=l,2,...,N). (1) 

m*¥n \ O'" L nm J — oo / 


Upon properly arranging the currents i m we can write this in the following 
manner: n / d 1 \ 

e n = 2 \L nm -T t +Rnm+n~\ dt ) i ™ (n= ( 2 ) 

m=l \ U'fr ^nm J “ 00 / 

if the new coefficients involved are defined by 


(1) if n = m : N 

N 

1 

N l 


■^nn ~ X -^nmi 

-R’nn ~ X -^nmi 


~ S p% 7 
m—1 

(3) 

171— \ 

m— 1 


(2) if n + m: L nm = -L* m , 

nm ^ 

n 

nm 

„ p* 

^ nm- 

(4) 
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The canonical equations (2) are basic for electric-circuit theory. It should 
further be emphasized that the coefficients in (2) are positive for n = m, 
negative for n + m, at least if the currents have been oriented as in fig. 54. 
These properties need not necessarily hold if mutual inductances are 
admitted, though of course the general form of (2) remains. Moreover, 
there are two other ways of expressing the equations (2): 

(1) Upon introducing the charges 

?»(*) == j_Jn('r)dT, 

we obtain a set of equations without integral signs, viz. 

N / d 2 d 1 \ 

^ + ( n = l > 2, ..., N). (5) 

(2) If the currents and charges are introduced simultaneously, the system 
(2) can be written as follows: 

e» = j.( S S R nm i m + S (n = 1,2, ( 6 ) 

The latter expressions immediately remind us of the well-known 
Lagrangian equations of mechanics. Defining the magnetic energy T , the 
electric energy F, and the heat dissipation per unit time F, by means of 


INN 

^ = a S X 

* n=lm=l 

(7) 

1 a t N a a 

V= ~; X X 

^ n=l m = l Wm 

(8) 

1 V V 

^ = 9 X X 

^ n = 1m=l 

(9) 


we easily show that (6) is equivalent to 


d_dT dV dF_ 

dtdi n + dq n + di n ~ e » {n 


1,2 


( 10 ) 


3. Transposition of the circuit equations; mutual impedances 
and admittances 

We now proceed to the operational transposition of the general network 
equations (2). For this purpose we only need the differentiation and 
integration rules. It is further sufficient to assume that the following 2 N 
operational relations 

*»(0^4(2>)> e n (t)^E n {p) (n = 1,2, 


VP & B 


12 
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together with those corresponding to the first-order derivatives of i n (t) 
and e n (t) have a common strip of convergence situated at B,ep > 0. If so, 
then from (2) N 

2 Znm(P) Up) = K(P) (n=l,2,...,N) y ( 11 ) 

m=l 

in which the new coefficients Z nm are defined by 

^nm(P ) ” l-'nmiP) ^nm^- ~ * (^) 

Though we have established equations (12) only for a special kind of 
network, that is to say, for planar networks, they apply equally to non- 
planar networks. For planar networks, however, it is easy to interpret 
Z nm ; after substituting (3) and (4) in (12) we obtain 

(1) it n = m: Z nn (p) = p % L* m + % R* m + ± % ^ , 

(2) if n + m: Z nm (p) = - {^)L* m + R* m +^-)j, 

whence it follows that Z nn is equal to the total impedance of the nth mesh, 
whilst —Z nm for nj=m is equal to the impedance of the branch that is 
common to the nth and the rath mesh. 

In order to calculate the currents due to the given sources of voltage we 
have first to solve the system (11) for the images. This solution may be 
written in the following way: 

I n (P) = ?,A nm (p)E m (p), (13) 

1 

in which the coefficients A nm are expressible as the quotients of two deter¬ 
minants involving the known parameters Z nm . Thereupon the currents 
themselves are found by forming the originals of the right-hand sides of 
(13), which can be done by transposing them term by term, and with the 
help of the composition-product rule. Herewith we may conclude the 
general discussion of the operational method. 

We shall now discuss the significance of the functions A nm (p) f which 
turn out to be the natural extensions of the admittances treated in the 
foregoing chapter. To see this we assume that all the currents and voltages 
vary with time like e pt . Then the system (13) proves to be valid for the 
amplitudes i n (0), e w (0), of the currents and voltages respectively, with¬ 
out any operational transposition. Further, a special coefficient such as 
H 12 (p) equals the ratio of the current ^(Oje 33 * to the electromotive force 
e 2 (0) e pt , if all the other sources of voltage are short-circuited, that is, 
e 1 = e 3 = e 4 = ... = e N = 0. In this case we have obviously a four-terminal 
network (see fig. 55); across one pair of terminals the electromotive force e 2 
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is applied, whilst A 12 e 2 is the current at some other pair of terminals 
supposed to be short-circuited. Therefore, again, the function A 12 
represents a frequency admittance, though it differs from the former 
definition in that it relates the current and voltage at different places. 
Generally A nm (n^=m) is called the transfer admittance ; A nn is the driving- 
point admittance at the nth. pair of terminals, in which the current and 
voltage refer to the same place. Similar names exist for the impedances; 
e.g. the transfer impedance Z 21 (p) of the 2 N- 
terminal network is the ratio of the voltage across 
the second pair of terminals, e 2 (0) e pt , to the current 
through the first pair of terminals, if the 

remaining N— 1 pairs of terminals are open-cir- Fig. 55. A four-terminal 
cuited. In this case i 2 = i 3 = ... = i N = 0; here network, 

again the system acts as a four-terminal network. 

Before discussing the significance of the transfer admittances in their 
relation to the operational calculus it may be worth while to give a review 
of some important properties: 

(1) The symmetry property A nm = A mn ; this relation is evident for the 
special networks considered above since Z nm = Z mn . The latter symmetry 
is true on account of Z nm being the impedance of the branch common to 
the nth and the mth mesh. 

(2) A nm (p) is a rational function of p. If p and v are the degrees of 
numerator and denominator respectively, thenf 

p — v < 1 for n^m, | p — v | < 1 for n = m. 

(3) In the case of passive networks none of the functions A nm (p) has 
poles to the right of the imaginary axis; this does not hold for the zeros, 
however, unlike the case of driving-point admittances. 

(4) The following relationship exists between the admittances and the 

impedances: N 

'LA nr {'p)Z rm ('p) = 8 nm , (14) 

r= 1 

in which 8 nm = 1 if n = m, and S nm = 0 of n^m\ (14) is a consequence of 
(13) being the solution of (11). 



Example. Consider the simple network of fig. 56, in which there are two mesh 
currents, i x and The equations (1) reduce to 

] r< di 1 f* 

6! = ^! + -! e 2 =£-^ + - I (ij-H)dT. 

According to (11) the operational transformation leads to 



t See, for instance, W. Nijenhuis and F. L. H. M. Stumpers, ‘On some properties 
of electrical networks’, Physica , ’ s-Grav ., viii, 289, 1941. 
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of which the solution is given by 

j _(LCp i +\)E l + E 2 Ei + iBCp+l) E 2 

1 RLCp* + Lp + R’ 2 RLCp* + Lp + R ' 

We consequently obtain for the driving-point admittances 

LCp t +1 _ RCp +1 

11 ~ RLCp* + Lp + R’ 22 “ RLCp* + Lp + R’ 

and for the transfer admittances 

Al ‘ = A21 = RLGp^ + Lp^R- 


IX. 3 


(15a) 

(156) 


In the last expression the difference in degree of numerator and denominator is two; 
this would be impossible in the case of a driving-point admittance. The different 
character of the three admittances mentioned is clear from fig. 57 showing | A(i(o) \ 
as a function of oj. 



Fig. 56. Example of an 
electric network with two 
meshes. 


|A(w)| 



Fig. 57. The modulus of the driving point 
and transfer admittances of the network 
of fig. 56. 


4. Time admittances of electric circuits 

The simplest kind of electric-network transient phenomenon is obtained 
if all sources of voltage except one are short-circuited, the remaining 
electromotive force being assumed equal to the unit function U(t). Therefore, 
let E k = 1 and E m = 0 (m+i); then (13) reduces to 

4 (p) = A nk (p). 

Thus, if the original of A nk (p) is denoted by i nk s (t), the latter time function 
represents the current through the nth pair of terminals in response to the 
unit voltage impressed at the kth pair of terminals, just as in the preceding 
chapter (§ 5) the function i s (t) was the original of the driving-point admit¬ 
tance A(p). Instead of the single operational relation (vm, 18) we now have, 
for k fixed, N relations 

inksW^AnkiP)* 0 < Re^p < oo (n = 1,2, (16) 

in which the left-hand functions for n =|= k are suitably called transfer-time 
admittances corresponding to the kth source of voltage e k (t) = U (t ). Moreover, 
from the symmetry property A nk = A kn it follows that i nks (t) = i knS {t). 
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The generalized time admittances have similar properties as the restricted 
time admittances of the foregoing chapter, in particular in their relation¬ 
ship to the frequency admittances. Accordingly, the generalized admit¬ 
tances can be divided into several types as to their behaviour for large or 
small values of t , corresponding to the character of the frequency admittance 
for low or high frequencies respectively!. There is one important difference, 
however. Owing to the fact that the degrees p and v of the numerator and 
denominator respectively of the transfer frequency admittances only satisfy 
p — 1, rather than \p — v | ^ 1, there are now more than three classes; 

we must now distinguish according to 

P-v = !> 0, -1, -2, .... 

That is to say, the expansion in powers of 1 \p of the frequency admittance 
may start with any of p l , p°, p “b p ~ 2 , ..., such that the main term in the 
corresponding time admittance, as t->0, is proportional to £(2), t°, t 1 , t 2 , ..., 
respectively. Completely independent of this is that the frequency admit¬ 
tance can equally well be written as the quotient of two polynomials in 
the variable 1 jp whose degrees (p' numerator, v' denominator) also satisfy 
p' — v* < 1. From this again it is possible to arrive at certain conclusions as 
to the behaviour of the time admittances for t^o o. Just as was described 
in § 9 of the foregoing chapter, in this case also the combination of properties 
for t small (p large) and t large (p small) furnishes a natural classification 
of the transfer impedances. Furthermore, the generalized time admittances 
can be calculated with the help of either an expansion in rational fractions 
(Heaviside’s second expansion theorem) or a power series (Heaviside’s 
first expansion theorem) for the frequency admittance. Finally, more 
complicated transient phenomena can also be calculated through by means 
of the composition-product rule, once the time admittance is known. 


Example. Let us again consider the cir¬ 
cuit of fig. 56. To the source of voltage e 1 
there corresponds the following pair of time 
admittances: 

^hj-(^)=tA 11 (p), ^i2_r(0 =5S 5 A 12 (p). 

From the originals of (15) for Rep>0 we 
then obtain, if R> %\/(L/C), 

e ~tl2RC 


irW 



‘hij-W 




RCah 


sin (c o 0 t ) 


)• 


Fig. 58. Two time admittances of the 
network of fig. 56. 


in which a> 0 is an abbreviation for 


^ [ l -°- tl2RC ( oos < W ^ + S^}] ’ 

>r 

0 = V(cZ _ 4iJ 2 C 2 )' 


These two time admittances are shown schematically in fig. 58. 

f See W. Nijenhuis and F. L. H. M. Stumpers, loc. cit. 
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5. Applications of the general circuit theory 

The operational method discussed in the preceding two sections, apart 
from giving the solutions of some special problems, is also useful in deducing 
general network properties. This will be demonstrated in the following 
example: 


A' kk (0) = 2{V(cc)-T(cc)}, 


(17) 


which states a definite relationship between the derivative of the driving - 
point admittance at p = 0 and the difference in electric and magnetic 
energy of the whole system at t — oo, delivered by an electromotive force 
e k (t) — U(t) switched on at t = 0 to the terminals 1c, if it is understood that 
before t — 0 the system was completely at rest. 

To prove (17) we start with an identity that is easily derived from (14), 
namely, 

N N 

A kk(P)~ A kk(~P) = 2 2 {Z mn {-p)-Z mn {p)}A km {-p)A kn {p). 

m=1 n = l 


Then we apply (12); the resistance terms automatically disappear, whence 
it follows that 

P 

= 2 2 kw x P A kmi ~P) x A kn(P) + 7T~ X A kmi ~P) x • 

Pm= ln=l( C mn p I 

(18) 

To transpose this into the ^-language, we assume the network dissipative 
with respect to the source e k , so as to have the first pole p 0 of A kk (p) (counted 
from the right) lying to the left of the imaginary axis (see vm, §5). On 
account of (16) we then have 

A kn(p)^ i knA t ) = 2fcnx(0 (Rep>~Rep 0 ), 

P A kn(P)^ikns(t) (Re;p>Re^ 0 ). 

Moreover, if the variable^ is replaced by —p the new relations have a strip 
in common with the old; we thus have simultaneously for 0 < Re p < — Re p 0 

A kn(P)r =i ikns( t )> P A km( ~P)^ik m A ~ 0» 

^M=q kn {t), A km (-p)^-q'kJ-t)- 

All this enables us to transpose (18) operationally with the help of the 
composition-product rule. The result is found to be 

A k jc(p) — A kk { —p) _. ^ ^ ^ 

V m= 1 n~\ 

/ rt +o i rt +o \ 

X - L mn An A* ~ A AmA -t)<Zt + — I q kn (t - t) q' km ( - t) dA , (19) 

\ J — oo *- y mn J — ) 
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valid in the aforementioned strip of convergence. Let us now determine 
the limit of the original as By replacing the first factor in either of 

the integrands by i knS (oo) and q knS (°°) respectively, and then integrating 
the second factors, we obtain as a result 4F(oo) —4T(oo), if the definitions 
(7) and (8) are accounted for. Since we assumed the system to be passive 
this limit necessarily exists, and it then follows from the Abel theorem that 
the limit above is equal to the limit of the left-hand side of (19) as p->0, 
that is, 2A' kk (0). This completes the proof of (17). 

The result just obtained can also be interpreted somewhat differently 
as follows. With the help of the elementary rules it is easy to derive from 

4(?)HW«) (Re^Re^), 

the relations 

A'ic k {jp)r== — \ T ikks( T )d T= I ikks( T ) d T ~ tikkstf) (B> e F > 0). 

If to this Abel’s theorem is applied then (17) is found equal to 

L ™ ( f i kks (T) dT-ti kks {t)\, 

of which the first term represents the total energy 91 actually delivered to 
the system by the unit voltage e k (t) — U(t) up to the time t , whilst the second 
term indicates the fictitious work 53 that would have been done since 
t = 0 if the system were always in its final situation, corresponding to t — oo 
(this second term comes down to heat dissipation). Consequently, (17) 
may also be formulated as follows: 

91-53 = 2F(oo)-2F(oo) - A' kk ( 0). (20) 

The above theorem was first stated, without proof, by Heavisidef. It 
was later on derived by LorentzJ in a direct manner from Maxwell’s 
equations, thus without introducing the principles of quasi-stationary 
theory. Van der Pol§ stated the connexion with the frequency admittance 
Aick- 

If, instead of (18), the analogous identity for 

}p{A kk {p)+A kk {-p)} 

is taken as starting-point, then only the resistance terms pertain, while 
the influence of both self-inductance and capacitance disappears. By 
similar reasoning we find 

A kk {x>) = i kks ( + 0 ) = 2F(co). ( 21 ) 

f Electrical Papers , London, 1892, vol. n, 412. 

J Collected Works , The Hague, 1936, vol. m, 331; Proc. Nat. Acad. SciWash., 
viii, 333, 1922. 

§ ‘A new theorem on electrical networks’, Physica , ’ s-Grav iv, 585, 1937. 
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6. Circuit equations with initial conditions 

In §4 of the preceding chapter we discussed how to account for the 
initial conditions at t = 0 to which the required solution of a differential 
equation with constant coefficients may be subjected. A new differential 
equation was derived, namely, that for h*(t) = h(t) U(t). The situation is 
quite the same in the case of a set of such equations. We shall confine our¬ 
selves again to the equations of an electric circuit. Thus, let us ask for those 
solutions of (2) or (5) for which the currents i n (t) — q' n (t), and the charges 
q n (t) have prescribed values at t = 0. Introducing the new functions 

^*(0 = ^rSt) ^(0 = Qn{t) ^( 0 * 

we then obtain, in view of (2), 

N ( d i ft \ 

2 \I J nm -T. + R n m + Ti — 

m—1 \ U't' ~°o / 

= e n U(t) + S(t) S L nm i m (0)— XJ(t) S ^ In-1,2,...,N). (22) 

To solve (22) operationally we assume that the following relations 

i*(t) = i n (t) U{t)=It{p), ejf) U{t)y=E*{p), 

together with those corresponding to the first-order derivatives of the first 
set, have a common strip of convergence. We then find, instead of (11), that 

N N N a (0) 

2 Z nm (p)I*(P) = KiP)+V 2 L nm i m ( 0)- S ^ (n=l,2,...,N), 

m = l m=1 m=1 '^nm 

(23) 

or, more briefly, and remembering the definitions (7) and (8), 

N idT\ /dV\ 

X Znmip) IM = K(P)+P (* -) - brr I , 
m=l \W n Jt =0 W?»/l-0 

which has been given by Carsonf in a slightly different notation. The last 
equations have left-hand sides completely equal to those of (11); they can 
therefore be solved in terms of the former admittance coefficients A nm (p) 
of § 3. So we find that 

IUP) [ EM +P fc)o - fejol ‘ (24) 

We have now arrived at the same situation as in vin, § 4, inasmuch as the 
operational solution splits up into two parts, viz. 

(a) i%\t) U(t) =f$(p) = S A nm (p) E*(p). 

m ~-1 

f Bell. Syst. Tech. J . xv, 340, 1936. 
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| This part is characteristic for the switching-on phenomena, since it repre¬ 
sents the situation as time goes on for a system that was at rest before t = 0. 

This second part describes the typical switching-off phenomenon, which 
occurs if at t — 0 all sources of voltage are short-circuited, the further course 
of the system being fully determined by the values of i m (0) and q m ( 0). 
The last phenomenon is, in general, according to Heaviside’s second expan¬ 
sion theorem, a linear combination of 'eigenstates’ r, each of which repre¬ 
sents a situation where all the currents and voltages have a common time 
factor e p r f . The constants p r are the zeros of the determinant | Z nm (p) | 
of (11); the characteristic frequencies are a) r = p r ji . 


7. Ladder networks; filters 

In the operational form of Kirchhoff’s network equations, (11), all the 
mesh currents are present simultaneously. One usually confines oneself to 
special types of networks, however; in particular, to the ladder networks and 
the lattice networks , both satisfying the condition that any mesh has never 
more than two neighbours. Consequently, any equation involves at most 
three mesh currents. The scheme of a general ladder network is presented 
in fig. 59, in which the elements Z n and Q n+ i denote arbitrary impedances. 

4 _4 4 4-i 4 


!' q X c= 1 I c =^-”-T c:: T => " < 



Q.: /, | 

Q.,! ,, j 


/ n _, } 

/. 1 I 

1 o- ■■■■» i 

r i 

i —1 i 

L j 

r ". 

C———-o ! 


Fig. 59. A ladder network. 


This type of network is of practical importance in the design of electrical 
filters where the given voltage e 0 (t) at the left is transformed into the new 
voltage e N (t) at the right. This special four-terminal network is often useful, 
for instance, in sieving out some desired frequency z 

band, of suitable intensity, from the frequencies —T-i ~„ »-T 

occurring in the original input signal. l. f ° l 

In contrast with the custom in filter theory, Q-* | " 1 *■- ^ ^ 

which is based on the concepts of image impedance, _i_i_ 

iterative impedance, and the like, we shall here Fig 60 An interior mesh 
derive our results in a straightforward manner, of a ladder network, 
directly from the KirchhofF equations. Concerning 
the interior meshes (see fig. 60), the equations (11) reduce to 

ZnIn + Qn+±(In — In+l) + Qn-t(In~In-l) = ^ ( n ~ 2, N — 1), (25) 


I'-"- 


L 


i 
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whilst the zeroth and the Nth mesh lead to different equations containing 
the images E 0 (p) and E N (p) of the electromotive forces e 0 (t) and e N (t ), if, 
for the sake of symmetry, we assume electromotive forces impressed at 
both sides of the circuit. The images of the mesh currents I n (p) are thus to 
be obtained in terms of E 0 , E N , Z n , Q n+ $, from the following system of 
equations: 


(Zq + Q^Iq — Q±I\ = E 0 , 

— 0*^0 + (ft + ©1* + ^l) A ” ft*-^ — b, 

~ Qih ^ 1 +(ft* + ft*+^2) ^2 “ ft* h — 0, 

(26) 


Qi v -n In -2 + (Qn -lh 


+ ftv~*+ 1 ) 4-1 ~~ ftv~* 4 — b, 

— ftv-* 4 -i + (ftv-* + Z N ) I N ~ —, 


In order better to survey this set of N + 1 equations for the N + 1 un¬ 
knowns, we may write them in the form of a single difference equation of 
the second order (cf. chapter xiii), viz. 


K{Qn(P)' K I n(P)}’~ Z n(P) I n(P) = - <f>n(P) ( n = 0,1,2,...,^), (27) 
in which the operator A n , frequently to be used later on, is defined by 

A J(n) = f(n +£) —f(n - \). (28) 

The right-hand member, — <j> n , of (27) is zero except at the end-points 
n = 0 and n ~ N, where it is equal to — E 0 and + E N respectively, if Q_± 
and Q n+ ± are put equal to zero. 

Ladder networks are also closely connected with continued fractions. 
This is most easily seen from the practical example of a filter terminated 
by some impedance Z' so that E N = Z '4* When viewed from the left, the 
circuit is seen to act as a two-terminal network with driving-point impedance 

(29) 


This formula can be derived either from (26) or more directly as follows. 
The circuit viewed from the terminals of e 0 is evidently a series connexion 
of Z 0 with the remainder; this remainder in turn is simply a parallel con¬ 
nexion of the admittance 1/ft and that formed by the series connexion of 
Zj and the new remainder of the network behind Z x \ and so on. 

In this way any continued fraction with partial numerators equal to 1, 
and denominators that can be interpreted alternately as impedance and 
admittance, can represent the driving-point impedance of some ladder net- 



+ ...+ 


1 1 

1 

1 

-+ r 

—r-* + i 



Z 


r N -1 


Q 


AM- 


Z* + Z' 
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work which is easily constructed. In particular, a non-terminating ladder 
network may correspond to an infinite continued fraction. To exemplify 
we mention 


J (^) tanh = 


i 


jT' + I 

3 + 

+ 

Cp | 

R \ 

Cp 


+. 


=s . m 

R 


(30 > 


whose p -function is the frequency admittance 7 0 /i£ 0 of a filter whose elements 
are the capacitances 1 jpZ n = Cj(4n+ 1) and the resistances 


= B/(4n+3). 


The original of the continued fraction, involving the 0-function (see for 
its derivation formulae 4 and 11 of chapter xi), is just the time admittance; 
it therefore represents the current entering the circuit at the left if the 
unit voltage U(t) is applied at the entrance. 

The converse problem is also important. Starting with some rational 
function for a given admittance one may ask whether it is realizable by 
a two-terminal ladder network. The answer is often in the affirmative!, 
owing to the existence of identities such as 

^oj> n + ^2P n ~ 2 + ^4y n ~ 4 H-— _ a | 1 I , 1 1 , , 1 1 

d 1 p n - 1 + d a p n ~ 3 + d s p n - 6 +... lF I a 2 p \a 3 p \a n p ’ 


d 0 p nl2 4- d 2 p n/2 ~ 1 + d x p nl2 ~ 2 + ... + d n 
d x p nj2 + d 3 p nl2 ~ l 4- d h p n!2 ~ 2 4* ... 4- d n ~ x p 

1 I 1| 

= (i x -f i——< + |—' 4- 

\a 2 p | a 3 

in which 



a -£ a - 

1 * D^D„ 


(h — 2,3,1), 


= 



d n Dn-2 


D 0 =l, 




<*1 


eZ 0 0 0 0 0 

dg 0 0 

d± d 3 d 2 d x dg 


djt 


n being an even number in the second identity. 

For instance, the first identity leads to a ladder network with self-induct- 
ances corresponding to the series impedances a x p, a 3 p, a 5 p, and capa¬ 
citors corresponding to shunt impedances lj(a 2 p), l/(a 4 ^p), .... Whether or 
not such ladder networks are actually realizable depends on the coefficients 
a k being positive or not. 


f Cf. W. Bader, Arch. Elektrotech. xxxiv, 293, 1940. 
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In returning to the difference equation (27) we observe that this equation 
is linear in I n with respect to n with coefficients in general depending on n. 
Of course, the solution is most easily found if both the series impedances | 
Z n and the shunt impedances Q n +$ are independent of n (homogeneous 
filter). If, moreover, Z and Q denote these constant impedances respectively, 
the solution appears as simple as possible if the two boundary impedances 
Z Q and Z N are taken equal to \Z instead of Z. In this case the solution of 
(26) or (27) becomes 

T („\- E o cosh i 2 ( N -»)*}- E n cosh (2 no) 

nKP ’~ J(QZ + lZ*)smh(2Nx) ’ (M) 


in which 


a = arc sinh = i arc sin ( - ^)) (Re a > 0). (32) 


In addition, if the filter is made a two-terminal network (observed from 
the left) by applying the terminal impedance Z ' = E N /I N , E N can be 
eliminated by means of (31) for n — N. The final expression for the image 
of the nth mesh current is then found to be 


4(i>) 


En 


{e~ 2n * + Re- 


-Z(Z]\-n)cL\ 


in which 


" J(QZ + iZ*) (1 -Re-™*) 
(P) ~ J(QZ + iZ*) + Z’- 


(33) 

(34) 


As in the general case, A(p) = IJE 0 not only determines the ratio 
between the images of the current in the nth mesh and the voltage, but also 
the ratio between the quantities themselves if both are proportional to e pt . 
If then p is replaced by we obtain the familiar expression for the admit¬ 
tance of the homogeneous low-pass filter of alternating-current technique. 
It is also possible to consider the p-function IJE 0 as being a transfer 
frequency admittance. 

Owing to its simplicity, formula (33) can be interpreted physically in 
two different ways, in virtue of two distinct expansions. 

(1) We first consider the geometric series 

CO \ 

JJfc e -2a(n+2AriV)^ JJ &+1 e 2ot(n-2kN-2N)\ ^ 35 ^ 

&=0 I 


L = 


En 


J{QZ + \Z*)\ k t 


This development shows that the currents produced by the alternating 
electromotive force E 0 = e 0 e pt can be looked upon as an assembly of travel¬ 
ling waves. For, if the exponential factors of (35) are multiplied by the 
time factor e pt = e i(ot , the separate terms become proportional to 

0—2Re a (n+2kN) ^Uart—2 Im a ( n+2kN )} 


e 2Re a {n-2kN~2N) ^i{a>t +2 Im a (n-2kN-2N)} 


In the order given, these factors correspond to waves travelling through the 
filter to the right and to the left respectively. The velocity of propagation 
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is, distances being measured in units of cell lengths, v = |w/Ima; the ampli¬ 
tude is decreased by a factor e~ 2Rea when the wave passes from one mesh 
to the next. Moreover, the successive terms of (35) have phase differences 
I equal to 4iVIma = 2Ncojv, corresponding to the transit time required for 
a wave to travel twice the whole system of N cells, in the forward and 
backward directions successively. Obviously it is just as if in the filter a 
travelling wave had started at the left (travelling to the right; the term with 
k = 0 in the first series of (35)), had then been reflected at the right (pro¬ 
ducing a wave travelling to the left; k = 0 in the second series of (35)), 
followed by a reflexion at the left, and so on and on. In this picture the loss 
in amplitude after each reflexion at the right is accounted for by a factor R , 
since after k successive reflexions the amplitude is R k . Therefore, R of (34) 
has the meaning of a coefficient of reflexion. 

(2) Another interpretation is obtained according to Heaviside’s second 
expansion theorem by means of a development in partial fractions (a finite 
value of A(co) is assumed), viz. 

^ n(P ) ^ ^ n,r 

V ~ pE o~ P~Pr 

The original of this series (whether or not the latter terminates) represents 
the current due to the unit voltage in the form of a combination of eigen¬ 
functions e p r* 9 The corresponding characteristic frequencies co r = p r /i are 
obtainable from the zeros of the denominator of (33); they therefore 
depend strongly upon the terminal impedance Z'. 

There are, of course, many other systems performing small vibrations 
that allow of either of the physical interpretations given above, for instance, 
vibrations of a string. Our first interpretation in this case corresponds to 
D’Alembert’s solution of the differential equation which describes the 
motion of the string in terms of travelling waves reflected forwards and 
backwards at the ends. The second interpretation corresponds to Bernoulli’s 
description in which the solution is expanded into a Fourier series. 

The solution of our filter problem is particularly simple if the coefficient 
of reflexion happens to be zero, since then only one wave of (35) remains, 
travelling to the right; in this case the filter acts as if it were infinitely long 
(N oo). But this is only possible if 

Z’ = J(QZ + \Z*), 

that is, if the filter is terminated by some transcendental function, which is 
never realizable rigorously by means of a finite number of self-inductances, 
resistances and capacitances. 

Let us now discuss an example of a homogeneous, and another of an 
inhomogeneous, filter of the ladder-type network. 
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Example 1. The theory of ladder networks is most conveniently illustrated by the 
common low-pass filter (fig. 61) in which both series and shunt impedances are 
constant except that the former is halved at the end-points. In this case the series 
impedances are inductances L, and the shunt impedances are capacitances <7. Con¬ 
sequently, we have to take 


Z = Lp , 



a = arc sinh 



L L L iL 

- 




£ 


iJ 

h 


I <V J ‘ 




Fig. 61. The homogeneous low-pass filter. 


If the filter is infinitely long, or terminated by the impedance 




(36) 


we must take R equal to zero; the transfer admittance with respect to the nth mesh 
current then follows from 


1° 

I n _ e-*"« _ Vx ( /(£ .\_P\- 

K J(QZ+±z*) yp +1 jW Wo ) *>oi 


(“•-jhi)- <s,) 


The expression clearly indicates that the low-pass filter especially lets through the 
low frequencies occurring in the electromotive force impressed at the left. For 
pji = o)<o) 0 the factof { } 2n has unit absolute value and therefore the currents in 
different cells have equal absolute values. But if co > oj 0 the absolute value of the current 
decreases exponentially with n, thus giving at the right a current that is almost zero 
for a sufficiently long filter. Consequently oj q may be taken as the cut-off frequency 
of the low-pass filter. 

The original of the p -function (37) is the time admittance with respect to the nth 
current, that is to say, the current through the nth self-inductance caused by the unit 
voltage e 0 (2) = U(t) at the left side of the filter. Furthermore, upon multiplication 
of the image by p, the new original becomes equal to the current produced by the 
electromotive force S(t). Anticipating the result (x, 12) of the next chapter, involving 
a Bessel function, we then find that 

'i'njW — ( 38 ) 


By a Fourier analysis of this Bessel function it is easily shown that it contains only 
frequencies between 0 and <w 0 . Since any arbitrary voltage e 0 (t) can be built up by 
impulse functions, it is quite understandable why the frequencies between 0 and U) 0 
predominate in the response current. As to the property that the low-pass filter does 
not suppress the frequencies oj > o> 0 completely, this is due to the fact that the latter 
frequencies, though absent in J 2n (u) 0 t), are present in the cut-off function J 2n( W 0^) 
however, the amplitudes of these frequencies are smaller than those for a)< 0 ) 0 . The 
functions | A n (io)) \ and i n j{t) are shown in fig. 62. 

In passing we note that the homogeneous low-pass filter is easily transformed, by 
a limiting process, into a coaxial, loss-free, cable of self-inductance L and capacitance 
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C, both per unit of length (xv, § 4). To see this we need only take the number of cells 
per unit of length in the filter equal to N, and then let N grow indefinitely. In order 
to get the current at the distance x from the left end of the cable, we have to put 
L = L/N, C = GjN, n = Nx, so as to obtain 

2N 

0) a = No) ft = 




V(^)’ 



<..»w 



Fig. 62. Transfer admittances and responses to an impulse 
e.m.f. for the homogeneous low-pass filter. 


and then from (37) as N -»oo, 


A(x) 


J®zr.UGr')-£r-M 


— I Q—2pxia)0' 


Again, multiplication of this image by p and transposition into the Z-language 
together lead to 


it(t) 




(39) 
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which is the response current in the cable due to the impulsive voltage S(t). Further 
details of cables will be postponed till later. The gradual transition for N -> oo of the 
low-pass filter into a cable is also evident from a consideration of (38) for small t. 
In fact, the numerical behaviour of J 2n shows that i n $ has no appreciable magnitude 
before the moment given about by (o 0 t~ 2n or t~2n/a) 0 — 2x/aj 0 (see fig. 63). It signi¬ 
fies that the first observable effect of the impulse is moving along the filter with a 
velocity this is in complete agreement with the velocity of propagation of the 
sharply defined impulse existing according to (39) in the case of a cable. 



Fig. 63. Showing the retarded response to an impulse e.m.f. 
for the homogeneous low-pass filter. 


We now return to the low-pass filter under consideration before. It is easy to obtain 
from (38) a relation fulfilled by the Bessel function. Since the image I n —pA n (p) 
of the function (38) must satisfy the difference equation (27), we have for n 4= 0 that 

4x> 2 

O ) 0 

Consequently the Bessel function J 2n (o) 0 t) — J 2n (2x) of (38) itself is a solution of the 
corresponding 2-equation; that means 

(il-h4« = 0. (40) 

This difference-differential equation is characteristic! for the Bessel function J*n( 2*) 
in its dependence upon the order n and the argument x. 

Just as this property of Bessel functions was found by the special choice (36) as 
to the terminal impedance Z\ we may derive other interesting properties by another 

f Cf. Balth. van der Pol, ‘Discontinuous phenomena in radio communication’, 
J. Inst . Elect . Engrs , London , lxxxi, 381, 1937. 
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suitable function 77, In this respect the Bessel-function approximations of Nijen- 
huisf should be mentioned. They are found by taking 77 equal to zero; it then 
I follows from (33) that the impulse voltage e 0 (t) = ^J(LfC) 3{t) causes a current in the 
nth mesh whose image is given by 

i < t \= p W(p»+ i)+p}« Af -» w +{v f (i>«+1) 

V(p 2 + i) {^{p i +i)+pY N -{^(p t +\)-pY N ’ ' 

if for the sake of simplicity (o 0 is taken equal to 1. Let us now apply the preceding 
theory. The analogue of D’Alembert’s method (development into a geometric series) 
leads to the image 

00 v 

i n ^(t) 2 -—-{e“<2n+4fcV)arcslnh2> _j_ e (2n-4fcV-4JV)arcsinh 2 >) 

■fc=oV(? |2 + 1 ) 

whence it follows with the aid of (x, 12) for the original 


00 


— U(t) 2 {^ 2 n+ 4 fcvW + J -2n+4kN+iN(t)}* 
0 


(42) 


As to Bernoulli’s method we need the expansion in rational fractions whereby the 
zeros of the denominator of (41) play a part. In this case the zeros lie on the imaginary 
axis at 


Pr 



(r — integer). 


Accordingly we easily obtain 


(-l) ft / p • p \ 1 ^-1 cos ( 7Tnr \ _ 2 _ 

4A^ \;p + i p — i) 1 ' \ N / p — ^sin (nr/2N)' 


Combining the fractions belonging to conjugate complex zeros the original can be 
written as follows: 


. U(t) v l nnr 

l n,8{ t ) = 7>7f 2 COSi — 

2N r=-N +1 \ N 


^ cos sin ^ 


2^))* 


(43) 


Finally, identifying the right-hand members of (42) and (43) we arrive at the remark¬ 
able equality 

^2«+4jvW — ^2n+8jv(^) *^-2«+4V^) — ^-2n+8v(0 ” • • • • 

It is worth noting that for suitable values of n, N, t , the Bessel functions at the right 
are negligible in comparison with the sum, which is favourable in the numerical 
calculation of the Bessel function J. 


Example 2. Wigge § has discussed a non-homogeneous filter (Z n and Q n+ * depending 
on n) having the special property that the characteristic frequencies o) r = p r /i are 
those of an arithmetic progression; <w 0 , 3o> 0 , 5o) 0 , .... The series impedances are again 
self-inductances but they now depend on n, viz. 

— = L =2 L — + ^ (N + 2)--‘(N + n) (2N+ 1) (21V- I)... (2N-2n + 3) 

P n ° N(N— 1)... (JV — n+ 1) (2AT + 3)(2 JVh-5)...(2JV+2w+1) 

t W. Nijenhuis, 4 On transients in homogeneous ladder networks of finite length 
Physica , ’ s-Grav ix, 817, 1942. 

% Cf. Nijenhuis, loc. cit. 

§ Z. Hochfrequenztech. Elektroalc. i/vri, 101, 1941. 
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whilst, for n — 0, Z 0 = L 0 p. The capacitances, occurring in the form of shunt im¬ 
pedances, are given by 
1 _ ^ 
pQ„ +i ~ Cn+i 

_ _1_ ■y(jy-l)...(jy-n+l) (2.^ + 3) (2y + 5)...(21V+2w+l) 

- L 0 a>l(N+l)(2N+l)(N + 2)(N+3)...(N+n+l)(2N-l)(2N-3)...(2N-2n+\) 

(0 


Fig. 64 illustrates the network. It can be shown, using equation (26), that for this 
special filter network the ratio of the image of the current (I 0 ) to the image of the 
voltage ( E 0 ), both taken at the left-hand side, is determined by the following driving- 

point admittance: „ „ .. 

, 1 (^ + 0^)(p 2 + 2^)...{^ + (2iV)^g} 

(P) i 0 p(p ^! -i-l 2 w§)(p i! + 3^)...{p^ + (2^+l)2wS}• 


U L, U L, 






-^OOOCXK)^ 



"c“ 

Ci 

Ci 




Fig. 64. An inhomogeneous low-pass filter. 


As before, the original of pA(p) provides us with the input current i s (t) in response 
to the impulse voltage S(t). The operational relation (xm, 37(6)) then easily leads to 

ig(t) = P 2 „ +1 {cos (w„t)}, (45) 

"0 

in which P denotes the Legendre polynomial. Although the elements of the filter 
under discussion depend on n in a rather complicated manner, yet it has some simple 
properties, e.g. the characteristic frequencies are harmonic and real, and the transients 
are simple expressions involving Legendre polynomials. 


8. Lattice networks 

A second type of network frequently encountered in practice is the 
lattice network , where again the Kirchhoff equations involve no more than 
three mesh currents, just as for ladder networks. A lattice network consists 
of N consecutive cells, each of which contains a pair of equal impedances 
Z n and a second pair of equal impedances Z' n that are interconnected 



according to the scheme of fig. 65. Although the number of meshes of this 
network is 2A+1, yet it follows from the symmetry that it is sufficient to 
account for N + 1 independent mesh currents, of which the nth, i n , flows 






laboratory 
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through the connexion of two consecutive cells. To see this let us cotLfoYcirAND 
the nth and the (n — l)th cell, while supposing the other cells not present 
(see fig. 66). The current i n through the connexions of both cells can be split 
up into two parts; the first part follows the single arrows, the second the 
double arrows. In their respective ways both z„_, z„ 

parts meet the same impedances; they are 
therefore both equal to \i n . If then the whole 
lattice network is built up by joining together 
the pairs formed by the first and the second 
cell, the second and the third cell, etc., then 
it is easily verified that the series impedances 

Z n are all traversed by the current \i n + \i n+1 , Fig. 66. Two adjacent in- 

and similarly the shunt impedances Z' n by the terior meshes of a lattice 
current \i n — \i n+ v Therefore the system of network, 
equations (11) for the individual meshes reads as follows: 

(Z 1 + Z' 1 )I 1 -^(Z 1 ^Z[)I 2 =2 E v 

(Z x — Z[) I x + ( Z 1 4- Z' Y 4- Z 2 4- Z 2 ) / 2 4- (Z 2 — Z 2 ) / 3 = 0, 

(Z 2 — Z' 2 ) / 2 + (Z 2 + ^2 + 2 3 + Z 3 ) 7 3 4 - (Z s — Z' 3 ) / 4 = 0 , 

> m 

(Zn-i ~ Zjsf-i) In-i + (Zn-i + Z' N _ X 4 - Z N 4 - Z' N ) I N 

+ (Z N — Z' N ) I n+1 = 0, 

(Z N ~ Z N ) I N 4- (Z N 4- Z' N ) I N+1 = — 2 E n+v , 

Again, the algebraic equations determining the image functions I n can 
be summarized in a single difference equation, namely, 



K{ Z n-\{V)^n I n(P)}~^n{ Z n--i{V)^n I n{P)} = ~2<f>(n) (fl = 1, 2, ..N + 1), 

(47) 

where in addition to the difference operator A n of (28), we also use the sum 


operator 


VJ(n)=/(» + i)+/(»-!). 


As in the discussion of the ladder network, <fi(n) is everywhere zero, 
except at the boundaries (n — 1 and n = N 4-1) where it assumes the values 
E 1 and — E N+1 respectively, if it is understood that 


Zq — Zq 


Z'n+i = 0 - 


The system (46) can be generally solved if, as usual, we assume that 

=Z N Z' N = Zl 


which in the conventional theory of filters means that the image impedance 
of any of the consecutive cells equals a fixed impedance Z 0 . The simplest 


13-2 
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solution is obtained if in addition an extra^impedance \Z 0 is added to the 
cells at the ends; the currents of the corresponding circuit, which is shown 
in fig. 67, are then determinable from 

T — Vn 1 ( z o ~ ^k \ E n+ i / Z 0 — Z k 
n 2Z 0 \Z 0 + Z k J 2Z 0 k i\ \Z 0 + Z, 


(50) 


* 

i 

i 

i 

i 

e,j 


jZ. Z, 


z; 


z; 


1Z 0 




T 


Z N 14 


z: 




*4 




* 



Fig. 67. A lattice network with suitably chosen end cells. 


This formula can still be simplified if the source of voltage at the right is 
short-circuited {E N+1 = 0), which means that the filter at the right of the 
A'th cell is terminated by the common image impedance Z 0 ; the mutual 
admittance between the left end and the nth branch of the filter then 
becomes 


w E 1 2ZjJ 1 \Z 0 + Zj 2Z ok i\[Z' k 


-z 0 \ 


+ZJ- 


(51) 


The corresponding originals again represent the time admittances, that 
is to say, the currents in the successive branches as functions of the time, 
if at the left end of the filter a unit voltage is applied. 

Whereas formula (51) enables us to build up lattice networks whose 
admittances consist of a product of simple functions, the latter networks 
are particularly useful in the realization of admittances given in the form 
of series . Moreover, by means of parallel connexions of the lattice networks 
discussed above it is possible to realize admittances that are represented 
by a sum of products of p-functions. It is even possible, by properly using 
an infinite number of elements, to arrive at the representation of con¬ 
vergent infinite products and series. In order to see how in this way many 
transcendental admittances can be realized by suitably chosen networks, 
it is worth while to consider the following examples. 


Example 1. If we take, according to the diagram of fig. 67, 







k 

Cp 9 


z: = 


Lp 

IT 


(£=1,2,..., AT), 


the image impedance becomes a pure resistance; the series impedances are capaci¬ 
tances, decreasing with k and Ar 1 , and the shunt impedances are self-inductances, 
decreasing in just the same manner. 

According to (51) the admittances of the corresponding circuit in which we assume 
ejy +1 = 0 (see fig. 68) are given by 


A 


n — 



1 /fcy-t ( pj(LC)-ic \ . yo 

2 V W*Ji l P <J(LC) + kj- 2JL 


P„_i( -1 +2e-«vUQ) U(t). 


(52) 
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Obviously the network under consideration is dissipative; the admittance above has 
poles on the negative p -axis at — 1 l<J(LC), — 2/*J(LC ),...» — (w — 1 )/*J(LC), and zeros 
on the positive p -axis at 1 2/*j(LC), ..., (n — l)j^(LC). It is easily verified that 

the absolute value of A n on the imaginary axis, that is to say for real frequencies 
(p = io)) 9 is | <J(C/L). Consequently, though any undamped alternating signal in 
passing this filter undergoes a phase shift varying with frequency, the change in 
amplitude is independent of the frequency. The Legendre polynomials P lf P 2 ,...» 
are characteristic for the time admittances of the various branches. The right-hand 
member of (52), which may be derived from (xi, 35), is just the current in the nth 
branch due to the unit voltage U(t) applied at the left of the filter. 



MQ 


Fig. 68. Lattice network leading to Legendre polynomials. 


Example 2. Another lattice network leads to Laguerre polynomials. Let us choose 
the elements so that 

Zi = -r-7, 45- A(4p+i), z 0 = a, 

4p+ 1 


Z 2 — Z z — ... — Z N — —, Z' 2 


Z3 = ... = Z' N = 2A p. 



Fig. 69. Lattice network leading to Laguerre polynomials. 


Then the series impedances consist of capacitances 2/A and the shunt impedances 
of self-inductances 2A, except those of the first cell which have values twice as large, 
whilst the latter are connected in parallel and in series, respectively, with a pure 
resistance A. According to the scheme of fig. 69, which is another special case of fig. 67, 
the transfer admittance (51) becomes 


p (p-&)"-* 

" 2A(i> + i)— 1 


(n+1). 


The original of this p -function is the corresponding time admittance, which is found 
to be 

i - r(<) = 2A^T2)! e “‘ ,£ -- 2W ' (53) 
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if use is made of (vi, 17) and the attenuation rule. Therefore, the currents in the I 
successive branches are represented by the Laguerre polynomials L 0 , L x , L N - i, 
multiplied by the factor 


Mr 



Fig. 70. Lattice network leading to a series expansion 
of Laguerre polynomials. 


This is important with a view to the realization of networks having a prescribed time 
admittance. Since the very functions Q~^L n {t) U{t ), where n is a non-negative integer, 
are orthogonal for the interval 0 < t < oo, that is, 

r*co f(n!) 2 (n = m), 

er 9 L n (x)L m (x)dx as \ 

Jo l 0 (n^m), 

it is most convenient to assume the prescribed time admittance expanded as follows: 

iV = l 

in which the coefficients c N are easily determined if ij-(t) is given. If now (see fig. 70) 
a parallel connexion is madef of the lattice filters above, which individually have 

| A similar device was given by Y. W. Lee, J. Math. Phys. xi, 83, 1932. 
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time admittances equal to U(t) then in the case of an arbitrary ter¬ 

minal impedance Z' 9 the transfer time admittance (unit voltage across PQ, current 
through Z' between P' and Q') is determined by 


i s (t) = e-»* 


2 + Z / (c 1 + c 2 + c 3 + ...) 


U(t). 


In terms of the p -language the device given above reduces to a possible realization of 
the transfer frequency admittance A{p) if the latter is explicitly given in the form of 


A(p) = 


_ p _ f c x 

2 + + c 2 + • * *) U2 9 + i) 


(p-i) 
(P + i) 2 


+ c 3 


(P+i) 3 T 



CHAPTER X 


LINEAR DIFFERENTIAL EQUATIONS 
WITH VARIABLE COEFFICIENTS 

1. Introduction 

Just as linear differential equations with constant coefficients may often 
be solved by transposing them term by term, so also may the less simple 
differential equations with variable coefficients. But the resulting equation 
is not, as before, algebraic in^; on the contrary, it is also in general a linear 
differential equation with variable coefficients. Whether the latter is 
essentially simpler than the initial equation depends on the nature of the 
variable coefficients occurring in the original equation. All this is par¬ 
ticularly easy to survey if, as below, we confine ourselves to coefficients 
that are rational functions of the independent variable. In this case the 
most general form of the differential equation is reducible to the following: 

d s 

in which a r>s are constants, and r and s both run through a finite set of non- 
negative integers. 

According to (iv, 38) and the differentiation rule, the equation above is 
transposed into , ,. r 

PZI >«(-^) ( 1 ) 

which is obviously of the same form as the initial differential equation. 
There is in general also a typical reciprocity. To explain this we first remind 
the reader that the maximum value of s in the original equation is usually 
referred to as the order of the differential equation. Secondly, let the maxi¬ 
mum value of r therein be referred to as the ‘degree’ of the differentia] 
equation; this does not necessarily lead to confusion with the customary 
notion of this word, since the differential equations considered here are 
only of the linear type, i.e. of the first degree in the usual sense. With these 
definitions in mind, the reciprocity referred to above concerns a sufficient 
condition that by the process of operational transposition the degree and 
the order of the differential equations involved change into each other. 
The condition in question requires that a r0 should vanish for r + 0. This rule 
can easily be verified from the foregoing equations. 

The operational method may be expected to be particularly useful if 
in the original equation the degree is smaller than the order, since then the 
p-equation is of lower order. It should be borne in mind, however, that the 
p-equation may admit solutions that have no original at all. On the other 
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hand, in order that the method be successful the only requirement is that 
| the ^-solution in question should have an image. 

1 It often happens that the solution h(t) possesses an image only if first 
made one-sided: = h(t) U(t). In this case we have first to derive a new 

equation, satisfied by from that initially given to hold for h(t); this 
procedure was carried out for differential equations with constant coeffi¬ 
cients in vm, § 4. 

As to the determination of the constants of integration occurring in 
any solution of the ^-equation fulfilling the side conditions, the Abel and 
Tauber theorems prove very useful. 

To illustrate the efficiency of the operational calculus in dealing with the 
type of differential equations specified, we shall subsequently discuss the 
functions of Laguerre, Hermite, Bessel, Legendre, and the hypergeometric 
function which covers all these special functions. The general method is to 
deduce simple operational relations for the function itself when starting 
from the corresponding differential equation. If necessary, the function 
may be first multiplied by some other simple function. From these topics 
especially the heuristic value of the operational calculus is quite evident; 
not only is the given differential equation solved, whether formally or 
not, but also many properties of the solution become easily perceivable. 
It often happens that almost trivial relations between the images found 
represent corresponding relations between the originals themselves that 
are of essentially profound character; they could be deduced otherwise, but 
most probably only by means of a great amount of cumbersome calculation. 


2. Laguerre polynomials 


For these polynomials we already have the operational relation in 
(vi, 17). For a better understanding of the general operational procedure 
in the resolution of a differential equation, we shall derive the same relation 
once more but differently. We now only suppose that the underlying 
^-functions L n {t) are polynomials in t , and satisfy the differential equation 


d*L n 
dt 2 


+ (1 — t) 


dLn 

dt 


+ nL n — 0. 


( 2 ) 


We know in advance that the function L n as polynomial has a simple 
image (that is, one without impulse functions) if and only if it is made one¬ 
sided. Therefore, we shall restrict ourselves to the differential equation for 
L*(t) = L n (t) U(t). To this end we first calculate the individual derivatives, 

dL* 

~^ = L' n U(t) + L n (0)$(t), 


d*L* 

dt % 


= K(t) U(t) + L' n ( o) S(t) + L n (0 ) d'(t), 


viz. 
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d 2 r,* ijr,* 

t M +(l ~ t) lti +nLt = L n (0)8(t) + {L' n (0)-L n (0)}tm+L n (0)tS’(t). (3) 


On the right-hand side, the term with td(t) may be omitted since it repre¬ 
sents a null function and consequently does not contribute to the opera¬ 
tional transposition (see VI, § 15). Moreover, tS'(t) can be replaced by 
— S(t) according to (v, 66). Therefore, the final conclusion is that the right- 
hand side of (3) may be ignored completely; both L n (t) and L n (t) U(t) 
satisfy the same homogeneous differential equation (2). 

Now, the operational transposition leads to the following equation: 


-P^(Pfn) +Pft +P^f* + n f* = °> 

in which /*(p) stands for the image of L*(t). On rearranging we easily 
obtain that , 

(p~P 2 )-j£ + nf% = 0 ’ ( 4 ) 

which is of the first order and of the second degree (in p). This differential 
equation is much simpler than (2), the latter being of the second order and 
of the first degree (in t). Owing to this the general solution of (4) can be 
given immediately; it then leads to the following operational relation: 

flip) = = U(t) (Rep>0), 

where the constant of integration, A , has to be determined in accordance 
with the conventional normalization ofthe Laguerre polynomials, L n (0) = ft!. 
This is afforded by means of Abel’s theorem, stating that h(0 ) =/(oo); it 
gives A = L n (0 ) = nl. We have thus found the relation (vi, 17) anew, 
namely, > n 

L n (t) U(t) = n\ y 1 --) ( Re ^ > °)* 


With this relation at hand it is quite easy to write down the successive 
Laguerre polynomials, viz. 

L 0 (t) U(t) - 17(f) 


LS) U(t) = (l-t) U(t) 

L 2 (t) U(t) = (2-4 t + t*) U(t) 


= 1, 

\ 

= 1 

1 

p 


i i \ 2 

= 2 


= 6 

K)*, 


\ pi j 


etc. 


Hep>0. 
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These low-order polynomials are represented, together with their images, 
in fig. 71. 

Before concluding the present section, just a few remarks which apply 
not only to the differential equation of the Laguerre polynomials but also 
to other equations to be discussed in due course. 

(1) The differential equation (2) possesses a second solution, linearly 
independent of L n (t), in the form 



Fig. 71. One-sided Laguerre polynomials with their images. 


Though the corresponding one-sided function W n (t) U(t) certainly has an 
image, the latter is not found as a solution of (4). As a matter of fact, the 
differential equation for the one-sided function W n {t) U(t) is different from 
that for L n (t) U(t); the former function does not satisfy the homogeneous 
equation (2) but it is a solution of (3) when the right-hand member is 

replaced by This can be verified when properly accounting for the 

logarithmic singularity of W n {t) at t = 0. 

(2) Let us multiply the differential equation (2) by the factor t\ the 
resulting equation then becomes 

t 2 h"(t) + t(l-t)h'(t) + nth(t) = 0. 


It is very important to note that both L n (t) U(t) and W n (t) U(t) satisfy this 
new equation; in other words, the operational transform 




which is nothing but (4) multiplied by the operator — p ^ ^ ~, is satisfied 
by the images of both L n (t) U(t) and W n (t) U(t). Therefore multiplication 
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of a differential equation by some power of t increases the number of 
independent solutions that can be found operationally; this is a consequence 
of the simultaneous increase of the order of the differential equation for 
the image function. 


3. Hermite polynomials 

The Hermite polynomials were encountered in the operational relation 
(v, 65). Let us next discuss them in connexion with their differential 


equation 


d? He w 


dt 2 


•- 2 1 


(iHe^ 

~dT 


+ 2nHe„ = 0. 


(5) 


From the point of view of the operational calculus, the above equation is 
somewhat less simple than the differential equation (2) of the Laguerre 
polynomials, because the one-sided function He*(£) = He^(£) U(t) does not 
satisfy the homogeneous equation (5) but the inhomogeneous equation 


Since either He^(0) or He^(0) is zero, only one term of the right-hand side 
actually remains. Let us confine ourselves for the moment to even values 
of n by putting n — 2m; then He 2 m ( 0 ) = 0 as H e n (t) is even or odd according 
as n is even or odd. We thus find that 


(JL 2 4 +4m ) He *™- 

which upon transformation leads to the following image equation: 

( 2i, |p + ( 4m+ ^ 2 ))^ = He 2m( 0 )^ 2 - ( 7 ) 


A particular solution of the inhomogeneous equation (7) is easily obtained 
from the knowledge that Cp~ 2m e~& 2 is the general solution of the corre¬ 
sponding homogeneous equation. When the latter function is expanded 
into a Laurent series, and then subjected to the operator on the left-hand 
side of (7), then all the powers of p generated will of course cancel out. In 
like manner it is easily shown that only one term, namely, that proportional 
to p 2 , remains when the same operator is acted upon 


CL 


r e-L > 2 


p* 


— CL 


p 2m \ 4 + 32 


= a 


p 


1 

2 m 


ij) Z 


,+ 


32 p 


2m—4 




(- 1 )” 

4 m m! 


The symbol [[•]] has the same meaning here as before in (iv, 4a); it sup¬ 
presses the terms of positive powers of p. 
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To obtain the proper coefficient of p 2 occurring on the right-hand side 
of (7) we have to choose a equal to 

(-4)™rn!He 2m (0) = 4 ™(2m)!. 

Having thus found a particular solution of the differential equation (7), 
we can at once write down the general solution, namely, 

f*m = Ap~ 2m e~i p2 + 4 m (2m)! • 

Now, it turns out that the inversion integral with respect to the ^-function 
above diverges unless A — 0. Consequently, as the one-sided Hermite 
polynomial does have a convergent inversion integral, we necessarily 
arrive at A = 0 so that 2 

H e 2m (t) U(t )=4 m (2m)! [[^ J J (&ep > 0), 

/i(t)“ We„(t)l/(t) 

-2 


‘n-1 
,n-0 


-51 

Fig. 72. One-sided Hermite polynomials with their images. 

or somewhat simplified, after replacing 2m by n, and t by 

He.(l*)ir(«)fc=nl[[^-]], 0 <Re^<co. (8) 

It is to be remarked that this relation also holds for the Hermite polynomials 
of odd orders. Finally, the simple relation enables us to write down at once 
the successive polynomials, viz. 

H %{t) U(t) = U(t) =1, 

H6,(0 U(t) = 2 tU(t) = 2[[2>- 1 e-i» 2 ]], 

He i (t)U(t) = (4t*-2)U(t) =p-2 = 8[[p-«e-fe*]], 

He 3 («) U(t) = (8t 3 - Ut) = 48[[^e-fc 2 ]], 

etc. 

These originals and images are shown in fig. 72. 
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Other simple operational relations may be derived after first introducing 
a suitable change of variables. As an example consider the function 
y n (t) — He n (<Jt) whose differential equation is readily obtained from (5), viz. 


d 2 d 

2t^+(l-2t)j t +n\y n = 0. 


dt 2 


That of the corresponding one-sided function, y*(t) = y n (t) U(t), turns 
out to be 

{ 2 * ~ + (1 - 2t) j t +»} y* = - He m (0) 8(t), 

whence it follows for the image of y*(t) that 

|2jj(l-p)^ + (w-i9)| <p* = -HeJ0)f>. 

For odd values of n especially, the solution is easily obtainable since then 
the right-hand member vanishes. In this case the solution is uniquely 
determined except for a constant factor; it is thus found that 

A /I \ m 

He 2m+a (V«)^)=^(^-l) (Re^>0). 

The required value of A is most easily calculated with the help of Abel’s 
theorem applied in the form 

Lim n(m + = Lim p™+if(p). 

t —► CO t p — >0 


We may just state the final result to be 

He 2m+1 (V0 £7(0=— + *)!> 0<Rep< co. (9) 

The usefulness of such operational relations becomes particularly evident 
from the following example, in which starting from (9) and (vi, 17) a con¬ 
nexion is found between the Laguerre polynomials on the one hand, and 
the odd-order Hermite polynomials on the other. For this purpose the 
image of (9) is split up into factors according to 

1 / l\ m 

(— l) m 2 2m+1 Ii(rn+\) x - x aJp x ^1 — -j , 


which upon application of the composition-product rule and (4,18) 
immediately leads to 


H e 2m+1 ( V0 = ( — !)’ 


(2m+ 1)! r l LJt) 


f. 


(ml ) 2 Jo*J(t~T) 


dr (t> 0). 


( 10 ) 
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4. Bessel functions (operational relations) 

In this section a number of operational relations for the Bessel function 
J v (t) will be derived through the operational transposition of its differential 
equation 

+ + — = 0 , ( 11 ) 

either directly or after introducing some new variables. 

As is well known, the ordinary Bessel function of the first kind, J v (t), is 
the solution of (11) that can be developed into ascending powers of t when 
the first term is chosen equal to (\t) v jR{v). It is obvious that the two-sided 
Bessel function is not likely to have a simple image; however, the one¬ 
sided function J*(t) = J v {t) U(t) will possess an image for Hep > 0, provided 
Hev> — 1. Since J v (t) is proportional to t v as t^O, the homogeneous 
differential equation (11) also applies to the one-sided function J*(t) for 
Re v > — 1; this may be verified in like manner as before in other cases. 
Upon operational transposition the equation for the corresponding image 
is obtained in the following form: 






Though the last differential equation, like that shown in (11), is still of the 
second order, its general solution is algebraic, namely, 


f*(p) = i)~pY + b {'J(p 2 + 

The constants of integration, A and B , are again determined by means 
of Abel’s theorem, at least for Re^p > 0. For large values of p we have first, 
approximately, that 

Wp* (|i>|-*oo). 


Next, according to Abel’s theorem, the right-hand member must tend in 
the limit to the finite number 


LimII(v)^ = n(v)Lim 

t^O t v t-+ 0 


m 

t v 


i 


2 V ' 


This is actually possible, but only if B = 0, A = 1, provided we confine 
ourselves to values of v with Re v > 0. The final result then becomes 




p 

V(^ 2 +!) 


0 —v arcslnhp^ 


0 < Re^> < oo. 

(12) 
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A closer examination will show that this operational relation is valid even 
when Re v > -1 . The original and image for the orders v = 0,1,2 are shown 
in fig. 73. 

The many-valued exponent - v arc sinh p just accounts for the individual 
branches of the many-valued Bessel function, for which it is well known 
that J v (x ) is multiplied by e 2 ™ when the argument x describes a complete 
contour around the origin in the counter-clockwise direction. 

m- wm fa)- b-pf 


■H 

IfJBI 


Fig. 73. One-sided Bessel functions with their images. 


1 /’c+ia 

~~ 2mJ c _ ia3 


-dp (c>0; Rev> — 1). 


As a direct application of the important relation (12) we mention the 
corresponding inversion integral, namely, 

1 /’c+ico arc sinh P 

J - (l) P((> - V(^+l) dp (C>0;Be, '>- 1 )' (13) 

We have thus obtained an integral representation of the one-sided Bessel 
function valid for Re v > — 1 which may be compared with that of the two- 
sided function, viz. f arc sump 

A C + / OO 

valid for all values of v and t; the path of ,m P j^Uit) 

integration L is shown in fig. 74 together ^ 

with that of (13), K. Apparently the sim- t 

plicity of the path of integration in (13) -°° <n --—I-—^ 

causes the integral to vanish automatically 
when t < 0. 

In general the operational relation (12) Vc _ /oo 

applies only to one of the two linearly inde- Fig. 74. Paths of integration 
pendent solutions J v and JL„ of (11). Only if of the integrals for J v (t) and 
— 1 < Rey< 1 does (12) represent the images 

both of J v {t) and J_ v (t). In this case, any solution of (11) can be transposed 
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operationally; in particular, the Hankel functions which are often required 
in physical applications because of their specific asymptotic behaviour for 
large values of t. The two existing types of Hankel functions are most con¬ 
veniently defined as the following combinations of <^,and J_ v : 


(i) 

Hf\t) - 


' sin (vtt) 


{e*. 


(14) 


It is not difficult to derive the corresponding images with the aid of (12) for 
— 1 < Re v < 1, but we shall only explicitly mention the limiting case v = 0, 
which reads 

U (£) ===== —r —~—— (l + —arcsinh^A, 0<Re^<co. (15) 

*](P +I)\ ™ / 


In concluding the discussion of the operational relation (12) we remark 
that, after an application of the rule (iv, 42), it reduces to the simple relation 


m 

t 


U(t)^-e~ VfiTCS[nhp , 


0<Rep<oo (Rev>0). 


(16) 


In order that the operational calculus should supply us with a rapid 
approach to perhaps unusual and intricate properties of Bessel functions, 
it is desirable to have other operational relations at hand also, which may be 
obtained after adequate change of variables. Of the great variety of possi¬ 
bilities we shall treat only two examples; in both cases the differential 
equation for the original is of the first degree (in t) and, accordingly, that 
of the corresponding image is of the first order. 

(1) The differential equation for y v (t) — t v J v (t) can easily be obtained 
from (11); it is found that 


#+<>■ 


•*•)<!+*.-o, 


(17) 


of which a second independent solution is t v J_ v (t). When Rev>0 , the 
same homogeneous differential equation (17) is satisfied by the one-sided 
function t v J v (t) U(t), but not by the analogue t v J_ p (t) U(t). 

Let <f> v (p) denote the image of t p J v (t) U(t). Then, upon transposing (17), 
it is found that 

(p+|) hip) = o, 

of which the general solution is easily given; we then get the operational 
relation 

rj p{ t) uw-A jpl— . 


VP & B 


14 
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Again, the constant of integration, A, can be obtained by applying Abel’s 
theorem. The final result may be shown to hold even when Re v > — \\ thus 

t v J v {t) U(t)^f - 0<Re^<co (Re^> — J). (18) 

Fig. 75 shows the original and image for v = 1 and v — 2. 

In particular, for non-negative integral values of v the relation (18) is 
reducible to the following form: 



Fig. 75. Examples showing the original and image of the 
operational relation (18). 


(2) Ry changing both the dependent and independent variables according 
to 

z v {t) = &J V {2 Jt), 

the equation (11) is transformed into 


d 2 z„ ,dz v 

t W + ^ 1 ~^lt +Zv ~ 0, 


of which a second solution is t* v J_ v (2 ^t). The corresponding image equation 
is again of the first order, namely, 

pf'(p) + (v-^jf(p) = 0. 
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I Proceeding in the same manner as in the first example we finally obtain 
the following operational relation: 


U(t) = 


e -l!p 


0 < Rep < oo (Re v > — 1). 


( 20 ) 


The original and image for v = 1 and v = 2 are plotted in fig. 76. 

The last relation at once furnishes the conventional expansion of the 
Bessel function into powers of its argument, viz. 


00 


•£(*) = S 

71 = 0 


(-1 

n\Yl{v + n) ’ 


( 21 ) 


h(t)-t%(Ut)U(t) f(p)-p-*e-+ 




Fig. 76. Examples showing the original and image of the 
operational relation (20). 

which may be derived from (20) by term-by-term transposition of the 
image, the latter being expanded into powers of 1/p, and putting z = 2 *Jt. 
As is well known, the Bessel function of the first kind of arbitrarily complex 
order v and argument z is customarily defined by the very series (21). 

Another operational relation for non-negative integral values of v is 
the following: 

'~^U(t) = m~P) n e- 1,p ]l 0 < Rej) < oo. (22) 

It can be deduced by first expanding the Bessel function on the left into 
powers of t , using (21), and then transposing the result obtained term by 
term. It should be noticed that here, in contrast with the image of (8), the 
series in powers of 1/p of the function [[ ]] involves an infinite number 
of terms. 
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Still another interesting formula: from the definition integral corre¬ 
sponding to (22) it follows after the substitutions p = l/x, t = x 2 s that 


x n 


x n+1. x 


>n+2 


n\ (w-f-1)! (tH-2) 


r- = x L 


>e~* s J n {2xJs} 


ds (cc>0), 


in which the left-hand function is just the 'remainder 5 of the exponential 
e~ x , apart from sign. 

It may further be emphasized that the variables occurring in (20) are 
also useful in connexion with the function Y n (t), which for integral values 
(n) of v represents a second solution of (11), linearly independent of the 
ordinary Bessel function J n (t). Though in text-books explicit expressions 
for Y n are usually quite complicated, yet we have the comparatively simple 
formula (n — 1, 2, 3,...) 

xi»Y„(2 Jx) = (- l)” fc £( - 1 ) fc ^{n(A)n(/S:-%)} * 

Term-by-term transposition leads to the following operational relation: 


t^Y n {2 4) 

&=o 


L 


d 


dk\U(k — n)p 


4 - 


Finally, on account of (vi, 4a), the terms with Jc^n can be expressed by an 
exponential integral; we thus find that 


t* n Y n (2 V<) U(t) = 4 Ei (“) - S (*- 1)! P k ]> 0<B,ep<oo 
V l WI fc=i ) 

(n = 1,2, 3,...). (23) 


Thus far we have exclusively dealt with Bessel functions of real argu¬ 
ments, but the methods developed above apply equally to Bessel functions 
of complex argument. Of particular importance is the 'Bessel function of 
imaginary argument 5 , defined by 

Ux) = e-i* iv J v (ix), (24) 

from which it is evident that I v {x) is real for real values of x, just as J v (x) 
itself. The differential equation satisfied by I v (t) is slightly different from 
(11), in that (1 — p 2 /£ 2 ) is replaced by ( — 1 — v 2 /£ 2 ). The further investigation 
proceeds on the same lines; omitting all details we state only the relations 
analogous to (18) and (20), viz. 

t v m U(t) n(y - i) {p2 4 1)y +l , 1 < Re|> < co (Re v > — -|), (25) 

e Vp 

t iv I v {2 = — , 0 < Re^3 < co (Re v> — 1). 


(26) 
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In addition, there also exist important relations that involve I v in the 
image rather than in the original. To obtain a simple example, consider 
the following formula: 


Up) 

P v 




(27) 


which may be verified by comparing the expansions of either side into 
powers of after applying Euler’s integral of the first kind to the coeffi¬ 
cients on the right. But the right-hand member of (27) is simply the defini¬ 
tion integral of a certain cut-off function; accordingly, we are led to a new 
operational relation, viz. 


t 2 )" h U(l — t 2 ), -oo<Rep<co (Rev>-£). (28) 

Another kind of Bessel function is represented by the well-known K- 
function, defined by 

*,(*) - =e*{/_,<*)-«*)}. (28) 


It, too, has a simple integral representation, completely analogous to 
that of 7„(p), that is, (27). We may just write down its operational inter¬ 
pretation, that is to say, the relation 

-JH— tfi-iy-i U(t— 1), 0 <Rep <co (Re v> —%), (30) 

pv-i •2*TI(j'-|) 

which we further transform by means of the shift rule into 


e p K^ p)^ , t 2 + 2 t y>-iU(t), 0<Rep<oo (Rev>-^). (31) 

rpV 1 2 v \i(y—\) 

The last operational relation is of primary importance in Bessel-function 
theory, since it is basic for the investigation concerning the asymptotic 
behaviour of the general Bessel function. It may therefore be worth while 
to sketch an independent proof of (31). We first observe that the one-sided 
original on the right-hand side of (31) satisfies the following homogeneous 
differential equation (Re v > — J): 

(t 2 + 2t)h'(t)~ 2(y-£) (t+ l)h(t) = 0. 

Then, after operational transposition, the resulting ^-equation is easily 
shown to be satisfied by the left-hand member of (31). A second solution 
of the ^-equation, however, is proportional to e^ 1- ^^). Consequently, 
the image corresponding to the original of (31) is at any rate expressible 
as follows: 

e±p 

— {aK^+pup)}. 
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Next, the constants oc and /? remain to be chosen properly. Confining our¬ 
selves to Rep>i, it is seen that the original under consideration is finite 
at 1 = 0; the same must therefore hold for the image as ^~>oo, whence it 
follows that 0=0. The constant of normalization, a, can be calculated from 
Abel s theorem, once the dominant term of K v {p) is assumed known. 

The complete asymptotic expansion of K v is obtainable by first expanding 
the original of (31) into ascending powers of t, and then transposing term 
by term. The result is the well-known series 



” nfr + n-l) 1 
n ~0 IT (v — n — \)n!(2p) u 


(P~> oo), 


(32) 


which terminates if, and only if, v is an odd multiple of in the latter case 
the expansion is not only an asymptotic* but also the rigorous expression, 
i.e. an equality for all values of p. 

An alternative expression for K n+ ±, where n is a positive integer, is the 
following: . 

<ss) 


In concluding this section we may mention the functions ber(z) and 
bei (z), which for v — 0 were introduced by Lord Kelvin in his electro¬ 
magnetic theory of the skin-effect in wires of circular cross-section. The 
functions of unrestricted order and argument can be defined in terms of 
the Bessel function of the first kind by means of 


e±*>J p (e**'z) = ber v (x)±ibei lf (x). 

Then, analogous to (20), we have 

U(t)=e ± (R e p>0; Rer> - 1), 

P 

which can be found either from the differential equation or by a term-by- 
term transposition from the corresponding series (21). It consequently 
follows that 


ber„ (2 <Jt) U(t) = 


COS ( i + f 7TV j 


p v 


^bei„(2^) U(t)=- 


sin(Lf^) 


> 0 < Rep < oo (Re v> — 1). (34) 


p v 


5. Bessel functions (applications) 

The operational relations derived in the preceding section form an ade¬ 
quate starting-point either for proving results already known, or for 
establishing essentially new expressions, all involving Bessel functions. 
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Possible hints as to what relation is most useful in a certain case cannot 
be given; now one is the better, then another. The majority of the examples 
given below are also to be found elsewheref. We shall start the discussion 
with some applications of the simple operational relation (20), because it 
yields the elementary properties of the Bessel functions quite easily. 

(1) When in (20) the original is differentiated n times in succession with 
respect to t , then the right-hand member must be multiplied by p n . This 
new image obviously corresponds to t^ v ~ n ^J v _ n (2 ^t) U(t). Consequently, 
after putting x = 2 ^Jt 9 we immediately find that 

{^dxf {xVJAx)] = (35) 

(2) Upon multiplying the original of (20) by t , and applying to the image 

the corresponding operator —p we obtain 

e -i Ip 

$ V+1 J V (2 VO U(t) = (v+ 1) — -— . 

Applying once more the relation (20), to either of the two terms of the image 
above, and then replacing 2 ^Jthy x and v by v— 1, we arrive at the well- 
known recurrence formula 

= (36) 
JO 

(3) In like manner, by application of the operator 

d. d 
dt * ^ dp 

to (20), it is found that J' v {x) — ~^vi x ) “ Jy+i( x )> 
elimination of J v (x) from this and (36) then leads to 

( 3? ) 

The last identity can be written in the following way: 

(i +iA ") j2v{x) = °’ 

from which it is not difficult to derive again the difference-differential 
equation (ix, 40). 

(4) By application of the composition-product rule to the simple identity 

1 1 e- 1 ^ _ e~ 1/p 

p pP'~ v p v ^ pi 1 * 


t Balth. van der Pol, ‘ On the operational solution of linear differential equations 
and an investigation of the properties of these solutions Phil. Mag . lxxx, 861, 1929. 
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and using (20), it follows that 

VO *7(0 = n^~^ JV-T^-”TiO'-UJ v _ 1 (2 Vr)dr 

(0<Rep<Re / «+1). 

Consequently, after putting s = 2 and x = 2 <Jt, 



Jp-i(s) (x 2 — s i y~ v s v ds = 2^Yl(ji-v)xt‘.J ll (x). 


(5) The definition integral corresponding to (20), after some simple 
transformations, yields the following formula: 


/; 


J v [2ccx) dx = \<x v 


(Rev> — 1). 


A rather different class of properties is obtained when the investigation 
is based on the operational relation (18). For instance, consider the following 
factorization: 

1 P _1^ 2»II(y-i ) p v 2-n (~v~\) p 

COS (V7T) £> 2 + 1 p ^7T (p*+iyH X ^ (p*+l)-P+V 

When the rule of the composition product is applied, and (18) is used, we 
easily arrive at the result that 


cos (wr)J^ J y {x-g)J_J£) ij dt; - sinx (-£<Rev<|; x>0). 

Another application of (18) is the proof that Bessel functions of half¬ 
integral orders (v = n integral) are expressible in finite terms of x, 
sin x and cos a:. To see this we first derive with the aid of the similarity rule 


t”+*J n+ i(xt) U(t) = 


(2x) n +^n\ p 
^Jn {p 2 + x 2 ) n+1 



(Rep>0; 0; #>0), 


and then, after transposing the right-hand member and putting t = 1, 


*4+i(a0 = 



(38) 


Let us next turn to the operational relation (12), which is very useful in 
evaluating integrals.The following examples may be given for reference. 
(1) From the identity 


1 p 

p x *](p 2 +i) 


p 

V^ 2 +!) 


P 

p 2 + 1 ’ 


0—varcsinhiJ x 


gvarcsinhp 
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we immediately find upon application of the composition-product rule 

J v (s) J_ v (x - s) ds = sin x (- 1 < Re v < 1; x > 0). (39) 

(2) In like manner, from the identity 

— X — r —~—— 0 — ^arcsinhp x — e - / 4 arcsinhj? _ \ _ P _ p— (/i+v)arcsinli33 

P P ft *J{P 2 + !) 

and using ( 12 ) and (16), we find that 

f l j o J v( s ) J v( x ~ s )-j = Jp+ V (%) (Re/i>0;Rev>-1). (40) 

(3) In order to prove the well-known formula of Frullani, that is, 

J o {J 0 (as)~ cos(bs)}^- = log(^j, (41) 

we first apply the rule (rv, 41a) to the following operational relation: 

{J 0 (at) - cos (bt)} U(t) { ^J +at) - (Re ^ > °)- 

The result is found to be 

Um Sl- C08 m] 7 ^ los < Ee »> *)■ 

from which (41) follows on account of Abel’s theorem, h(o o) = /( 0 ). 


Hitherto we have only discussed formulae involving a finite number of 
Bessel functions, if not only one. We shall now treat a few series containing 
an infinite number; they, too, can readily be got from the operational 
relations deduced in § 4. 

(1) With the help of (12), and using the identity 

^(p 2 + 1) (1 + 2a2 + 2a 4 + 2a 6 + ...) = 1 (| a | < 1), 

in which a = yj(p 2 + 1 )-_p, 

it is found that J 0 (x) + 2J 2 {x) + 2J±(x) + 2J G (x) + ... = 1. (42) 

Moreover, since for integral values of n we know that 

= (~l) n J n (x), 

(42) may be written alternatively 

2 J 2n(%) = 2 Jnix) = 1 * 
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( 2 ) From ( 12 ) together with 
P 


we similarly find that 

J 0 (x)-2J 2 (x) + 2J i (x)-2J 6 (x)+ ... = 2 (-l)”«/ 2 n (x) = cosx. (43) 

n= — oo 

(3) Again from ( 12 ), but now using 


P 


(a — a 3 + a 5 — a 7 + ...) = 


P 


2 (^ 2 + 1 ) 


(|a|<l), 


V(i> 2 +!) 

it follows that 

J 1 (x)-J 3 {x)+J 5 (x)-J 7 (x)+ ... = 2 (- l)*4+i(*) = Isinx. 


»=0 


(44) 


(4) Next, ( 12 ) and the following identity 
a v 2p 


V(i ?2 + 1 ) V(i> 2 +!)n=0 


Sa ^ 1 (| a | < 1 ), 


lead to 


J v {s) ds 


22 ^ 


n=0 


*>4-2n+l 


(x). 


(45) 


(5) Let us differentiate (iv, 45) and transpose term by term the corre¬ 
sponding series 

Sm ~ U(t) == p arc cot p = p arc sin ( - 7 — f- ; ) 

t W(^ 2 + 1 )/ 

p ill 1 1.31 1 ) m 

~ V(i> 2 +lH 1+ 23(p 2 +l) + 2.45(p 2 +l) 2+ "'/ ( Re ^ >0 )> 


with the aid of (18); the result is easily found to be 

■S - <W ” J,[x) - sin * 


*-o ( 2 ^+ 1 )^ 


a; 


(46) 


( 6 ) Finally, let us apply ( 20 ) to the following series: 

e —(1—a)/p e -I IP a e -llP a 2 e -l IP 

■* i ,,j.i "h oil "4* •••• 


p v 


p v 


We then obtain: 

J_A 2Vft(l-a)}) ” («V<) 


(l-a)i" 


Jo W! 


1 ! p v +^ 2 ! 

-Jp+n( 2 Jt) (Rey > — 1 ; a< 1 ). 


This formula is nothing but the well-known multiplication theorem of 
Bessel functions; after putting x — 2 *Jt and y = ^/(l — a), we get 


J v (y x ) __ ^ n~/i 


^- ; =E{k(i- 2 / 2 )}” 

y n =0 


w! 


(Re v> — 1 ), 


(47) 


which is actually valid for arbitrarily complex x, y. 
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Whereas the results so far obtained undoubtedly belong to the elementary 
part of Bessel-function theory, we shall now discuss some formulae not so 
well known. 


Example 1. Extension of an integral discussed by Sommerfeld. We shall derive 
from (47) an integral formula that is an extension of one given by Sommerfeld, who 
applied it to describe the electromagnetic field of a Hertzian dipole, placed upon the 
surface of the earth assumed plane. The generalization can be obtained in the following 
manner. To begin with, the series expansion 


U(P 2 + 1 ) 


S (-q) n p 

n=0 n ' \/(2’ 2 + 1 ) 


{V(i j2 + 1 )-p}” + " 


is transposed term by term with the aid of (12). Then, the resulting series is summed by 
the use of (47). Next, the new result is subjected to the shift rule which gives 


P 




{■s /{p 2 +l)-p} v & 




. /t-a,y v 


J„(V(* 2 — a 2 )} U(t — a), 0 < Re£> < oo 

(Re y > — 1). (48) 


Finally, the corresponding definition integral, when the substitutions p = zjp> 
a = — ikp , t = A /(A 2 p 2 + a 2 ) are performed, yields the identity 


( 7(14 


z 


/kP0tfc\/(p S +2 4 ) 


pl V(p 2 +* 2 ) 


= (tan \d) v - 

, ,49) 

Jo ' w vo’-fi’ 1 


in which r and 6 may be interpreted as spherical co-ordinates, and z and p as 
cylindrical co-ordinates. This formula is valid for all k (the square root being defined 
with positive real part), though in its derivation an imaginary value of k (a being real) 
has been assumed. Sommerfeld’s integral mentioned above is obtained when v is 
taken zero; it proves to be of great importance in the resolution of partial differential 
equations of the second order (see chapters xv and xvi). 


Example 2. The special case of the operational relation (23) when n = 0, that is. 


Y 0 (2 V*) U(t) = e-i/*Ei 



(Rep> 0), 


(50) 


leads to a relationship between the functions Y 0 and J 0 , In the first place it follows 
from (vi, 3) that the image can be written as follows: 




rco 0 u /p 

+ r. - du, 

J 0 l-« 


and, secondly, when the integrand is transposed with the help of (20), we immediately 
arrive at the result in question, namely, 

Y„(2V<) =\’ C J f' Jr) dT (OO). 

J 0 t — T 


Example 3. Expressions for the derivative of the Bessel function with respect to its 
order. Properties of these derivatives easily follow from the three operational rela- 
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tions below, which can be found by differentiation of ( 12 ), (18) and ( 20 ) with respect 
to v. They are, respectively. 


P 


8v Jv(t)U(t) . ^ pi + 1) 


arcsinhp e~ v3108lnhv (Rep>0; Rer> - 1 ), (51) 


4 ° g<+ £) 




y/n (p 2 + 


t* v Ulogt + 


~}w) 


(Rej)> 0; Re v> — £), (52) 


lo gp 


u (t)=—^~ e ~ llp (Rejo>0; Ke^>- 1 ), (53) 

in which is the logarithmic derivative of II (x). 

To formulate, with the aid of (51), a certain property of — J v as simply as possible 

dv 

we introduce the definition of the integral-Bessel function according to 


Ji(a;) 


J co 5 


After applying the rule (xv, 40) to (12) with v = 0 we then obtain the following 
operational relation: 

Ji(£) f7(Z)=log {^/(p a + 1) — p} = — arcsinhp (Rep> 0 ). ( 54 ) 

The composition-product rule is now applied to the image of (51) according to the 
factorization 

1 u 2 

- x ' // o —77 Q ~ v arc slnh v x arc sinh p. 

p j(p*+ 1 ) 

The result is of striking simplicity, viz. 

= f Ji(«-r) J' v (T)dr (Rer>0). 

Two alternative expressions for the same differential quotient can be derived by 
factorizing (52) and (53) analogously and using (iv, 44), (hi, 26), and (35) for n = 1; 
they are 

- i) “ log */*,(£)+ 2^ ^ Ci(£-T)dr (Rey>0), 

^ = (C + \ogfy) J v {t) + J Q log (l“*^) (7) J v-i( T ) dT (Rev>0). 


6. Legendre functions (operational relations) 

Whereas Bessel functions are easily approached operationally because 
of the simplicity of their various images only involving algebraic or simple 
transcendental functions, the Legendre functions in turn are operationally 
mapped by the Bessel functions. 

The term Legendre function applies to any solution of the following 
differential equation: 

(l-~x*)y n -2xy' + v{v+l)y = 0 . (55) 

In particular, the solutions that are equal to unity at the regular singularity 
x = 1 are called Legendre functions of the first kind and of degree henceforth 
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denoted by P v {x). Most generally known are the Legendre polynomials, 
P n {x ), obtained when v is taken integral (= n). In order to give an opera¬ 
tional treatment of these functions for unrestricted values of v , bearing in 
mind that they are normalized according to P„(l) — 1, it is simplest to 
consider the images of h*(t) = P v (t) U(t— 1). That is to say, they are not cut 
off at t = 0 but at t = 1. Proceeding as in the case of other differential 
equations treated before, we easily verify that the homogeneous equation 
(55) remains valid for h*(t), provided we make use of some well-known 
properties of the Legendre functions under consideration, according to 
which both P^(l) and P'( 1) are finite whatever v may bef. Moreover, actual 
transposition of (55) leads to the following differential equation for the image, 

/,(}»), of + 


When in this equation the substitution/, = g'pg v is made, it reduces to 
the differential equation (11) of the Bessel functions of order v + \ and 
imaginary argument. Consequently, f v (p)l^p must be some linear com¬ 
bination of I v+ ±(p) and K v +k(p). Thus 


Up) = 4p { ai vUp) + BK v+i(p)}- ( 56 ) 


The constants of integration, A and B, are uniquely determined by the 
condition P v (l) = 1. This can be seen from the Abel theorem ft(0) = /(oo) 
when applied to the shifted one-sided relation 


P^+l) U{t)=ePf v (P)‘ 

This theorem then leads to 


1 = Lim Jp eP {AI v+i {p) + BK„ +i (p)}. 

j) —>■ 00 

However, since *Jpe p I v +${p) does not remain finite as p-+co (compare the 
derivation of (31)), A is necessarily equal to zero. The value of B is next 
found with the help of (32). The final result then becomes 

P v (t)U(t-l)^J{^jK v+i (p), 0<-Rep<co. (57) 


This operational relation, stating a relationship between the Legendre 
functions and the Hankel functions of imaginary argument, holds for all 
values of v , even for Re v < since both P v and K v+ ± are not changed 
when v is replaced by — v— 1. Moreover, for integral values n of v the image 
on the right-hand side of (57) is an elementary function (see (33)), thus 
leading to 


P n (t) U(t— l)=p n+1 


/ 1 dy /e“*\ 

\ p dp) \ p /’ 


0<Rep<oo (n> 0). 


(58) 


f Cf. E. W. Hobson, Spherical and Ellipsoidal Harmonics , Cambridge, 1931, p. 189. 
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It is easily seen that P n (x) is a polynomial in x of degree n . For that purpose 
we apply the shift rule and (iv, 4 a) to (58) by which it is found that for 
Legendre polynomials cut off at t = 0 it follows that 


pjf) tfW* 




0<Re^><oo (n^ 0). (59) 


The first few of the complete operational relations involving the Legendre 
polynomials are now easily constructed: 


m u(t) = u(t) 


=i, 


PS) U(t) = tU(t) 

p 2 1 

P dp) \ p /JJ 

m mt) = m z - 1) u{t) = 

p 3 

LIAW^YI 

\ Pdp) \ p )J 

15 3 

w) m = m 3 -u) = 

p* | 

f 1 d\ 3 /e-P \ 

[ pdpj \ p )_ 


etc. (Re 2? > 0). 

Summarizing the above we see that the operational relation for the 
Legendre polynomials emerges as a particular case of a relation that is valid 
for unrestricted values of the degree v. This was made possible by means 
of cutting off P v (t) at t = 1, where both the function and its derivative are 
finite throughout. A similar procedure cannot be performed at t = — 1, 
since P v ( — 1) is infinite, unless v is integral. This, however, does not mean 
that the analogue of (58) is missing; on the contrary, executing the necessary 
operations while restricting ourselves to integral values of v, we also find 
that 


P n (t) U(t+l)=p 


\ pdpj \pj 


(Rep>0). 


Finally, by subtraction from (58), we obtain 

P n (t) U{\-t*)=Zp n+1 (-'Q n = (- 1 ) n ^2np)I n+i (p), 

— oo < Hep < oc. (60) 

In accordance with the original at the left being a function cut off at both 
sides (vanishing non-identically only in that region over which the Legendre 
polynomials are orthogonal), the convergence of (60) holds for unrestricted 
values of p. 

Let us now turn to a second solution of (55) and, in particular, to that 
solution which is commonly labelled as the Legendre function of the second 
kind , usually designated by Q v (x). A simple operational relation in this 
respect, not restricted to integral values of v, can be established by admitting 
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it as the image rather than as the original ( Q v (x ) is singular at x = 1). It 
turns out that, upon transposition of the differential equation for 


4+*(*) 

V* 


U(t) (Rei»-1), 


(61) 


we arrive at an equation that, according to (55), can be solved generally 
by means of the following linear combination: 

p{AP v (p)+BQ v (p)}. (62) 

But, in order that (62) should represent the image of (61), we have to 
choose A equal to zero if Rey> — in fact, since the original under 
discussion behaves as t v for t^O, the image (Abel’s theorem!) should be 
proportional to p~ v as p-+ oo, whilst (again applying Abel’s theorem) it 
easily follows from (57) that P v {p) for p^oo increases proportionally to 
p v , if Rev> — Thus with this restriction on v, A must be zero in (62), 
the image otherwise increasing at least like p v+1 instead of p~ v . Finally, the 
constant B has to be determined from the normalization of Q v . 

An alternative and more direct procedure starts with the following 
formula: 


Q»( z ) 


= f 1 11: 

^ +1 J-l(2- 


-s 2 y 


S) v + 1 


ds , 


(63) 


which defines the Legendre function of the second kind when Re v > — 1 
for all values of z not lying on the cut along the real 2 -axis at the left of 
2 = — 1. For, identifying 2 withp and transposing the integrand for Rep > s , 
we immediately obtain 

PQ,(p)^-^^j^(l-s 2 Yds (Rej>>l), 
whence it follows in connexion with (27) that 


PQv(p)^J(l^jlp+i(t) u {t)> l<Re^p<oo (Rev>—1). (64) 

Furthermore, for non-negative integral values of n , Q n (z) is elementary; 
in this case the cut may be reduced to the finite interval — 1 < x < 1 of the 
real axis. However, since in this range of the independent variable an 
appropriate second solution of Legendre’s differential equation is also 
often required, an appropriate definition of Q n {x) is then 


Qn(x) = ¥}n( x + i0 ) + ¥2n( x - i0 )> 

which, in addition, has a simple operational image on a single line of con¬ 
vergence. This image can be found by deriving, with the aid of (63), the 
following expression for the mean value: 


OnW = 


(-l)n d n f 1 (1 
2 n +Li! dt n J_x 


-ds (— 1 < $< 1). 
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Then this is easily transposed with the help of 

^i-=7r|p|e-* 8 (Rep = 0), 


which relation, in its turn, may be deduced from (vi, 53), and whose defini¬ 
tion integral should also be taken as a principal value. The resulting image 
is found to be, using (27), 


- (-1 >* nj (a) | p | i nM , „ | p | r ( _ i I)" (air), 

Rep = 0, (65) 

in which the Q-function thus occurs in the original. For n — 0 and n = 1 

we have ,, 

1 + t . . _ 

= n sin (I p |), Rep = 0, 


Qo(t) « ilog 


1-t 


Qi(t) = ^log 


1 4- £ 
1 -t 



Rep = 0. 


7. Legendre functions (applications) 

The operational relations discussed in the preceding section all contain 
a Legendre function and either a Bessel or a Hankel function. Conse¬ 
quently, numerous relations between these functions can be established. 
The corresponding definition integrals already furnish such expressions; 
for instance, (57), (60) and (64) lead to 

j i e ~ ptP M dt= J (~) K v+h(p) (Rep> 0), 

j o e- ptI „ +i (0^ = J(^jQAP) (Rep> 1; Re v> — 1). 

The same holds, of course, with respect to the respective inversion 
integrals; that of (65), for example, will give after some reduction 

Qn^) = V(i 7r ) f si n M ~ 2 nn ) d(o. 

Jo V w 

We will just take a few properties of Legendre functions as representative 
of a great number, which are found to be substantially equivalent with 
properties of Bessel functions already known. 

(1) The recurrence relation (36) applied to the -function becomes 



X. 7 


EQUATIONS WITH VARIABLE COEFFICIENTS 


225 


After multiplication through by and transposition with the aid of (57), 
we obtain that f 

Py+M - PM = + !)J o PM) dr - 

(2) Let us first derive from (60) by means of the similarity rule 


PJyt) U(1 -yH «) = (- 1)^^) 4 + i(|) (V > 0), 

and then, with the help of (47), express the Bessel function of imaginary 
argument in the form of a series of Bessel functions. Now, again by (60), 
we may determine the original of the individual terms, and thus find 

PJyt) (7(1 - yV) ^ 


or, alternatively, in trigonometric functions ( — 1<£<1), 


P n (cos# cos#') = 


- y 

cos n+1 6' fc to 


( *tan ^') fe p(fe U(cosg)j 


(3) The asymptotic series (32) is obtained anew, but with coefficients that 
are simply expressible in terms of Legendre functions, when one starts with 


P„(t+ 1) U(t)= J(^ypK p+i (p) (Rej»>0), 

which follows from (57). Let the Legendre function occurring in the original 
be expanded into ascending powers of t , and the new original be trans¬ 
posed term by term. The resulting identity is only asymptotic, that is, 


K V (V) 



e~ p S 

n=0 


P^( 1) 




(p-> 00). 


(4) By first expanding the original of (64) into a power series with the 
help of (21), and then transposing the result term by term, the following 
convergent series is obtained: 


Qp(p) = 


jsjn_ y U{v+2n) 1 

2 v+1 u= q 4 n n ! n {v + n + \) p v+2n+1 


(\p\ >i; Rev> - i). 


8. Hypergeometric functions 

The differential equations treated thus far can be considered as special 
cases of the general hypergeometric differential equation, either directly 
or after introduction of suitable variables: 

i H(*S + “ 1 )(*S + “ ! ) - ( ai E + “') 


VP & B 


15 
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The simplest solution of the differential equation (66) is that in the form of 
a hypergeometric series, viz. 

Tl? * * m 9 Ys> **0 

= r(y 1 )r(y,)...r(y a ) * r(q 1 + n) T(a 2 + n )... T{ot r 4 - n) x n 
r(a x ) r(a 2 )... r(a r ) n =o r(y x + n) r(y 2 + w)... r(y s + n) n ! 5 

where we use a well-known notation due to Pochhammer; henceforth the 
parameters a and y may be called the numerator and denominator elements 
respectively. When r = 2, s = 1, the ordinary hypergeometric series comes 
out, in which case the suffixes r and s are usually omitted so as to have 


F{a, P\y-,x) = ! + + 


q(q + !)/?(;#+l) x 2 

7 ( 7 + 1 ) 2 ! 

q(q + l)(q+2)/?(/?+l)(/?+2) x 3 
’ 7(7+ 1 )(7 + 2 ) 31 


+ .... 


( 68 ) 


A very simple example is provided by the logarithmic function, namely, 
log(l+x) = xF(l, 1; 2; -x). 

As to the convergence of (67), there are three different cases to be dis¬ 
tinguished, viz. 

(1) r — s< 1; the series is convergent for all values of x. Examples of 
integral transcendents that can be defined in this manner are: 

e* - M ; *)> ( 69 ) 

L n (x) = nl x ^i( - n; 1; x), (70) 


U 2V*) = 


x* v 

nw 


0 Fit *)> 


(71) 


M k m {x) — x m+i e~ ix 1 F 1 (m — k+%; 2m+l; x). (72) 

The last of them is known by the name of Whittaker function, of which, 
amongst others, the Bessel function is the specialization obtained when 
k — 0. 

(2) r—s = 1; the series (67) is convergent only for | x \ < 1, or perhaps on 
the unit circle too. 

An example is the ordinary hypergeometric series (68); others are 


(!+*)’' = ; -x), 


(73) 


P?(x) 


n( 


<74) 


The last function is the associated Legendre function of the first kind, 
being an extension of P y {x) = P y (x). 
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(3) r — s> 1; outside the origin the series (67) is divergent throughout. 
A series like this is only a formal solution of (66) in such a sense that, after 
termwise differentiation and substitution in the left-hand member of (66), 
and arranging according to powers of x, the coefficients vanish. In the 
sense of asymptotic series these formal series determine certain definite 
solutions of the corresponding equations (66); whence their importance 
with respect to the operational treatment. Just a few examples: 

a:e-*Ei(a:)^ 2 ^l ) l; ; 

+ l -^) (*-*«>), (™) 

W ktm (x)<^x k e -iz -k + \, -m-lc + \] ; - 

The first two of them were given in (vii, 24) and (32); the function corre¬ 
sponding to the series (77) is a linear combination of the Whittaker func¬ 
tions M k m and M k ^ m . The relation (77) only means that the function 

y(x) = x~ k ei x W kim (x) 

satisfies the hypergeometric differential equation 

and possesses the following asymptotic development: 
y~l-(m-k + \){-m-lc + \)- 

X 

+ {m-1c + \) (m-&4*f) (-m-lc+ |) (& + f) ... 

After this brief account we are able to survey most easily the fundamental 
importance of the hypergeometric differential equation from the point of 
view of the operational calculus. First of all, it is simpler to transpose the 
hypergeometric series than the original differential equation. In so doing 
we identify in (67) x with ± l/p, and then multiply by p 1 ~*\ According to 
the theory of vii, § 8, term-by-term transposition is legitimate if the radius 
of convergence does not vanish, i.e. for r^s+ 1. Thus we are led to a new 
series for the original, which is easily recognized as a hypergeometric series 
too; it is thus found that 

r; ±^)^ _1 r*»+i(a; y.*; ±0 &(*)> 

0<Re#<oo (r<$), l<Rep<oo (r = s-j-l) (Rey>0), (78) 

in which a is an abbreviation for the whole set of the elements oc L > ...,a r , 
and y for the set y v ..., y 8 . Therefore, when starting from a hypergeometric 




15-2 
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series for the image, we find the original to be another hypergeometrie 
series having the same number of numerator elements a, but with an extra I 
denominator element, namely, the parameter v. On the other hand, it is 
also possible to derive from (78) a relation between hypergeometrie functions 
containing the same number of denominator elements, while the number 
of numerator elements at the right is one less than that at the left. To this 
end we only add the extra parameter v to the a-elements of (78), whereby 
in the right member the element v occurs in both numerator and denomi¬ 
nator, and consequently, according to (67), can be omitted since it cancels 
out. In the manner described we then obtain a second operational relation, 
namely, 

p=Ir+i^a,y; y; r F a {cc-, y; ±t)U(t), 

0<Rep coo (res), lcRepcoo (r = 5) (Rev>0). (79) 

Either of the operational relations (78) and (79) may be valid if r > $ + 1 
and r > s, respectively. For, even when starting with an asymptotic series 
for the original, the series obtained by operational transposition will be 
asymptotic too (we are dealing with power series, see theorem VI of 
chapter vii). As a consequence, the corresponding p-function, for which 
the series mentioned is an asymptotic expression for p->oo, is uniquely 
determined, since from the elements a and y follows the hypergeometrie 
differential equation to be satisfied, whilst in addition this equation has 
only one solution showing the asymptotic behaviour of the given hyper¬ 
geometric series. 

As to the convergence of the hypergeometrie series of the originals and 
images of (78) and (79), we may distinguish four different cases which will 
now be discussed. At the same time we shall illustrate with examples how 
many special relations are included in the two mentioned. 

(1) Each of the series for original and image converges everywhere. 

An example is provided by taking no numerator element and only one 
denominator element in (79); thus 

r- 1 o*i(; r; t) r;1) (i^ > o ; Re v > o). 


When interpreting this result with the help of (71) and (72) we obtain the 
following relation between the Bessel function and the Whittaker function: 


pk+l e l/2p ^ 


n(2 m) 4„(2 <Jt) 


II (m—Jc — %) t k+ * 


U(t), 

OcRepcoo (m — k> — i). 


(80) 


(2) The series for the original converges everywhere, that for the image 
only in a part of the p-plane. 
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As an example, in (78) we take no denominator element and only one 
numerator element. Upon applying (72) and (73) to the result we arrive 
at a simple image for the Whittaker function, namely, 

( — 1 \k~m~h 

fc»(Q u (*) = n(2m)ff ^ + , %<~Rep<cc (Rem> -J). 

(81) 

Another example is provided by the following relation, existing between 
Whittaker functions and the restricted hypergeometric functions: 

( 1 \ e** ta-by- 1 

A; r; p) W U{t)> 

l<Rep<oo (Rea>0), (82) 

which can be proved by use of (72), and taking in (79) one element a and 
one element y. 

Moreover, either as a special case of (82), or directly from 

^ 2 -?i(»+!. !;i; t) U{t) (Rep>o), 

Jr \ Jr I 

one finds a relation between Legendre polynomials and Laguerre poly¬ 
nomials, viz. . . 

pll^ZA 

r ^ 0<Re#<oo (n> 0). (83) 

(3) The series for the original converges for certain values of t , that for 
the image does not converge at all (i.e. it is only asymptotic). 

As an example we mention 

-V ; 1 -fi; -t)^=.Y\.{-n)p\F 0 (v + \,-V ,; -ij 

(Rep>0; Rep< 1). 

Upon working it out with the aid of (74) and (76), it is found that 

^^--U(t-l)=J^p^+iK v+i (p), 0<Re^)<co (Re/t< 1), (84) 

which is an extension of (57). 

(4) The series for both original and image diverge throughout (are 
asymptotic). 

As this case is of little importance, it may suffice to quote just a single 
example, namely, 

2 ^o(L U i ~0 U(t)= z F 0 (l, L 1 > > (Rep >0). 

In concluding this section, and the present chapter, we would give a few 
applications of the type of operational relation which has presented itself 
in the course of our discussion of the hypergeometric differential equation. 
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Example 1. Relations between hypergeometric series . So far as the integrals con¬ 
cerned are convergent, we at once obtain from the definition integrals of (78) and 
(79) the following formulae: 

y; = T\v)j o e ~ PtiV ~ 1 r ^ 8+1 ^ a; y> v >t)dt, 

Rep>0 (r^s), Rep>l (r = 5+1) (Rev>0), (85) 

r+iFy, ~ e~ pt t , ’~ 1 T F,(a.; y, t)dt, 

Hep>0 (r<s), Rep>l(r = s) (Rev>0). (86) 

By repeatedly applying these reduction formulae, it is possible to express hyper- 
geometric functions of arbitrary elements ot, y by means of multiple integrals over 
hypergeometric functions of continually increasing simplicity. In addition to this, 
they are also useful for the operational deduction of other general identities. For 
instance, when (86) and (85) are applied in succession, a repeated integral is obtained 
in which, after reversing the order of the integration, the inner integral is easily 
recognized as the definition integral corresponding to (in, 31). In this manner one 
can find the following formula: 

/ 1\ f 00 

y,-J = j ^ J(pu)} r F, + 1 (ot; y,p; u)du, 

Pep>0 (r<s), Rep>l(r = s) (Re/4>0; Rei^>0). 

As a special case of this we may mention a formula in which the restricted hyper¬ 
geometric function is expressed in the form of an integral over the product of two 
Bessel functions: 

71 i) ‘ 

(Rep> 1; Rea>0; Re/?>0). (87) 

Relations like this will be investigated more fully in xi, § 5. 


Example 2. Properties of Whittaker functions. These are easily derived from (81), 
since the latter relation reduces them to simpler functions. .By multiplying (81) by 
the operators 


and then determining the original of the new image, we find the following differential 
properties: 






In another application a recurrence relation between three Whittaker functions, 
all of the same parameter m, but of consecutive values of fc, is obtained. For this 
purpose (81) is multiplied by t , then added to two other equations obtained from (81) 
by replacing k by k + 1, and finally multiplying by k ± m + The resulting image can 
then easily be transformed into the slanguage; the final identity is found to be 

(k + m + i)M k+lrm (t) + {k-m-i)M k _ lim {t) = (2 k-t)M Km (t). 

Still another property of these functions is obtained when applying the composi¬ 
tion-product rule to the following factorization: 


P 


x 11(2 m x )p 


£)fci+mi+* 


x II(2m 2 )p 


(p-h£) fca+m,+ * 


= H(2m 1 ) H(2m 2 )p 


(p-%) kl + kt ~ 


(p + J)fci+k*+mi+m*+l 
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and using (81). The resulting integral property is as follows: 






n(2m 1 + 2m 2 +l) 


( 88 ) 


Though the derivation of (88) by operational methods is quite simple, it is of great 
importance, as can be seen from its particular cases. For instance, using the known 
expression for the Bessel function in terms of Whittaker functions, viz. 


h( x ) = 


1 M 0tV ( 2x) 
2*v+m(v) *]x 9 


we readily deduce from (88) that 


/: 




n(h-i)n(v a -i) 

y/(2n) n(^ + ^ 2 ) 


t^^I Vi+v%+l (t) 

(ReVi> Re^ 2 > -£)• 


In like manner many other results could have been derived. Our main aim, however, 
1 was to illustrate the fact that, whenever the image of some function or other is simple, 
the operational method very quickly produces relations (especially when use is made 
of the composition-product rule) that are either unknown or at best unwieldy to 
tackle otherwise. 



CHAPTER XI 


OPERATIONAL RULES OF MORE 
COMPLICATED CHARACTER 


1. Introduction 

This chapter deals with operational rules that are not as elementary as 
those discussed in chapter iv. The simplest of them are obtained either by 

(a) replacing p in f(p) by some function of p, and then investigating the 
corresponding transformation of the original (§2), or by 

( b ) replacing t in h(t) by some function of t } and investigating the corre¬ 
sponding transformation of the image (§3). 

The transformation from t to e* (§ 4) proves to be of particular importance. 
It allows the interrelation of a function and the coefficients of the corre¬ 
sponding power series to be treated operationally (§5). Moreover, in §6, 
numerous rules concerning series are worked out in some detail. The last 
two sections, §§7 and 8, are devoted to identities derivable from given 
operational relations. 


2. Rules obtained when p is replaced by a function of p 

To make the general method clear, we shall give a simple example, 
confining ourselves to one-sided functions. If we have to express the 
original of f(i-lp) in terms of that of f(p), we first recall that a given 
operational relation, (R e p > 0), 

leads, by means of its definition integral, to 

/= - J e~ slp h(s) ds (Rep > 0). 

Let us next suppose that the original of the right-hand side can be 
obtained by transposition of the integrand (this will be legitimate under 
some mild restrictions); then, upon applying (x, 20) for v = 1, we find that 


/fi) = U(t)j™ J,{2 h(s)ds (Rep > 0). (1) 

In like manner, by using (x, 20) for arbitrary v , the general result is found 
Q J„{2 J(ts)}h(s)ds (Rep > 0; Re y> — 1), (2) 

of which the particular case v — 0 may be written as follows: 




XI. 2 


RULES OF COMPLICATED CHARACTER 


233 


The operational rule (1) is of primary importance in network theory with 
respect to a comparison of the properties of low-pass and high-pass filters 
(these are filters letting through only frequencies below/above a certain 
frequency co Q without any appreciable attenuation). For instance, from 
the homogeneous low-pass filter described in the first example of ix, § 7, 
a corresponding high-pass filter can be derived by interchanging the 
self-inductances and capacitances in the circuit of fig. 61, or, in other 
words, by interchanging the series impedance Q(p) = Lp and the shunt 
impedance Z(p) = l/Cp. As a consequence, amongst others, the admittance 
of the high-pass filter in question is obtainable from that of the low-pass 
filter (ix, 37) by replacing p in the latter by 1 jGLp = Therefore, 

designating the operational relation corresponding to the current i 8 (t) 
through the low-pass filter (see (ix, 38)) by h(t)^f(p), the image of the 
current i s (t) for the low-pass filter becomes f(p)/p and for the high-pass 

filter Thus, with rule (3), we have for the current through the 

high-pass filter in response to a unit-function voltage across its terminals 

U(t )iJ J 0 {w 0 *J(ts)} h(s) ds. 

This may be worked out for the special form of h(s) according to (ix, 38), 
and leads to the result that 

^ r (0 = ^(0 

Again considering the way that led us to (1) and (2) we clearly see how 
in other cases, after substituting <f>(p) for p, we may possibly express the 
new original in terms of that of the initial operational relation. For that 
purpose it is only necessary that the integrand of the definition integral 
of the given relation, when rf>{p) replaces p , should be operationally trans- 
posable by some known relation. 

Of most importance for practical applications are those rules which are 
derived with the aid of one-sided relations f(p)^h(t) U(t) valid for Rep > 0. 
In this way it is easy to prove the following rules, using some suitable 
relation as basis: 

(1) When in (vii, 40) p is replaced by s 2 p , and afterwards the result 
obtained is differentiated with respect to s, then it follows that 

e -s 2 IU 

Jpe- sVp = U(t)-r-—, 0<TZep<oo. (4) 

Vi 77 *) 

f See Balth. van der Pol, ‘A theorem on electrical networks with an application 
to filters’, Physica , ’ s-Grav ., i, 521, 1934. 
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J o e- s2,tt h(s)ds (Rep>0). (5) 

(2) Let us apply the shift rule to (x, 20) for v = 0, then 

exp {“ s (t> +^J} M 2 V9(* -*)})U(t-s) (Rep > 0), 
whence it follows that 

==±U(t)j J 0 (2 ^]{s(t — s)})h(s)ds (Rep>0). (6) 

This rule is particularly useful for computing the transient phenomena*]* 
of a band-pass filter (a filter letting through only frequencies in a finite 
interval), once the analogues for a low-pass filter are known; a similar 
situation was seen to hold for (3) with respect to the transition from a low- 
pass to a high-pass filter. 

(3) From the operational relation (x, 48) for v = 0 we have 

Jotiv 2 -* 2 )} ^- 5 > % /( /+ r ) e ~ sV(p2+1) ( Re ^>°)> 

and consequently the new rule 

-^^f{y l (P 2 + l )}f^U(t)^J 0 {^{t i -s 2 )}h{s)ds (Rep>0). (7) 

Numerous rules of similar character can likewise be deducedJ. Yet, 
other simple transformations do not necessarily lead to simple rules at all. 
For instance, the transformation p^p 2 leads to e~ sp2 which has no original 
whatever. We would also remark that, in addition to the two operational 
relations always involved in rules such as those above, there sometimes 
exists a third relation of equal simplicity, especially if the rule under 
consideration contains an integral of the exponential type. In the case of 
(5), for instance, when denoting by h x (t) the original of we have first 

the identity - 

Kit) = J Q e- s2 Wh(s) ds ( t > 0), 

and then, putting p = l/4£, s = *Ju, 

J {np)h i^) =p S” e - puh ^ du [p><)) ' 

t See S. Ekelof, Elekt. Nachr.-Tech. xii, 100 , 1935. 

J See, for example, K. F. Niessen, Phil. Mag. xx, 977, 1935. 
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which, clearly, is nothing but the definition integral of a new relation. 
Consequently, an alternative way of writing the rule (5) is in the form of 
the following three coexistent operational relations: 


H*)U(t)=f{p ) 9 

fUv) = ^ J" m dsm h^t) U(t), 


( 8 ) 


Let us now discuss some applications of the rules obtained above. 


Example 1. Integrals involving products of Bessel functions. Since in rules like (3) 
a Bessel function occurs, it is quite easy to evaluate certain integrals involving a 
product of Bessel functions, by simply taking another Bessel function for h(s). For 
instance, when (2) is applied to 

U M^ {p fx r+ i e ~ al(r+X) { - Vie P > ~ A; B ‘ ev> ~ 

which may be found from (x, 20) with the aid of the attenuation rule, it follows that 


P 


(l+Ai))" 


-exp 


A(l+Aj>) 


= U(t) e° ,A 


(O^Jo e_AS *W (<M)} J * {2 ^ ts)} ds 

(Re^>>0; A>0; Rer> — 1). 


Moreover, by means of (x, 26) and the attenuation rule, the original corresponding 
to the left-hand member is readily determined, whence the identity 

exp|j I v ^ = A/ o e-^J y {2j(as)}J p {'2j(ts)}ds (A>0; Re v> -1). 

Finally, when t is replaced by 6, and A is identified with p , we obtain the definition 
integral corresponding to the following new relation: 

J v {2j(btj) U(t), 0 < Re p<co (Rev>-1). (9) 


Example 2. After some slight changes of notation, the relation (9) can also be written 
as follows: 

e -«i*+b*)/«n I v j ==i J v (a V<) J v (b V<) U(t) (Rep > 0; Re v> -1), 
which, as a matter of fact, is just the third relation of the triplet (8), provided we put 
h(t) = tJ v {at) J v (bt), h x (x) = 2 J e~ iat+b * )x I y (2abx). 

Furthermore, the image of h x (t) U(t) is easily found with the help of (x, 64); the result is 
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In its turn the last relation may be considered as the second of the system (8), if the 
image is put equal t of(*Jp). The image f(p) of the first relation of (8) then becomes 
known also. This first relation then leads by way of the rule (iv, 38) to the final result: 

7) I'D* -I- (2 2 4- h^\ 

J v (at) J v (bt) U(t)^==— -2^-)’ 0<Re i° <00 (Re>' > ~i)> (10) 

which, once more, demonstrates the intimate connexion existing between Legendre 
functions and Bessel functions. 


Example 3. Images for 6-functions . Theta functions are generally characterized 
by infinite series of exponential terms, the exponents containing the variable of sum¬ 
mation, n, to the second degree. A special 0-function was encountered in (vi, 39); for 
arbitrary arguments they are defined below: 


6 0 (v, t) = £ Q-iw't+znirtv+i) = — 2 e-* (n + v+ J)* / *, 

72,— —-co —oo 

oo i oo 

6 x (v,t) = £ e— jK»—»**+ 2jrt(n-i)(«+i) = — 2 ( _ l)» e -w(n+v+i)'/^ 

n~ — oo yjt n = — oo 

oo I oo 

d 2 (v,t) = £ Q-irin-tft+znUn-Dv = — £ (_ 

71 — *Jt ns = — oo 

0 3 (V, t) = £ Q-nn't+ininv _ 1_ 2 e~ Mn+v)t,t . 

71 = — co ■yjt' n — ~<x) 


( 11 ) 


The pairs of corresponding series are equal in virtue of Poisson’s sum formula 
(vi, 34). Let us now deduce their respective images, by using (5); the results being 
quite simple, we shall treat only 0 3 (v, t) in any detail. To this end the second series of 
0 a is put into the form 

which, however, only holds when the value of s at the singularities of the separate 
terms is positive throughout, that is, when (level. In this case the right-hand 
member of (12) is easily recognized as the original of (5), provided h(s) is taken equal 
to the sum of the impulse functions and accordingly we put 

{ 00 00 

2 ©-2 Vtt jKn+v) q. 2 q~Wtt V(n-v+l) 
n —0 n—0 

When Rep>0 the summation above is easily carried out; it leads to the following 
expression for the image: 

f(p) - <Jnp 

According to (5) the image of d 3 (v,t) U(t) is obtained by substituting p^--Jp, so as 
to have 

6 a (v,t) U(t) = . 0<Rei3<oo (0<i>=£l). (13) 

The images of the remaining 6 -functions defined in (11) are dealt with in like manner; 
for results the reader may be referred to the dictionary at the end of the book. 


cosh {(2v — 1) *j7Tp) 
sinh (^p) 
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3. Rules obtained when t is replaced by a function of t 

An example may illustrate how this type of rule can actually be estab¬ 
lished. As before, the starting-point is a given one-sided operational relation 
convergent to the right of the imaginary axis; thus 


f(p) ^ W) U(t) (Rep > 0), 

and this time the question is whether the image of h(l/t) U(t) can be ex¬ 
pressed in terms of that of h(t). The image to be investigated can be written 
with the help of the definition integral of the given relation in the following 


form: 




c° e -pjlV Jf W 

— j~h{w) —. 
w p w 


Now, the first factor of the integrand of the right-hand integral is expres¬ 
sible as a definite integral, namely, 

Q-Plw 


wjp 


w f° 


e -ws!p ^8^(2 *Js) ds y 


as is easily verified by means of the definition integral corresponding to 
(x, 20) for v = 1. Consequently, the image in question is written in the form 
of a repeated integral; if then the order of integration is reversed the in¬ 
tegral over w is easily recognized as the definition integral of the initial 
relation. Finally, replacing s by ps we obtain 

h (l) U{t) Jo” Jl{2 ^ PS)} J (f) /(S) dS - {14) 


This rule has sense only in so far as the integral involved does converge, 
which, however, will be the case under suitable conditions (the image of 
h(llt) U(t) has to exist of course). 

As an example of (14) we may study its application to the relation (in, 3), 
with the result that 


t~ v 

n(v) 


U(t) = 



du 


(Rep > 0; — £< Revel). 


Since another image is known for the original at the left, we simply have to 
identify the two in order to get the formula 



du 


n (-p) 

4: V II(V) 


( —J<Rei^< 1). 


In like manner to (14), other rules can be established when the original 
is of the type h{<f>(t)} U(t ). To this end we substitute = w in the corre¬ 
sponding definition integral, usually leading to a new integral that can 
be transformed into a repeated integral with the aid of some known opera¬ 
tional relation. Upon reversing the order of integration, the inner integral 
is often easily recognized as the definition integral of the relation initially 
given. Some further examples of this procedure are quoted below. 
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(1) Using the definition integral corresponding to (4) it is found that 

<Rep>0). <«) 

For example, when (x, 20) for the Bessel function t iv J v (2 ^jt) U(t) is assumed 
to be known, then the relation (x, 18) concerning t v J v {t) U(t) is obtained 
at once. 

(2) From the definition integral of (x, 12) it follows that 

A(Asinh<)U(<)=pf C °Jp(A5)'^ds (Rep>0). (16) 

Jo 8 

(3) Next, with the help of the definition integral of 

(p+A)“+ i?=ie_A, n(5j u (<) (Re2> > “ A)> 

we obtain 

A{A(e<-l)} U(t)J==—!_j e~«uP~ l f^jdu (Rep>0). (17) 

Numerous rules of similar character can thus be deduced, while, on the 
other hand, certain transformations, of equal simplicity, often do not lead 
to any rule at all; e.g. the case of t-> where does not have an original. 
Again, whenever the rule contains an integral of the exponential type, 
a third rule can be added. For instance, when the image of (15) is con¬ 
sidered as some new definition integral, the complete set of coexistent 
relations is as follows: 

■ (Ee„>») (18) 

This system is closely related to that given before in (8). 

As to possible applications of the rules discussed so far, the transformation 
t->ef proves very useful; it is therefore thought worth while to treat this 
transformation in some detail in the following section. 

4. The exponential transformation: 

Whereas all rules thus far discussed in the present chapter deal with 
one-sided originals, whether in the given relation or in the new relation 
obtained upon transformation of either^? or t , it proves simplest to take the 
new relation two-sided when studying the special transformation 
This amounts to asking for the image of A(e*) when starting with 

h(t) U(t)=f(p) (Rep > 0). 
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Before going on we may emphasize that for the transformation AJe*- 
the initial original has to be one-sided, necessarily, since negativAE&lli&ND 
of t would otherwise correspond to non-real values of r. 

Proceeding then in the same manner as in the foregoing section, we first 
write the definition integral of the image in question as follows: 


h(e?)h=pj 


e~P s h(&)ds. 


After putting e s = w we obtain next 


/&(e*)=£> 


■r. 


h(w) 

w v+1 


dw , 


of which the right-hand side can also be written in the form of a repeated 
integral, thus: foo 

p— - j dwh{w)^ dse~ W8 s p (Re£>>—1). 

Upon reversing the order of integration, the integral with respect to w is 
easily recognized as the definition integral of the operational relation 
originally given; we have consequently 




s p ~' 1 f(s) ds. 


(19) 


Again, this rule has sense only if the image of A(e*) exists and the integral 
involved converges. In virtue of the simple character of the integrand in 
(19), the exponential substitution s = e -T allows the image to be considered 
as the definition integral corresponding to a new third relation. As in (8) 
and (18), a triplet of corresponding operational relations consequently is 
obtained, viz. 




sP-^dssf^p), 


/(e-0=II (p)f 1 (p). 


( 20 ) 


We shall give now a number of operational relations that are most 
rapidly deduced by means of the exponential transformation under 
consideration. 

(1) When (19) is applied to 

P{v+l,t) U(t) = V (<)J o e-* s*ds±= - rc ^, +i (Rep > 0; Rep> -1), 
which is a consequence of (iii, 3), it is found that 


P(v+ 1,6*) = 


11(f) f 00 s^- 1 

f nF)Jo (Hir 


ds. 


0<Rep<Rep + 1. 
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Now, the image can be evaluated by using Euler’s first integral formula, 
if the substitution s = 1/^ — 1 is made as well. The result is found to be 


P(v+ l,eO = r(y+ 1-p), 0<Rep<Re v + 1, (21) 

in which it is striking that both a complete and an incomplete T-function 
are present. In addition, the third relation of (20) in this case becomes 


1 ._ n(p)II(y-p) 

(1 +e-ty+i • ri(y) 


0<Rep<Rep-{-1. 


( 22 ) 


(2) Let us apply (19) to the relation (x, 20) involving the Bessel function. 
We then arrive at 

e* vt J v (2 e**) = J ds (£ Re v — § < Rep < Re v). 

By the substitution s = Ijw the integral is readily transformed into that 
of Euler for the F-function. Consequently 


J v (2ei‘) =p ^ ) , — § < Re# < | Re v (Re v> — §). (23) 

As to the determination of the left-hand boundary of the strip of con¬ 
vergence in the case of (23), this is not so simple; a short account may suffice. 
Its value specified above follows from the asymptotic series for J v corre¬ 
sponding to (x, 32), giving that the integrand of the definition integral 
belonging to (23) behaves, for t-> + o o, like that of the definition integral 
for sin(e - *) for — when in the latter the variable p is replaced by 
— £ —2p. And consequently, since according to (vi, 24) sin(e^) has for its 
right-hand boundary Rep = 1, the left-hand boundary of (23) is deter¬ 
mined by Re( —£-2p) = 1, that is, Rep = —f. 

Furthermore, for the interval — f <Re^<|, v can be replaced by — v 
in (23), and thus, by simply combining the two relations and using (x, 14), 
an image of the Hankel function of exponential argument is found. After 
some simplification, using a few elementary rules together with the 
r-function property expressed by (rv, 17), the simplest form of the opera¬ 
tional relation under discussion is found to be as follows: 


(i) i 

2 e~^) = + -p F(p + \v) T(p — £p), 

£|Rep|<Rep<§ ( — f <Rey<§). (24) 

Finally, by a suitable complex shift, namely, — an image is 
obtained for the function K v (see (x, 29)), viz. 


K v (2Q-V) = \pY(p + %v)T{p-%v), £ | Rep | <Rep<oo. (25) 
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| (3) Operational relations involving Legendre functions of exponential 

I arguments, as obtained by applying (20) to (x, 84). We have, simultaneously, 

y (!) e^+»‘K v+i (e-i) = n (p)Mp), 

in which the function f x (p) can be determined by transposing the original 
of the second relation with the help of (25) just proved. Accordingly, 


W) 

(e 2 *— l)b* 


U(ty. 


r (■ 

2p+a-i \ 

V 77 


'p+fi-v 


^ r p + ^ + P+l j 

"TO ’ 


* / 

I Re v + A I - Re/£ - A < Re p < oo (Re 11 - 


In concluding this section, some examples are given showing how the 
exponential relations above can lead to many properties of the functions 
treated in the preceding chapter; they are completely different from those 
obtained before with the help of originals not containing exponential 
arguments. 


Example 1. Properties of Bessel functions. First of all, from the definition integral of 




T(ji>-fi-p) 
r(ii/+/*-hp+ 1 )* 


— | — Re [i < Re p < JRe v — Re p. 


which itself follows from (23), and upon performing the substitutions s — 2e** and 
p = £(A — 1 — 2//), the following integral of Weber is obtained: 


rjyjs) 

Jo 


ds = 



(— £<ReA<Rer+ 1). 


(27) 


Secondly, we are able to express the differential quotient of J v (x) with respect to 
the order v in a manner quite different from that already given in the third example 
of x, § 5. Thus, by differentiation of (23) with respect to v, the image is obtained as 
the product of a function of p, whose original again follows from (23), and another 
function of p consisting of the difference of two ^-functions, whose operational 
image (in the sense of principal values) is known from (vi, 2). Therefore, the original 
of the complete image can be obtained by applying the composition-product rule; 
putting x = 2 e* f , the following result comes out: 

d 1 r°° e-b'lrl 

gjVpO*) = 2j_ 00 >—1 J r < - Xe ~ iT ) dT ( Re> '> - !)• 


Example 2. Properties of Legendre functions . In this case the relation (26) proves 
useful. Particularly simple results are obtained for the Legendre polynomials, where 
v ss n > 0 and p = 0, since then the arguments of the T-functions in the numerator, 
except for the number ip, are equal to an integral multiple of and therefore the 

16 
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image can be written as a simple rational function, by using the duplication formula 
of the r-function (iv, 18) 


-P 2 n(e*) C7(*) = 


(p + l)(p + 3)(p + 5).. 
(P-2)(jp-4)(jp-6) 


(p + 2n-l) 

..(p — 2w) 


^i.+i(e*) 17« = 


p(p + 2)(p + 4)... (p + 2n) 
"(p-l)(p-3)(p-5)...(p-2n-l)’ 


2n<Rep<oo, 

2ti + 1 < Rep < oo. 


(28) 


The importance of these simple images is self-evident; when in the corresponding 
definition integral a change of variable is made, viz. t = logs, then we obtain the 
formulae 


f°° P 2n (s) ^ = a(a + 2)(q + 4)...(a + 2n —2) 

J 1 s a S (a—1) (a —3) (a —5)... (a—2n—1) 


(a> 2 n+ 1), 


p 2 n + i(s) dc = (a+l)(a + 3)(a + 5)...(a + 2n-l) 
Jx s a ^ (a —2) (a —4) (a —6)... (a —2n —2) 


(a> 2n+ 2). 


The rational images given in (28) may represent the frequency impedance of some 
passive electrical network, since their zeros (i.e. the poles of the admittance) all lie 
to the left of the imaginary axis, as they should. But these functions only represent 
transfer impedances, not driving-point impedances, since the poles of (28) are situated 
to the right of the imaginary axis (cf. ix, § 3). In this connexion it is remarked that in 
the first example of ix, § 8 we discussed a circuit allowing the impedance repre¬ 
sentation of a function closely related to (28). 

Yet another application of (26) is possible, which is analogous to the previous 
example of differentiating the Bessel function with respect to its order, and yields 

8 

an expression for the derivative of the Legendre function, — P v {x), Proceeding in 

8v 

the same manner, we shall take, instead of (vi, 2), the relation 

0 —bt _„ 0 —at 

p{^(p + a) ~ f(p + &)} U(t) - - - (- 1 - min (a, b)< Rep < oo), (29) 


which is closely related to (in, 15), and may also be derived with the aid of (in, 14). 
The final result for the Legendre function thereupon becomes, for fi = 0, 

8 f 1 „ u v — u~ v_1 

p A x ) = p p(xu) —- 2 — r~ du (^> 1 )* 

8v J lfx u 2 -1 

For integral values of v , when the functions become elementary, 

Is'HL-■■■??) ■ 

(r'-HL— ,+ ' kg (T)- 

etc. 


Example 3. Hypergeometric functions . In like manner it would be possible to derive 
exponential relations for hypergeometric functions by applying (19) to (x, 78) or 
(x, 79) for example, but, as will be demonstrated in the case of the restricted hyper¬ 
geometric series (x, 68), these results are better derived in a straightforward manner. 

Closely related to the relation (22) is the following: 

(1 -e-y mt)±=r(fl+l) (Rep>0) (Re/i > — 1), (30) 
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already derived in (iv, 25) by reducing the corresponding definition integral to one 
of Euler’s integrals. Further, we have 

( 1 — e -‘)r-i i-e-t)U(t) = T(y)^±^F(*,P;p + Y; 1) 


T(p+y) 

(Rep>max{0, R e(oc + J3 — y)}; Rey>0), 


(31) 


as can be verified by expanding the original in powers of (1 — e~*) and applying (30) 
to the individual terms, provided the series for the image converges. Moreover, the 
right-hand member of (31) can be evaluated explicitly in terms of T-functions. To 
see this, we first remark that the series defined in (x, 68) is also expressible in the 
form of a definite integral, viz. 

r (r) 


F(a,/?; y; x) = 
Then, as x 


L_ fV 

'-/?) Jo 


r(A) r (r 

1, we obtain the well-known result 

r (r) r(y 


X (1 — u)y-P- x (1 —xu)~ a du (Rey>Re/?> 0). (32) 


F(*,/3;y; 1) = 

by which (31) is simplified to 

( 1 — e-‘)r -1 F(a, /}; y ; 1 - e- f ) U(t) = T(y) 


-P) 


r(y-a) T(y-fi)’ 

T(p + l)T(p-a-fi+y) 


(33) 


r (p-a + y) T(p-p + y)’ 
max {0, Re(a + /? —y)}<Rep<oo (Rey>0). (34) 

Incidentally, we mention the corresponding inversion integral which can be written 
as follows: 

c+ioo r (p)T(p-at.-P + y) 


xy- 1 

TM 


F(a,fi; y; x) U(x) 


\ /*C+ia 

%7fi J c— 


dp 


e-ioo r (p-a + y) T(p-fi + y) (1 —x) v 

(c>0; a:< 1; Rey>0). 

This integral is automatically zero whenever x is negative, unlike the related Barnes 
integral to be investigated in the next section. 

Let us once more discuss the Legendre function, this time in connexion with (34). 
For the particular values a = p + 1, /? = — v, y = 1, it is found with the help of (x, 74) 

that i \ TTit\ • _ npmp+i) 


P y (2e-*-l)UW = 


0<Rep< oo, 


‘^(p-}-v4•l)^(p-v) , 
which, again, is particularly simple for Legendre polynomials (v = n), namely, 

(p-l)(p-2)(p-3)...(p-n) 


P„(2e-‘-l)l7(i) = 


0<Rep< oo. 


(35) 


(36) 


' (P+l)(P + 2)(p + 3)... (p + n) 9 

Since all the poles are situated to the left of the imaginary axis, the rational function 
of (36) can represent a transfer frequency admittance (see the first example of ix, § 8). 


5. Exponential operational relations for power series, in particular 
hypergeometric series 


We now proceed to the discussion of another class of operational relations 
of the exponential type, which concern power series. 

Assuming the power series 

h(x)='tc n x n ([ x [ <p), 

71=0 

then we may determine the coefficients c n by Cauchy’s formula 


Cr, = 


h(u) 

2m Y u n + x 


du, 


(37) 


16-2 
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in which the path of integration encircles the origin of the u -plane counter¬ 
clockwise, while lying inside the circle of convergence of radius p. Now, I 
the integral (37), within wide limits, can be interpreted as a definition 
integral as follows. Let us assume that h(u) is analytic in the neighbourhood 
of the negative axis; then the path of integration in (37) may be deformed 
into the contour L of fig. 12, which has already been discussed in connexion 
withHankeFs expression for the T-function, and starts and ends at u — — oo, 
encircling the origin once counter-clockwise. Of course, it is to be supposed 
that the function h(u) tends to zero rapidly enough to make the integral 
convergent. Whereas initially the function c n is defined by the modified 
expression (37) only for integral, non-negative, values of n , it may be 
possible to extend this definition, so as to obtain a function c{n) defined for 
general real values of the variable n , 



in which the many-valued function vr 71 " 1 in the integrand is specified so 
as to assume real values for positive u. In order that (38) be valid even for 
large negative values of n , it is obvious that h(u) should be subjected to 
quite severe conditions, which, however, will be taken for granted in the 
following. 

For negative values of n the path of integration L may be contracted to 
the negative w-axis, this being the cut of the function u~ n ~ x . If, moreover, 
the substitution u = — s is performed, then the expression (38) will lead to 


c(n) = 


sin ( 7 m) — s) 


1(7 rn) f 

n J< 


s n+l 


ds (n< 0). 


(39) 


Let us now replace n by — p , and substitute s = e~*; then the expression 
(39) becomes simply the definition integral corresponding to the following 
operational relation: 


M-e- 0= 


7Tp 


' sin (7 Tp) 


c(-p) (Rep > 0), 


(40) 


which will be valid provided that the function at the left does have an image. 
The definition integral corresponding to (40) has also been investigated by 
Ramanujan^. 

An interesting result is obtained when, first, to the general relation (40) 
the complex shifts t~>t±7ri are applied, and then the resulting relations 
are subtracted from each other; the factor sin (77 p) being eliminated, we 

are led to A(e“*+iO) — A(e"*— iO) = 2inpc(—p). (41) 

This relation illustrates that only if h(x) has a cut along at least a finite 
part of the positive #-axis is it possible that A(e - *) and h( — e“*) have images 


f See G. H. Hardy, Ramanujan , Cambridge, 1940, p. 186. 
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simultaneously. For, if such a cut were absent, the original of (41) would 
be equal to zero, which is not the case. 

As to possible applications of (40), which has not been proved so much 
as made plausible heuristically, it is usually necessary to investigate how 
the function c(n), given for integral non-negative values of n, has to be 
continued for negative non-integral values of n , since the rigorous formula 
(39) often proves to be of little value. In certain cases, however, e.g. when 
the coefficient c n contains only factors of the form (n + k )\, the continua¬ 
tion is performed by taking, quite naturally, E[(ti + k) for all n. 

Numerous applications present themselves in the case of the general 
hypergeometric functions, defined by 

QO 

rF s (a; y;x) = £ c n x n , 

n =0 

in which, according to (x, 67), c n has the value 


c(n) = 


r(7i)---+%)... r(a r +n) 1 


r(<*i)... r(a r ) r^ + w)... r(y s + n)II(ra)' 

Whenever the formula (39) leads to the same result for arbitrary, not 
necessarily integral non-negative values of n, then the relation (40) reduces to 

,/.<*; r, r, —*> 


T(p+ 1) r(q 1 -j?)... r (oc r -p) 
r (7i-p) ‘-'(r(y s ~p) 


0 <Rep<min(Rea 1 , ...,Rea r ), (42) 


whose strip of convergence (if existing at all) will lie between the imaginary 
axis and the pole of the image farthest to the left, provided this pole itself 
is situated to the right of the said axis. Here we have introduced a new 
notation, r / s , in order to simplify subsequent relations and formulae in 
which the combination of ^ and its T-functions T(a) and T(y) frequently 
occurs. 

Before proceeding to the discussion of (42) we shall first generalize it. 
For this purpose we start with the following identity: 

r/s(a; y; -X + x) = s + y+n; -A)~, (43) 

n = 0 

which is not difficult to verify if the convergence of the right-hand member 
has been assumed. Then (40) at once leads to the generalization in ques¬ 
tion, viz. 

r/«(a; y; -A-e-‘) = r(j»+ l) r / s (a-^>; y—p', - A), 

0 <Re^<min(Rea 1 , ...,Rea r ). (44) 

In passing we would stress the heuristic value of the rule (40), which 
becomes obvious from the possibility of deducing a relation like (44) so 
rapidly. 
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Instead of proving that the replacement of n by —p in the coefficient 
of x n occurring in (43) is actually in agreement with formula (39), it is far 
simpler to establish (42) and (44) in the following straightforward manner. 
In the first place, the convergence of the inversion integral corresponding 
to (42) is investigated, which is done more easily than investigating the 
convergence of the definition integral, since in the former case we only need 
to use Stirling's approximation (see (vn, 28)) for the individual T-functions 
occurring in the image. In so doing we are led to distinguish three different 
cases if A = 0 , namely: 

( 1 ) r > s. The inversion integral of (42) converges absolutely; 

(2) r = s — 1. It converges absolutely provided 

c< ^Re(y 1 +... + y g —a x —... — a r — 1 ); 

(3) r<s— 1 . The inversion integral diverges absolutely. 

From this survey we learn that there is no question of (42) when r < s — 1 . 
Further, since f(p)lp has first-order poles 
at the points contained in the decreasing 
sequence of numbers p = 0 , — 1 , — 2 , ... 
and the r increasing sequences a m , a m + 1 , 
a m + 2 , ... (m = 1 , 2 , ...,r), one and the 
same image can only exist within a strip 
lying between two poles, consecutive with 
respect to their real parts. We shall con¬ 
fine ourselves to the case where a l9 oc 2) ..., a r 
have positive real parts (see fig. 77 ), the 
two systems of poles mentioned above 
then being completely separated from 
each other by the strip of convergence specified in (42). As a consequence, 
the path of integration of the inversion integral also separates the two sets 
of poles. 

In the important cases r = s— 1 (if Re ( 7 ^+ ... + y s —oq — ... — a r ) > 1 ), 
r = s and r = s+ 1 the validity of (42) can now be proved as follows. 
First, with the help of Stirling’s formula, it is shown that the path of inte¬ 
gration of the inversion integral may be closed towards the left at infinity 
(compare vi, § 11 ) for any t when r — s, and for t > 0 when r = s + 1. Then 
the sum of the residues of all the poles thereby enclosed actually yields 
the original of (42) for those special values of t. Because of the analytic 
character of the inversion integral, the said original holds just as well for 
t < 0 when r — s + 1, so that (42) is proved for r — s and r = s ± 1 . Moreover, 
if r = 8+ 1, the left-hand side of (42) represents an asymptotic expression 
(£->+ 00 ) for the inversion integral. This can be proved by working out 
the definition (vii, 23) after a transformation of the path of integration 
of the inversion integral into a curve passing between two special poles 


!m p 



Fig. 77. The poles of the image of 
a hypergeometric function with 
exponential argument. 
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p = —N and p = - N - 1. Next the validity of (42) follows from the fact 
I that the corresponding hypergeometric differential equation (satisfied by 
the inversion integral) will have only one solution showing the asymptotic 
behaviour under consideration. 

Most strikingly, for the cases r > s + 1 (t arbitrary) and r = 8 -f 1 (t < 0) 
in which the path of integration cannot be closed at infinity towards the 
left, it may just be closed towards the right. In these cases the sum of all 
residues reduces to a sum of r convergent hypergeometric series. Upon 
comparing the expression thus obtained with the hypergeometric function 
in the left-hand member of (42), we get the identity 


tk)... r(a r ) a . y; _ x) = rfo) 1 ^ a i>- r - K fo] 


r(Ti)... r(y s r sv ~’ ' ’ * x " 1# r(y 1 -a 1 )... ny.-aj 

/ (- 1 ) r+S \ 

ll a l 7l + 1? •• •> 7s "1“ b a l b ..., OSj — <x r + 1, “ I 


S+ l^- 


X a l 


H-cycl. (#>0) (r^5 + 1), (45) 


lm p 


Re p 


in which ‘cycl.’ denotes that-for the complete expression those terms 
should be added which are obtained by replacing oc 1 in the term fully 
written out by a a , a 3 , ..., ot T successively. 

The theory discussed above is usually given for the restricted hyper¬ 
geometric series, for which r = 2 and 5=1. 

The inversion integral of (42), as an ana¬ 
lytic representation of this series (even when 
diverging), was so introduced by Barnes. 

Moreover, a similar integral representation 
applies even when the numbers cc lf a 2 ,..., cc r 
do not lie on the right-hand side of the 
imaginary axis. In this case, however, the 
straight path of integration has to be 
changed into a curved path, L , from — io o 
to + ioo, again separating the two systems 
of poles, — n and <x, 1 + n, ...,a, r + n (see fig. 78); as a consequence, the 
Barnes integral can no longer be interpreted as the inversion integral of 
some operational relation. 

The significance of (42) for r >s-\-1 may be illustrated by taking r = 2 
and 5 = 0 and using (x, 76): 

V ?T 



Fig. 78. The curved path of inte¬ 
gration of the Barnes integral. 


pF(p + v) T(p- v) r(J -p) = 


COS (V7T) 


e* e *i^(£e“*), | Re v | < Rep < (46) 


Concerning other applications of (42), this general operational relation 
enables us to establish interesting properties of numerous functions that 
are included by hypergeometric functions. The usefulness of this two- 
sided relation is mainly due to its power of reducing even the most intricate 
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fryP er g eome tric function to simple r-functions. In contradistinction with 
this, the exponential transformation according to (19), when applied to 
relations such as (x, 78) or (x, 79), leads to one-sided relations that at most 
give rise to a relationship between two different hypergeometric functions. 

Finally, we remark that (44), being an extension of (42), can be derived 
by transposing term by term the hypergeometric series in the image of 
(44), whereupon a summation is possible with the aid of the identity (43). 


Example 1. Integral representation of the restricted hyper geometric function. In this 
special case the relation (42) reduces to 


p. v . r _ t T(P+DT(*-p)T(l3-p) 

r(r) 6 >“*— f^) -* 

0<Rep<min (Re a, Re/?). (47) 

Now, there are several possibilities of splitting up the image into two factors, and, 
upon applying the rule of the composition product, we can obtain as many integral 
representations of the hypergeometric function under discussion. Let us quote some 
examples that are not too artificial: 


T(p+l)T(<x-p)T(/3-p) 

T(y-p) 


1 T(p + 1) 

i x r(p+i)r(«- P ) prxp+q) Y{fi—p) 

P r(p + a) X r(y—£) 

I V r(y-p) 


The originals of the separate factors are either known from relations given previously 
or are easy to derive from similar relations. Upon performing the necessary trans¬ 
formations of the composition-product rule, and replacing e~* by x, we find the fol¬ 
lowing identities for x > 0, the first of which (for other values of x ) is already known 
from (x, 87): 


rW) 
r (y) 


F(a ,ft;y; -a?) 


r 4 f 00 /2s\ 

x X*+P) J q (Rea>0; Re/?>0), 




r(a + y) 
r<«) 


>/( 5 ) /r exp {“§ ( X+ l)} 

(Re a> 0; Re/?>0), 


r(a+/?) /(n 

X 

s a ~y(s — l )?-^- 1 


(5 + x) a 


ds (Rey>Re/?>0), 


» r 

-fi)i i 

|r(a) i r°° ( /i i\ \ 

eXP rli + 2) <r r«-‘r.i<r-*)W^-*’'- 1 ^ (Re/?>0). 


To the list above there could, of course, also be added those expressions which are 
obtained by interchanging a and ft, since then the left-hand side remains unaltered. 
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Example 2. An integral of Barnes extended. Let us apply (44) to the restricted 
hypergeometric series for A = — 1 , thereby simplifying the image with the help of 
(33). The resulting operational relation is as follows: 

T(y-a) Y(y-0)f(u,0; y, l-e~*)i==Y(p+l)Y(a-p)Y(fi-p)Y(p+y-oi-fi), 

max {0, Re (a + fi — y)} <Rep<min(Rea,Re/?), (48) 

in which use is made of the /-notation introduced at (42); the image is simply the 
product of four F-functions. Again, the image allows of many different factorizations 
with a view to applying the rule of the composition product. Moreover, after some 
slight modification the inversion integral of (48) is easily shown to be equivalent to 
the following integral: 

T(b -j- c) T(b + d) e~ at f(a -fc,a + d;a + 6 + c + d; 1 — e“*) 

1 /Vo+too 

= Q v *Y(p+a)Y(p+b)Y(c-p)Y(d-p)dp, 

J C 0 —100 

— Rea<c 0 <min(Rec,Red), (49) 

which is an extension of Barnes’s integral obtained when t — 0. The integral re¬ 
mains valid in the case of a curved path of integration, whenever this path separates 
the systems of poles (of the integrand) extending to the left ( — a , — a— 1, ... and 
— b, —6—1, ...) from those extending to the right (c,c+ 1,... and d,d + I,...). 


Example 3. Integral relations existing between hypergeometric functions. Properties 
of r-functions serve a useful purpose for deducing many integral properties of hyper - 
geometric functions by simple operational reasoning. As an exercise we start with the 
following factorization: 

it r(2p+l)r(2a-2p-l)r(2yg-2p-l) 

4 a+/t+y -1 r(2y-2p-l) 

_ i ^ r(p+i)r(q-y)r(yg-p) ^ p T(p+i)T(cc-p-b)T(p-p-b) 
p T (y-p) p + b r(y-p-I) 


which is true on account of the duplication formula of the T-function. Using (47) and 
applying the rule of the composition product, we arrive at 


y; —>/(«,* 7! 


/(2a— 1, 2/?— 1; 2y — 1; —x) 

V* 

min (Re a, Re ft) > x > 0. 


Another very general integral relation concerning hypergeometric functions follows 
immediately from the definition integral of (44) when making the changes u = e~* 
and p = x. We thus find 

rco 

r (x) r f a (oc-x; y-x; - A) = J r / 8 (a; y; - A — u) m 2 ' 1 du. 

As will be evident from the foregoing, the methods described above are capable 
of extension in various directions, thus showing how extremely useful the operational 
calculus is in leading to a wealth of relations between hypergeometric functions that 
might otherwise only be obtained in an elaborate manner. 


6. Rules concerning series expansions 

In the present section we will indicate how various operational relations 
are to be found from known series expansions. In so doing we shall not 
concern ourselves about questions of validity and rigorous proofs. We 
rather refer to our previous statements that the operational calculus may 
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simply be considered as a means for rapidly approaching results that, if 
necessary, can afterwards be verified rigorously. 

With this in mind, we now proceed to give a short account of a number 
of rules that are obtainable from corresponding series expansions. 

(1) Given the one-sided relation 


then it follows that 


f(p)=h(t) U(t) (Rep>a), 


Re > max (a, 0), (50) 

Jo e» 8 -l n= i n 


while, moreover, we have (see example 4 of iv, § 3) 


. £ m 

n =1 n 



In this fi(n) is the function of Mobius (see (iv, 10)). The rule (50) is obtained 
when expanding the integrand in the following manner: 


e» s -l 


00 


= h{s) 2 e~ npa 

n = 1 


(Re^>0), 


which leads to a sum of definition integrals. 

(2) Let us assume A(£) to be expanded in a power series 

A(x) = £ c n x n (| x\<p), (51) 

n =0 

then, provided the radius of convergence is not less than 1, there follow 
numerous relations of which either the image or the original is expressed 
in the form of some type of series. For example: 

(а) A series of Bessel functions, viz. 

^J v {2j(nt)} (Rep> 0; Re v > — 1). (52) 

V n=oW 

In particular, when v = 

(Rej,>0) - (53) 

(б) A series of Laguerre polynomials, viz. 

(5 *> 

(c) The following extension of a theta series: 

TT(f\ oo 

> A(e -^)=-77 S e-»W (Rep > 0). 

■\l(7Tt) n = o 


(55) 
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(d) The Dirichlet series: 

A(e- e_ ‘)-A(0)i=fII(2}) S = U{p)f(p), Re# > max (a, 0), (56) 

71-1 71 

in which a denotes the abscissa of convergence of the Dirichlet series. 
Closely related is the following relation, containing a series of Lambert: 


71=1 V 1 

( e ) The factorial series: 


s {A(e~ ne *) - A(0)}, Rep > max (a, 1). 

71 = 1 

(57) 


00 


A(l-e-0 U(t)^= S 

71 = 0 


__ 

(p+l)(p + 2)... (p + n)’ 


Rep > max (a, 0), (58) 


in which a is the same number as in (56). 

(/) The following series: 

Be„>l /„. (59) 


It may be observed that, by taking A(&) = 1/(1 — x) in (59), and using (iv, 46) 
we arrive at the series 


e*Ei( — t) 


= s 


o dn 



(t> 0), 


which is the counterpart of (vi, 4a). 

Any of the rules above results from a term-by-term transposition of the 
corresponding series, in which use is made of already known formulae. 
Still other systems of rules can be obtained by starting with a type of series 
different from the power series, e.g. the Dirichlet series. 

(3) Given some generating function of the form 

A(x) e xt = 2 (j) n {t) x n , I X I < p(t), (60) 

71 = 0 


then it follows 


<Pn(t) 


p(ff)T 

[ p n 1 


Rep > 0, 


(61) 


in which, as before, [[ ]] indicates that in the Laurent expansion one should 
omit the positive powers of p. For a proof of (61) we transpose 


<f> n (t) U(t) 


U(t) d n 
n\ dx 11 


{X(x)e x %= 0 


which is a consequence of (60), leading first to 

1 d n j A(&) 1 


Lo (Re * >0) - 

Then the power-series expansion of { } is used, and (61) is obtained. 
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(4) When it is given that the relation f(p)=h(t) is valid at least for 
Rej) = 0, then we have the following equality: 

* f(2mn) » T/ , 

2 2^r = 2 *(»)• ( 62 ) 

7i= — oo ATiin ~oc 

This rule is the operational equivalent of the Poisson series given in (vi, 34). 

Example 1. Let us consider the function 


oo 2 n 00 

Lm(z) = Z - — = 2 d(n)z n (|z|<l), (63) 

n=l A_ z n =I 

in which d(n) denotes the number of divisors of n (1 and n included). The series (63) 
is a so-called Lambert series, for which an operational relation may be found by 
taking A(#) = 1/(1— x); then c n = 1, and/(p) in (56) becomes equal to £(p). Con¬ 
sequently, from (57), 

ff(jP) £ 2 (P) r== Lm (e~ e-< ), 1 < Rep < 00 . (64) 

This relation is useful in studying the function Lm(z). For instance, its numerical 
behaviour for real values of z tending to 1. To that end we first rewrite the relation 
in the equivalent form 

pli(p) £ 2 (p + l) = e~ f Lm(e~ e ~*) (Rep > 0). (65) 

Then we can apply the Maclaurin expansion of the entire function {f(p + 1) — 1/p} 2 , 
which, according to (vn, 7), will lead to 

1 2(7 00 

£ 2 (p+l) = -+ 2 c n p*. 

P 2 P 71=0 

After substitution of this series in the image of (65), the term-by-term transposition 
with the aid of (in, 16) yields 

oo f£n 

e~*Lm (e-e- 1 ) = - Ei( - e~*) 4- 2(7 e-®-* + 2 c n — {e^e-®-*}, 

n=o dtn 


so that the manner of approaching infinity of the Lambert series in question as 
x 1 — 0 is determined by 

T . . Ei(log#) _ _ x 

LmW = . ) * -2(7--+.... 

logic logic 


Moreover, when again taking e„ = 1, we have at onee from (98) the following simple 
factorial series: 

1 * n! 

*-l »=o a! (*+l)(* + 2)...(a: + tt) ( Rea:>1 )’ 


Example 2. In order to derive properties of the Mobius function (iv, 10), we take 
in (51) c„ = fi(n) by which/(p) in (56) becomes equal to 1 /£(p); thus from (57) 

Now, an alternative expression for the original of II(p) is known from (hi, 16). After 
identifying the two expressions and putting e _e ~' = awe get 

00 a n 

2/^(n)--- = a (0<ct< 1). 

n~l l-a n 

Moreover, by putting a = e~ p and translating the last identity into the ^-language 
with the help of (v, 8), another property of the Mobius function is found, viz. 

00 

2 fi(n) 
n=l 
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Example 3. An example showing how certain operational relations are obtainable 
from generating functions is provided by the Bernoulli polynomials, which are 

defined by , x _ 

* 00 B n (t) 


xe x 


/; 


= s 


e xt dt 


e x -l n=0 n\ 


■x n (\x\<2n). 


In this case the operational relation (61) becomes 
BJt ). 




( 66 ) 


(67) 


One of the elementary properties of the Bernoulli polynomials follows, for instance, 
from the fact that the image of (67) can be written alternatively 

£ B k i 

fc=0 P n ~ k ’ 

in virtue of (66) and because the Bernoulli numbers B m are equal to B m (0). Upon 
taking the original of this series term by term, we arrive at the following well-known 
explicit expression for the polynomials under consideration: 


7. Equalities in connexion with a single operational relation 

As already remarked in vil, § 6, from any operational rule one can derive 
an identity by applying the theorem of Abel. These identities, involving 
simultaneously the functions of the original and the image, but no longer 
the mapping itself, are often most easily derived in a straightforward 
maimer by making use of the definition integral or of the inversion integral. 
Examples of such identities, originating from a single operational relation 
f(p)^h(t) with strip of convergence a < Re^> < /?, are the following: 

(1) I J ^±ds= I 5--— h(s)ds fab) C (a, ft). (68) 

J a s J -oo S 

To verify (68), the function/(s) at the left is replaced by the corresponding 
definition integral and then the order of integration is reversed. Of course, 
the side condition should be satisfied, amongst others. This 

is indicated by (a, b) C (a,/?), denoting that the interval a<x<b lies inside 
that of a < x < ft. 

(2) — f(ico)sin (ao))—^ = \ h(s)ds (a^0</?), (69) 

7TI J - oo o* 2 J_ a 

which may be justified along similar lines; use is to be made of Dirichlet’s 
integral. 

{3) noolo f^ s "~ lds = 

It is important to note that (70) is valid only for one-sided relations; the 
proof is analogous to those above. 


*0 

Jo 


h(s) 

S V+1 


ds (a^O; Rev> — I). 


(70) 
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Example . The identity (70) at once leads to an interesting property of electrical 
networks, namely, 


i 

n(v)J 0 


A(p)p v ~ x dp 


J o ^ +1 


eft, 


since the time admittance, is(t)> I s just the original of the frequency admittance, A(p). 


8, Equalities in connexion with a pair of simultaneous relations 
(exchange identity) 

Of course, identities containing the images and originals of more than 
one operational relation are equally possible. For instance, the following, 
which is of utmost importance: 

f h x (oL8)^^-d8 =[ h 2 (ots)^^ds (aq<0; a 2 <0; a>0), (71) 

Jo S Jo s 

and which involves two different given one-sided operational relations, viz. 
fi(p)^h x (t) U(t) (Rep > a x ), 

Mp)^hS) U(t) (Rep> ot 2 ). 

Because in this identity the given data occur in such a way that a mere 
exchange of the two relations transforms either side into the other, we shall 
refer to it as an exchange identity f. 

The general lines of the proof are similar to those indicated in the pre¬ 
ceding section. To verify (71), the functions f x and / 2 are replaced by the 
corresponding definition integrals. The two resulting repeated integrals 
prove to be equal to each other, after a reversal of the order of integration 
in one of them, no matter which. 

An analogue of this exchange identity exists for two-sided relations, in 
which case the limits of integration become — oo and + oo. Then, however, 
it is necessary that the strip of convergence of each given relation coincides 
with the whole plane of p. Therefore the result is particularly important 
in the case of two originals that are cut off somewhere at the left as well as 
at the right. Thus, given the operational relations 

fi(p)T==h x (t) ( U(t — a x ) — U(t — b x )}, ~oo < Rejp < oo, 

f2(P)^K( t ){ u ( t ~ a 2)- u ( t -h)}> — co < Rep <00, 

the exchange identity, in its simplest form, can be written as follows: 



t It is dealt with by S. Goldstein, Proc. Loud. Math. Soc. (2) xxxiv, 103, 1932. 
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For a rigorous proof of the identities above it would be necessary to 
show that reversing the order of integration in certain integrals is legitimate. 
Anyhow, this is guaranteed whenever the integral of either the left side or 
the right side is absolutely convergent. 

Another identity, also containing as data two given relations, though 
not of the exchange type, is the following: 


j: 




J_ f c+ioo /i(s)/2(*L „ 

2 mjo-ico S 2 


(73) 


in which the path of integration, Re s = c , should be situated inside the 
common strip of convergence of the individual relations. The formula (73) 
is obtained when t is taken zero in the inversion integral corresponding to 
the composition product. 

As to possible applications of rules involving two operational relations 
as data, we would remark that the exchange identity leads particularly to 
many results in quite an easy manner; for instance, it often reveals at once 
the symmetry, if any, between two parameters as contained in certain 
integrals. 


Example 1. Let us illustrate the usefulness of the exchange identity by some 
exercises: 

(а) 

I* CO roo ds 

Jni s ) e- |,arc9lah * - — = (Re/t> —1; Rer> —1). 

Jo y( s +1) Jo V( s + 1 ) 

This follows from (71) when we start with the two relations obtained from the 
fundamental Bessel-function relation (x, 12) for two different orders, p and v. The 
substitution s — sinh u simplifies the identity to 

rx> ra o 

J J^sinhw) e~ vu du = J J v (sinhu)e~f iU du (Rep> — 1; Re v> — 1). 

(б) Starting from the relations 


l/ \ 2! 4! (4 n)\ ) 


1 


t in+l 


(4n+l)! 


p* n (p 2 + 1) 

(Rep> 0), 


(Rep> 0), 


we obtain by means of (71) that 

s 2 s* s* n ) ds 7T 

Jo \ 21^4! T (4n)! /s 4n+2 2(4n+l)! 

in which the integrand contains the ‘ remainder 5 of the power-series expansion of cos 5. 

(c) The two-sided exchange identity may be applied to two relations obtained 
when in (m, 30), for the X-function, the argument takes on two different values, 
a and b. Then we find the following equality: 

1*00 1*00 

K s {a)e-»coshsa s = K s (b)e~ ac0Sh, ds (Rea>0; Re6>0), 

J —00 J —00 

in which the integrations extend over the order of the Bessel function. 
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(d) The exchange identity (72) for cut-off functions, when applied to the relation 
(x, 60) for two Legendre polynomials of orders n and m, leads to the result 

= (- 1 ) m+n f_ 1 I n + Mj 8 - 

The integrands are even or odd functions of 5, depending on whether n 4* m is even 
or odd. Only in the former case is the result non-trivial, viz. 


f 1 ds f 1 

J ^ Im+ i( 5 ) ^ = J q ^n+i( 5 ) 


ds 

V® 


(w + n even). 


Example 2. A final example may refer to the identity (73) which is based upon 
the rule of the composition product. For this purpose we start with 


2pK p+a (x)=e~ XC03ht ~ at , — oo < Rep <oo (Re#>0), 

2pi£p_^(y)=e- vcoshi+ ^, — oo < Rep <oo (Re2/>0), 

which follow from (ni, 30). Upon applying (73) an identity is found of which one 
member is reducible to a if-function with the help of (in, 29). The final result contains 
an integral in which the integration is carried out over complex values of the order 
of the Bessel function, viz. 


rc+i oo 

K 8+0 l (x) K g _p(y) ds = 7TiK a+ o(x + y), 

J c—ico 

or alternatively, when c = 0, 

1 f 00 

- &*+*&) K i8 *(y)ds = K a+ji (x + y) (Rez>0; Hey>Q). 

*• J — oo 



CHAPTER XH 


I 

I 

STEP FUNCTIONS AND OTHER 
DISCONTINUOUS FUNCTIONS 

1. Introduction 

A step function, as discussed in the present chapter, is defined as a real¬ 
valued function that is sectionally constant. That is to say, it suddenly 
jumps when the independent variable passes certain definite values, while 
it remains wholly constant between any two consecutive points of dis¬ 
continuity. Obviously, the simplest possible is the unit function U(t) 
jumping only at t = 0, which we have often dealt with in the course of the 
preceding investigations. The remaining step functions, many of which 
have already been encountered, are conveniently arranged in increasing 
order of complexity as follows: 

(1) Step functions whose points of discontinuity are equidistant, the 
jumps being of equal magnitude. 

An example is provided by the function [£] of (v, 8), with unit jumps at 
integral values of t. 

(2) Step functions having equidistant points of discontinuity, where the 
absolute values of the jumps are all the same, but the function may jump 
either down or up. 

An example is given by the square-sine function, 5in t = sint/\ sin 2 j of 
(rv, 7), jumping (on the positive side) at 0, tt, 2n, Sn ,... by amounts of 

2 , — 2, 2, — 2, ..., respectively. 

(3) Step functions of equidistant discontinuities, jumping with arbitrary 
amplitudes. 

W 

Such are the originals J^a n of the relations (vi, 14), with jumps a n at 
o 

the positive integral points t — n. 

(4) Step functions jumping at non-equidistant intervals, though all 
jumps are equal in magnitude. 

For example r the original [e*] of (vi, 11) which is discontinuous at 
t — log 1, log 2, log 3, ..., all jumps being of unit magnitude. 

(5) Most generally, step functions with non-equidistant discontinuities, 
and arbitrary jumps. 

[e‘] 

To this type belong the originals 2 a n °f the relation (vi, 10) for Dirichlet 

l 

series; in this example the function jumps at t = log 1, log 2, log 3, the 
corresponding amounts being a lf a 2 , a 3 ,.... 

In this chapter the step functions will be considered from a broad point 
of view. To begin with, step functions with equidistant discontinuities at 


VP & B 


17 
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integral points are discussed in §2. In virtue of its close relationship to 
step functions, the so-called saw-tooth function will be treated in §3. 
Further, the importance of step functions with a view to possible opera¬ 
tional applications to arithmetic problems will become clear from §§4 
and 5, where the said problems are studied in their relation to (9-functions 
and Dirichlet series. Next, in § 6, it is shown how any arbitrary series may 
lead to a step function, by considering the separate terms as elements of 
a function of the summation variable n. Finally, the composition-product 
rule when especially applied to step functions is treated in § 7. 

First of all, some general remarks. The success of the operational method 
in case of these discontinuous step functions is due to their images being 
analytic functions throughout. Moreover, it is of little importance what 
values are actually ascribed to step functions at the discontinuities them¬ 
selves, since any change therein merely corresponds to the addition of some 
null function to the original, which does not influence the image at all. On 
the other hand, it should be borne in mind that the inversion integral 
always produces the mean value at any point of discontinuity. It may 
finally be noted that, even in the case of quite simple images, the originals 
may be step functions that are more easily surveyed by means of a diagram 
than by a mathematical formula. 

2. Operational relations involving step functions jumping at 
integral values of t 

From any function h(t) a step function can be derived having equi¬ 
distant points of discontinuity, by replacing h(t) inside the interval (n, n + 1) 
by h(n), this being the value assumed at the left end-point of the interval; 
here n is an integer (see fig. 79). It will be evident that this new function is 
represented by /&([£]), and its image is to be found as follows: 

f* oo oo (*n+l oo /*n + 1 

p\ e-P i h([t])dt=p 2 e~v f h([t])dt = p 2 Hn)\ e^'dt. 

The remaining integrals are readily 
evaluated; we then find the following 
operational relation: 

A(M) = ( 1-e-*) £ *(n)e—(1) 

n= — oo 

In particular, for one-sided step 
functions the relation (1) leads to 
images that are expanded in a series 
of powers of e ~ p ; the radius of con¬ 
vergence, p , is related to the strip of convergence, the latter being 
R ep> — lo gp. Conversely, to any convergent power series there corre- 



Fig. 79. The step function h\t]. 
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sponds an operational relation involving a step function: we only have to 
construct, from the given coefficients h(n), a function that is equal to h(n) 
inside (n, n +1) for all integral values of n. For instance, let us consider the 
restricted hypergeometric function (x, 68) first rewritten as follows: 


W) 

r(7) 


F(a,/?;y; e~ p ) 


“ r(a+n)T(/3+n)e~ pn 
T (y + n) n\ 


(Rep > 0). 


Then, we at once obtain the operational relation 


r(a+P3)r(/?+M) . r(«)rp?) 

F(y+ [<])[«]! • r (y) 


(1 -e-»)F(a,/?;y; e-*), 


0 < Rep < oo. 


In like manner, from the geometric series, we have that 


( 2 ) 


X [n U{t) = log A < Rep < co, 


(3) 


and, from the exponential series, furthermore 


M! 


= (l~e _3:> )e ;ie v , — oo<Rep<oo. 


(4) 


In the case of (4) the strip of convergence covers the whole p-plane, since 
the corresponding power series converges everywhere (the function repre¬ 
sented being an entire function). Moreover, as in (2) the factor U(t) could 
be dropped here, because even without U(t) the original vanishes auto¬ 
matically when t< 0, because II( — n) = oo (n = 1,2, 3,...). Thus it is seen 
that any of these cases leads to an image of exponential argument, whilst 
in the preceding chapter we encountered many originals of exponential 
argument. 

It will be obvious that the definition integrals of the relations above 
cannot deliver new properties, since they are only a different way of writing 
the corresponding power series. But the inversion integral can do so; it 
often leads to a non-trivial formula, which, in particular, represents the 
mean values at any discontinuity of the step function under consideration. 
For example, when in the inversion integral of (4) we take c = 0 andp — iw, 
then the following (real) expression is finally obtained: 

2 f 00 do) 

jj = -J e Ac0S6> sin ±a) cos {(2 — J) a> — Asina>}—. 


W! 


oj 


As will have been observed, the images above all contain the factor 
1 — e~ p . This factor can be eliminated by first multiplying the image by 


(1-e- 


~ 1 = 2 e* 
&=o 


(Rep > 0), 


and then determining the new original with the help of the shift rule. In 
so doing, the previous relation (vi, 14) is obtained anew for one-sided 


17-3 
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functions h(t). Moreover, the operational relations discussed above bear 
some connexion to those existing for Dirichlet series (see (vi, 10)). In the 
latter case, too, there is the question of a relationship between a series and 
a step function, but the latter jumps at t — log 1 , log 2, log 3, .... 

Totally different relations involving step functions, however, are ob¬ 
tained when the discontinuities are not determined by the independent 
variable, but by the numerical values of the function h(t) itself. An example 
of this is provided by 

1 J [A(oo)] 

[h{t)]U{h(t)}^ 2 e -ph-Kn) (Rep>0), (5) 

71 = 1 

which, too, is very general since t = h^s) is the inverse function of some 
arbitrary function s = h(t) supposed to be monotonically increasing. This 
rule is easily proved by subdividing the range of integration in the definition 
integral into separate intervals whose end-points now coincide with those 
points where h(t) passes through integral values. The operational relation 
(vi, 39) involving the ^-function is derivable from (5) by putting 
h(t) = ^(t/n ). More generally, the function h(t) = t lln will lead to 

[$] U(t)= 2 e~ pkn , 0 < Rep < oo, 

i 

of which the image is an extended 0-function. 


3. The saw-tooth function 


Let us consider the periodic function (of period 1) that decreases linearly 
from + 1 to 0 inside any interval n<t<n+ 1 (n = integer). When plotted 
in a diagram, it shows the character of the teeth of a saw. Therefore, a 
convenient notation for this saw-tooth function is Sa(£), Sa being an abbre¬ 
viation of the Latin e serra’ meaning saw. In the operational treatment 
below we shall be concerned mainly 
with the corresponding one-sided 
function, which is drawn in fig. 80 
and is representable by the follow¬ 
ing formula: 



Sa(£) U(t) — U(t). (6) pig. 80. The one-sided saw-tooth 

In passing it may be noted that function, 

this function is not only important in mathematics, but also in electrical 
engineering (e.g. in television). 

With a view to operational application the two following relations are of 
fundamental importance: 


(1) 


Sa«) 



which can easily be inferred from (6) and (v, 8). 


0<Rep<oo, (7) 
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(2) The operational relation (vi, 43), which now may be written in the 

alternative form 0 . x ^ /Q v 

Sa(e*) = £(p), — 1 < Rep< 0. (8) 

The relation (7) enables us to deduce two important series representing 
the saw-tooth function. In the first place, let us differentiate the infinite 
product 


sinhp 

P 


n (i+'-fV) 

»=1 \ 7T 2 n 2 / 


(9) 


logarithmically, and transpose the resulting series term by term for 
Rep > 0. We then get the following Fourier series: 

sin(27rai) 


Sap) = S 

n =1 


7 T71 


( 10 ) 


Secondly, an expansion in square-sine functions can be given. For that 
purpose, take the logarithmic derivative of the following infinite product: 


^^ = co S h|cosh|cosh|..., 


( 11 ) 


which was first given by Euler, and can be proved by using the property 

A (a,) = cosh Ja.4(Ja), 
sinha 


valid for the function 


A{a) = 


a 


Upon transposing this logarithmic derivative (occurring in (7)) term by 
term, making use of (iv, 7) for the individual terms, we are led to the 


following result: 


Sap) = 2 

71 = 1 


5in(2 n 7r<) 
2 n + 1 


( 12 ) 


The series (12) is simpler than (10), inasmuch as it does not show Gibbs’s 
phenomenon. That is to say, the partial sum tends everywhere to the value 
of the function, even at the discontinuities, whilst in the case of (10) this 
applies only when the series is taken as a first-order Cesaro limit. On the 
other hand, the expansion (12) is an expansion in orthogonal functions that 
do not form a complete set; more precisely, there exist odd, non-identically 
vanishing, functions that are orthogonal to all square-sine functions 
occurring in (12). 

The example below shows how many properties of the saw-tooth function 
may be derived by the operational method. 


Example . In two different ways, it is possible to deduce by means of the exchange 
identity integrals that contain the saw-tooth function: 

(1) Let us apply (xi, 71) to the relation (7) together with some arbitrary one-sided 
relation h(t) U(t)^==f(p). It is found that 


Jo S Jo \e s -1 s 2/ s 


(13) 
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In particular, taking h{t) = e~ at t v 9 we can express the right-hand member of (13) 
in terms of the ^-function; the first term of the integrand leads to this function on 
account of (hi, 37) whilst the remaining integrals are elementary. The result obtained 
reads as follows: 

„ , 1 If 00 Sa(s) 

«* a) - ( TZi )a ^-2^= "Jo (Re " >1; Reo>0) - 

Furthermore, when h(t) = e~ at U(t) 9 whence/(p) = p/(p + a), then the right-hand 
member of (13) equals the definition integral of the relation (vii, 31) for p/i(p), provided 
p is replaced by the parameter a. The following result is then easily obtained: 

f 00 Sa(s) 

fi(a) — \ - -ds (Rea> 0), (14) 

J o s + a 


which expresses the logarithm of the correction factor of Stirling’s formula in terms 
of the saw-tooth function. Further, since (14) has the form of Stieltjes’s moment 
integrals, according to example 4 of v, §8 the function fi(z) has a cut along the 
negative part of the real axis. At this cut the real part of the function is continuous 
(except at the poles at z = — 1, — 2, — 3, of course), while the imaginary part is 
given by 

Im/i(-x±i0) = +7rSa(a;) (x>0). (15) 


Closely related to (13) is 


which can be derived by applying (xi, 71) to a pair of one-sided operational relations, 
one of which is wholly arbitrary, the other being 


+ ^ U(t), 0<Rep<oo, (16) 

which, in turn, may be found from (vii, 31) by application of the rule concerning 
multiplication of the original by t. 

(2) When (xi, 71) is applied to both derivatives of (7) and f(p) = h(t)ZJ(t) 9 we 
obtain the formula 


r 

J 0 


f(s)d{Sa(s) U(s)} = Lim i/(0) +/(1) +/(2) + ... +f(N- 
N-+c ol 


D + hW) 


■jo/(«)*} 

(17) 


the proof of which requires the ‘derivative’ of Sa(2) U(t) to be determined from (6) 

by means of a series of impulse functions. In particular, for h{t) = -(1— e -at ) the 

right-hand member becomes identical with the definition integral of (16); con¬ 
sequently the following limiting relation holds: 


Lim + 


N- 


\h 


2 a a -h 1 a + 2 




1 


1 


a + Ar-l 2 (a + N) 


r N <h \ 

J 0 « + «/ 


= = loga + “ — ^(a). 


(18) 


This formula allows of a simple physical interpretation, viz, when positive point 
charges of unit magnitude are situated equidistantly at — 1, — 2, — 3, , and an extra 

charge of amount \ is present at the point 0, and, moreover, the negative axis is 
uniformly covered with negative charges such that the net charge between any two 
integral points is zero, then the potential due to this charge distribution, as a function 
of the position a 9 and on the line of charges itself, is given by (18), that is, by the 
derivative of Stirling’s ji -function with respect to the co-ordinate a . 
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4. Arithmetic functions in connexion with 6-functions 

As will become clear from this section and the next, the operational 
calculus is particularly useful in the study of numerous arithmetic functions, 
since in this way they are transformed into analytic p-functions. 

As the first example of a non-elementary arithmetic problem we shall 
consider the determination of the number of lattice points (these being 
points of integral co-ordinates: x — m, y = n) inside the circle x 2 + y 2 = R 2 
having as centre the lattice point m = n = 0 (see fig. 81) and of radius R . 
To make the formulae as simple as possible, it is convenient to introduce 
the variable t by t = R 2 rather than by t = R. Accordingly, A 2 (t) is defined 
as the one-sided function that represents the number of lattice points 
inside the circle of radius R — Now, this function is operationally re¬ 
lated to the 6 Z -function, as can be seen at once. 




R-/t - .. 


... :i _ 

*5 -4 -3 -2 -1 

0 1 2 3 4 3 


Fig. 81 . The lattice points inside a circle. 


First of all, A 2 (t) is expressible in terms of unit functions, as follows: 
A 2 (t) = 5 £ U(t — m 2 — n 2 ). 

m — — cc ri" — oc 

Thus, for the image, when Rep > 0, 

00 00 CO 00 

2 2 e~< m2 + n2 )P = 2 Q—m 2 p ^ Q—n 2 p, 

ni= — ao n=*—<x> m= — co n —— co 

of which either factor is equal to # 3 (0, pjrr) on account of (vr, 39). Con¬ 
sequently, we have the very simple relation 

>2 


^4 2 (^) ^=5 (^(o. |. 0 < Re p < co. 
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It is not difficult to generalize this result. Let A n (t) denote the number of 
lattice points inside the ^-dimensional sphere 

xf + xt+ = t = R 2 , 

then, obviously, A n (t) = 0<Rep<oo. (19) 

In this connexion we remark that for to = 1 the relation (19) becomes 
equivalent to (vi, 39); the number of lattice points between *Jt and — *Jt is 
equal to 2[- N /<] + 1, thus 

AW = {2[V(I+ 1} U(t) = 6 3 (o, (Bep>0). 

Therefore, by way of the operational calculus the problem of lattice 
points inside the 7i-sphere is reduced to considerations concerning the 
0-function. For example, an asymptotic expression for A n (t) (t^oo) is 
easily found, namely, by transformation of p into Ijp with the help of the 
last line of (xi, 11). On account of this relation, (19) may also be written 
in the following manner: 

( Re jp>°)> ( i9 ®) 

or, alternatively, when expressed in terms of the familiar series: 

/7T\ in 

A n (l)±==r^J (1 + 2+2e -4 * 2 ^ + 2 e~ 9n2/p + ... ) n (Re^>>0). (20) 

Since A n (t) is a monotonically increasing function of t y the Tauber theorem 
(vn, 15) for v = \n leads to the asymptotic formula 


A n (t)< 


(7Ttf n 


(t-> 00 ). 


( 21 ) 


This result merely expresses the fact that the number of lattice points 
inside the ^-dimensional sphere is, to a first approximation, equal to the 
volume of the sphere, which, of course, was to be expected from geo¬ 
metrical considerations (see also (iv, 24)). In addition, the corrections on 
this first approximation can be found by working out (20) so as to obtain 
the series: 


A n {t) 


-rh 


2 r n (m) e 

m~ 1 


—7i 2 mlp 1 

’ 


in which r n (m) denotes the number of possible splittings m = m\ +... + m\, 
when each m, is any integer (positive, negative or zero). A transposition 
of this series with the aid of (x, 20) yields 


A n (t) 


( 7Tt)* n 

n(jTO) 


00 


+ S r n {m) 

m=1 


/ t \* w 

(-) 
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whence it follows that the corrections are representable by Bessel functions. 
A still simpler, closed expression for A 2 {t) is obtainable, when a well-known 
identity of the 0-function is used, viz. 

1 1 1 


: + 


e 3p _ i e 5i? — 1 e 7p — 1 


+ .... 


For, from (19) and (v, 8), we may infer that 


\{AS)~l} = 



( 22 ) 


This series terminates, of course, in a number of terms depending on t. 
An alternative way of interpreting (22) is to consider it as a relationship 
between the functions A 2 and A v 

Before proceeding to another application of the operational calculus to 
the function A n (t), it may be noted that the theory above is easily extended 
so as to include the problem of lattice points inside multi-dimensional 
ellipsoids. The image equivalent to that of (19) consists of a product of 
| 0-functions of mutually different second arguments. Further, when the 

centre of the sphere does not coincide with a lattice point, then the image 
involves the general 0-function, 6 s (v, pin), of non-vanishing first argument, v. 


Example . We shall now derive an integral equation for the lattice-point function 
A n {t). First, we have the following operational relation: 

[ An{t) ~ U(t) ^ © iB ({03(0 ’ 7rlp)}n ~ X) ( Re *» 0 )> 
which may be obtained from (19 a) and the relation corresponding to the asymptotic 
expression (21) of A n (t)> by mere subtraction. Then, using (xi, 2) applied for v = 1 -f Jn, 
we get another relation whose image contains the function 0£(O, np). Once more 
transposing the image with the aid of (19), we finally obtain 

f 00 [ (7Ts)^ n \ 

A n (x) -1 = nj q (-) J r 1 „ + i{27rV(ra)}p n (s)-^Y^Jcfo, (23) 

which may be considered as an inhomogeneous integral equation for A n . On the other 
hand, the equation (23) is equivalent to a homogeneous equation for the function 


A„(x)~ 


X n (x) = 


(7TX)l n 

w 


-1 




the numerator of which is just the correction corresponding to the approximate 
representation of A n (x ) by the volume of the n-sphere of radius *Jx, whilst the term 
— 1 indicates that the centre of the sphere should not be counted as a lattice point. 
To derive this homogeneous integral equation we simply use 



J in +i{2” V^s)} ds - 


(l Tx) in 

n(£n)’ 


which, itself, follows from (xi, 27). The identity (23) leads to 

J oo 

J i„+i{2n- *J(xs)} ■*„(») ds. 

0 


(24) 
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In particular, for the number of lattice points inside a circle, we find for n = 2 the 
following homogeneous integral equation: 


A 2 (x) — ttx — 1 


Too 

= 7rJ J 2 {2n^{xs)} 


A 2 (s) — 7T8—X 


da. 


5. Arithmetic functions in connexion with Dirichlet series 

That many arithmetic functions are intimately connected with Riemann’s 
^-function, £(p), is a consequence of the possibility of deriving from its series 
(see (in, 36)) 

£(2>) = i^+25+P + --- (R©i>> i) 

by quite simple transformations, other Dirichlet series involving number- 
theoretic functions. For instance, 

£ 2 (p)=2^ (Rep > 1), 

which was discussed in (vn, 16). In like manner, a great many Dirichlet 
series having number-theoretic coefficients are derivable from the infinite - 
product development of the ^-function: 

€(p) = n (i-^) -1 (Rep > i), (25) 

in which N runs through the set of prime numbers: 2, 3, 5, 7,11, ....f 

Examples of series originating from this infinite product, after suitable 
operations, are the following: 


( 1 ) _L _ n (1 —\ = v 

( ) «J>) V N*J n=l ^ 


= 1 


1 1 


1 


_ 1 1 _ 1 

2 p ~ 3p~5p^6^~7p + io^ ” ”* 
in which /i(n) denotes the Mobius function (see (iv, 10)); 
£(P) rr , 1 \ _ £ /* 2 W 


(Rep > 1), (26) 


( 2 ) 


«2 P) 


- n ( i+ w)-k‘ 


71? 


- 1 + 2^ + 3^ + ^ + 6^ + 7» + io^ + -" ( Re 2 ? > 1 )- ( 27 ) 

This series is obtainable from that of £(p) by deleting those terms n~ v 
for which n possesses as factor a square > 1; 

£(2W_ttL , 1 \~ 1 ^ (-!) n(n) 


(3) 


Z(p) 
= 1 - 


- n (>*Ar-A ! 




111111111 

5p^0p — 7p — io^ ” ” * ^ e i 9> D> (28) 


f Instead of the conventional p for prime number, the notation N is used, in order 
to avoid confusion with the variable p of the operational calculus. 
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where Q(w) denotes the total number of prime factors of n, that is, 

fi(n) — aj + ag-h ... +a fc , 
when the canonic factorization of n is given by 
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(29) 


in which v{n) is the number of different prime factors contained inn; y(l) = 0. 

The verification of any of the formulae above is easily established, by 
working out the infinite product and investigating how frequent a certain 
term, n~ p > occurs. The frequency of this term becomes the coefficient of 
the Dirichlet series in question. 

The originals corresponding to the foregoing series can be obtained with 
the aid of (vr, 10). Then it is found that 


1 [e'J 

yr~,M n )> 1 <Re^ <oo, 
i\P) n = 1 

n v ) [e‘3 

4^4= X P 2 (n) = Q([e?]), 1 <R ep < cc, 

£( 2 .P) n = l 
£Y2'»') te*] 

— 1 =^ (-l) Q(n >, 1 <Rej)<oo, 

b\P) n =1 

ni v \ [e ‘ ] 


(26 a) 
(27 a) 
(28a) 
(29 a) 


where the function Q(x) occurring in (27 a) may be interpreted as the total 
number of square-free numbers not exceeding x. 

At the end of the present section we shall illustrate by some examples 
how numerous properties of the arithmetic functions are deducible, opera¬ 
tionally, from the relations fisted above. In addition, we may remark that 
these functions, though initially defined only for integers, become, as 
operational originals, step functions which thus have definite values at 
the intermediate points. It is just this continuation (interpolation) which 
makes it possible to study the arithmetic function by means of the analytic 
image. 

Moreover, it appears that still different arithmetic functions may lead 
to images that, unlike those above, do not contain the ^-function alge¬ 
braically only. This holds, in particular, with respect to functions occurring 
in the famous distribution law of prime numbers which will now be in¬ 
vestigated in some detail. 
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For that purpose, the starting-point is the series for the logarithmic 
derivative of the ((-function of (25): 

£'(*>)_ v lo §^ _ v log N 

£(p) N*- 1 " *eP***-l’ 

In virtue of (v, 8) the corresponding operational relation reads as follows: 

(B '* >,)l < 30 > 

where we have introduced TchebychefFs well-known function 

(3i, 

As is shown with not too much difficulty, this function can be written 
equivalently in the following two ways: 

[x] 

(1) vM*) = 2 Mn), 

n =1 


where A {n) = log n or = 0, depending on whether or not n is a power of 
some prime number; 

(2) ifr T (n) = log{l,2,3,4,...,»}, (32) 

in which {1,2,3, 4,..., n) denotes the least common multiple of the numbers 
from 1 to n inclusive. 

The distribution law of prime numbers in question follows at once when 
the complex Tauber theorem V (see yn, § 5) is applied to 


p g'(ff+i) _ 

p +1 £(p+ 1) ■ 




(Rep > 0), 


which relation easily follows from (30). For, on the one hand, the original 
of this relation multiplied by — e*, i.e. the function ^ T (e f ), is monotonic, 
and on the other hand, we know that the image above divided by p, as 
well as £(p + 1) itself, is singular on the boundary Rep = 0 only at the first- 
order pole at p = 0. Therefore, the limit of the image being 1 for p 0, the 
Tauber theorem leads at once to the following asymptotic property: 

^ r z’( e 0~ e * (£->oo), 

or alternatively \jf T {x)~x (x->co). (33) 


Further, it is easily shownf that the property (33) is equivalent to the 
distribution law 


7T(x) ~ 


X 

logx 9 


(34) 


f See, for example, D. V. Widder, The Laplace Transform , Princeton, 1941, p. 226. 
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in which the one-sided function tt(x) denotes the number of primes below x. 
This may be made plausible in the following manner. Inasmuch as \x] 
I may be approximated by x, the brackets in (31) can be omitted, which 
I leads to 

ir T ( x )~ 2 log x = 7i(x) log x t 
N<x 


and then (33) at once yields the prime-number theorem (34). 

In retrospect, the prime-number theorem appears to be based sub¬ 
stantially on the known behaviour of f(p) for Rep> 1. For, the simple 
fact that in this domain the function exhibits only a singularity at the pole 
p = 1 enables us to apply the complex Tauber theorem. It is further obvious 
that a sharper result concerning the behaviour of the difference tt(x) — xj log x 
J will be obtainable from further properties of the ^-function relating to its 
behaviour to the left of the line Rep = 1; in this way the zeros of £(p) 
inside the strip 0 < Re p < 1 prove important, but will not be investigated 
here. For the rest, the derivation of the distribution law was reduced to 
the property (33) of the function rjr T {x ), and, in connexion with (32), this 
property can also be stated as follows: 

log{l, 2, 3, (w->oo), 

or, alternatively, Lim^{l, 2, 3, ...,n} — c. 

n-^oo 

On the other hand, it is still possible to deduce the properties of n(x) 
more directly, without using the function frp(x). This will be seen in the 
third of the examples below, where other asymptotic properties of the 
prime numbers will also be put forward. 


Example I. Distribution law of squares. Information concerning the density of 
squares in the sequence of natural numbers is obtained when the following operational 
relation is studied: 

(Rej>>0). 

p+l£(2p + 2) 


This relation can be derived from (27 a) with the help of the attenuation rule, Q(x) 
denoting the number of square-free numbers below x. Since Q(x ) is monotonic, and 
the image divided by p is singular on the boundary of convergence Rep = 0 only at 
the first-order pole p = 0, the complex Tauber theorem is again applicable, now 


leading to 


V £(P+1) 

Lime- i Q([e*]) = Lim -f- . 

t-+ 00 p -+oP + l£(2p + 2) 


Further, since the residue of £(p) at p = 1 is equal to 1, the value of the limit at the 
right is equal to l/f(2) = Q/n 2 ; hence, asymptotically, 


that is, 


e-‘Q([e‘])~^ (t-> co), 

7T 2 

6 

Q(n)~—n (n -» co). 

7T 2 


Consequently, 6/n 2 of all integers, that is, approximately 60 % are square-free. 
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Example 2. Connexion between the number of prime factors of n and the function of 
Mobius . A property concerning the function v(n) t denoting the number of distinct 
prime factors of n, is found when the relation (27 a) is multiplied by the series 

00 

£(p) = Se-' 10 *" (Rep> 1). 

71—1 

A term-by-term transposition then leads to 



(Rep> 1). 


(35) 


On the other hand, the original of the left-hand side is known from (29a). Con¬ 
sequently, upon putting e* = x the following identity is obtained: 


\x\ 

2 2 * n > 
71 — 1 


= £ e(f-l) 

n= 1 \L W J/ 


(*> 1 ). 


In like manner, by multiplying by £(2 p) instead of by £(p) we get from (27 a) the 
property 



(x>0). 


Example 3. Further asymptotic properties of the prime numbers . In order to find 
these we start not with the logarithmic derivative of the infinite product (25) but 
with the series for the logarithm itself, namely, 

iog«3» = -siog(i-A) = z _l + ^_L +iS A_ + ... (R. p >i). 

The first term of the right-hand member, where the summation has to be extended 
over all primes JV>1, is determinable from Mobius’s inversion formula (iv, 11) 
leading to: 

= S ^ lo gf(wp) (Rep> 1). (36) 

XV 71 — 1 71 

Upon transforming the left-hand side we arrive at 

00 n(n) 

ir(e*)=H --lo g£(np), l<Rep<oo, (37) 

n—1 n 

by means of which the distribution function 7t(x) of the prime numbers is directly 
associated with Riemann’s f-function. 

From this relation we shall derive consecutively three asymptotic properties of 
prime numbers f. 

(1) To approximate the following sum of inverse primes, 


2 

N<x 


1 

N 9 


we first derive from (37) with the aid of elementary rules the new relation 



1 00 

e~ T 7r(e T )dr=- 2 

p+l n =i 


n 


log f(np + ra) 


(Rep> 0). 


f These are treated by Balth. van der Pol, ‘On the application of the symbolic 
calculus to the theory of prime numbers’, Phil, Mag. xxvi, 921, 1938. 
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Since on the boundary only the term n — 1 of the image becomes singular, and then 
only at p = 0, where it behaves as — log p, we subtract (m, 26) from the relation above. 
Assuming that the Tauber theorem h( oo) =/(0) is actually applicable in this case, 
we obtain the following result: 

Limj f e“ r 7r(e T )dT — (log2+ O)] = E log£(n) = —0*3157 .... 
t ->ao IJ —oo J n= 2 n 

The integral at the left can be worked out by partial integration, using the identity 

f e -r d7r(e T ) = P L^-^)dr= E 

J -oD J -co N<e *-« 

When, moreover, the result (34) is used, we are finally led to 

Lim ( E ~ — log log aA = G+ E log£(n) = 0-2615 .... 

x-^-co \N<x-N J n =2 n 

This approximation, which has been proved rigorously by Kluyver f> is worth while 
comparing with the well-known limiting relation 

Lim ( 2 1-loga;) = G - 0-5772..., 

x—><x> \ n<x n J 

where the summation is extended over all natural numbers inferior to x. 

(2) To investigate the sum „ _ 

2j logiv 

N<x 


we first differentiate the identity (36) with respect to p; the relation (vi, 10) for the 
resulting Dirichlet series then becomes 

2 logiV=— 2 —- (Rep>l). 

N<e l n=l £( n P) 


Upon multiplying the original by e _< we obtain 


e -f E log N = 
N<e l 


P 


^ H" 1 71= 1 


E fi{ri) 


£'(np + n) 
£{np+n) 


(Rep> 0), 


(38) 


the image of which possesses the limiting value 1 as p ->-0. This limit is fixed by the 
term with n = 1, since the other terms do not contribute at all, in virtue of the series 


S l^(n) Ct~t = 0-74... 
n = 2 £(™) 


having a finite sum. Application of the complex Tauber theorem to (38) is allowed 
(upon multiplication by e f the original becomes a monotonic function). Therefore, 


1 = Lim 

t ~>00 


E logiV}, 

L iV<e* / 


thus 


'EilogN~x (x -> oo). 

N<x 


In other words, the nth root of the product of the primes below n tends to e as n -> oo. 
(3) To obtain an approximation for the sum 

v log IV 

" AT * 

N<x & 


f Verslagen Akad. van Wetenschap. Amsterdam , vm, 679, 1900. 
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we first differentiate (36) with respect to p, then replace p by p + 1, and next form the 
relation (vi, 10). The result becomes 


s 

N<eP 


- S p{n) 
n = 1 


Z'jnp + n) 
g(np-fn) 


(Rep> 0). 


Upon subtracting the operational relation tU(t)^==l/p we finally obtain, again 
assuming the applicability of the complex Tauber theorem. 


Lim 

X —>co 


' s lo % N 

,N <x N 



— 2 p(n) 
n=2 


Z'(n) 

£(») 


— 0*74 .... 


6. Step functions of argument equal to the summation variable 
in a series 

An operational relation containing a step function of this type can be 
derived from any generating function of the form 

a) = S 0„( cc)x n (a <|*| <b), (39) 

Tl— — CO 

where a is some parameter. Thus, upon identifying x with e~ p the Laurent 
series (39) may be transposed term by term for Rep > 0, thus leading to 

m 

X(e~ p ,oc) = 2 — log b < Rep < — log a, 

n — ~ co 

where the annular domain of convergence for x transforms into a strip of 
convergence for p. 

A still simpler original is obtained when the image is multiplied by 
1 — e~ p and the shift rule is applied, so as to spot a single term of the series, 

tllU °‘ (l-e“»)^(e"^,a) = ^ M (a), -log6<Rep< -loga. (40) 

Therefore we have an example in which the summation variable (of the 
generating function), indeed, occurs as the argument of a step function. 
Again, it is of little importance how the step function is defined at the points 
of discontinuity, though the inversion integral corresponding to (40), if 
convergent, will produce the mean value, that is, \{<j){n — 1) + 

As an explicit example, involving a two-sided infinite Laurent series, 
we mention the generating function of the Bessel coefficients 

e £a(x—l/x) __ 2 J n (oc)X n . 
n— — oo 

In this case the relation (40) becomes 

(1 — e~ p ) e~ a sinh p = J[ t ](oc) , — co < Rep < co. (41) 

The general relation (40) can be further applied to any given power 
series: 

A(») = 2 <f> n x n , 

n = 0 
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since X(x) may here be considered as generating function of <f> n . The opera¬ 
tional relations so obtained are automatically one-sided. Accordingly, 
the power-series expansions 


™ . , Q v „ tfsin# .. . _ 

.g, gmWx - r -2» co si > + », 

(1*1 < 1) (& real). 


s 

n = 0 


L n (a) e -ox/a-x) 

n! ~ 1 — x 


(|x|<l) 


| lead in turn to the following relations: 


sin#(l — e -:P ) 

2 (cosh p — cos#) 

yj 2 sinh \p 


= sin(#[T|) Z7(£), 0<Re^<oo, 


*J(coshp — cos#)' 


=i?,j(cos#) U(t) } 0<Re£)<oo, 


0<Bep<oo. 


(42) 

(43) 

(44) 

(42 a) 

(43 a) 
(44 a) 


To illustrate the fundamental importance of (40) for power series, it is 
interesting to see how (40) includes as a special case an extension of Widder’s 
inversion formula (vn, 58). For this purpose the Taylor series is chosen as 
generating function: 

X(a-ax) = |a;| <j^j- 

Applying (40) we first have 

(-a) [t] d m o 

(1 -e-P)x(<x-*e~ p ) ^ X(*)> - log y^y < Re^ < oo, 

and then, upon replacing x(p) b yf(p)lp and p by p/cx,, 

/(«-ae-^)=^(-i-) [afl {^l} J - a log^<Re^<co («>0). 


Let us now pass to the limit a->oo. Then the image reduces to f(p). More¬ 
over, if it is assumed that the limit of the original is the original of the limit, 
then the right-hand member transforms into an expression for h(t). In this 
way, and after putting at = n , we obtain 


h(t) = Lim 

n~> oo 


fa [wl + 1 / 

' dy 


l i»]i \ 

da.) 

' a )a-nlt’ 


in which, in contrast with the previous formula, n may tend to infinity 
along non-integral values. 

VP & B !8 
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As to possible applications of (40) to special functions, we observe that 
this operational relation is particularly useful in the study of series of 
functions of integral order, as may appear from the following two examples. 


Example 1. An approximation for Laguerre polynomials of high orders is 
obtained when the image of (44a) is expanded, apart from a factor e~ a f p , in 
a power series of p. A transposition of this series leads to 


htju) 

KM 




In particular we derive from the first term: 

L n (oc)~e* a n\ J 0 {2<J(an)} (n > 1). 


Example 2. The inversion integral corresponding to (40) is generally a complex 
integral representation for discontinuous functions. Sometimes it may be reduced 
to a real integral, for instance, if the path of integration can be taken along the 
imaginary axis. An example of this is provided by the inversion integral of the two- 
sided relation (41) for the Bessel function. After substituting p — io) and reducing the 
interval for 0 ) < 0 to that for o) > 0, we finally obtain the real integral representation | 

2 f 00 sin to 

J = “ -cos {(— J) 0 ) — a sin a)} da). 

7T J 0 0) 

It is almost unnecessary to emphasize that for integral values of v (= n) the left-hand 
side should be replaced by |{J n (a)-f-J n _i(a)}, in agreement with the fact that the 
inversion integral always leads to the mean value at any point of discontinuity. This 
again is an example of a discontinuous function whose argument v occurs as a con¬ 
tinuously variable parameter under the sign of integration of the integral repre¬ 
senting it. 


7. Contragrade series 

We conclude our considerations regarding step functions with the in¬ 
vestigation of the composition product of two such functions. In so doing 
we shall confine ourselves to step functions with equidistant discontinuities 
occurring at the integral points. Therefore, let us assume that 

KiN) ^Mp), a 1 <Rep<^ 1 , 

hiW^MP), oc 2 <~Rep<^ 2 . 

Instead of working out the composition product of these functions 
directly, we follow a more rapid way. From the derivation of (1) given 
at the beginning of this chapter it follows that 

A(P) = (1-e^) 2 K (»)e-"», 

n— — oo 

and hence that 

S&(<)= S htWhm-*) 1 -! S 

n= — oo n =z *— oo I e 


(45) 
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From this the composition product in question can be obtained by multi¬ 
plying the image by (1 — e~ p )lp; that is to say, (45) has to be multiplied 
through by the operator 

’/-« dT ](*”) = J< Re p >0 - 

(46) 




dr - 


In other words, to obtain the composition product in question we have to 
apply the operator ‘Lin* to <j)(t ), which means that <j>(t) should be replaced 
throughout by its mean value in the interval t — 1 < r < t. Since itself 
is a step function, this operation, in graphical terms, simply comes down to 
replacing <j>(t) (i) at the jump t = n by the value <f>(n — 0), and (ii) at the 
intermediate points by the straight-line segments connecting these values 
(see fig. 82). Therefore the function Lin^(^) originates from by linear 
interpolation between the integral points. 

Using the notation introduced above, we may 
write for the composition product of two step 
functions jumping at integral points 


flip) Up) 
p 


= Lin 2 — n )' (47) 

n= — co 


In general, the series (47) possesses an infinite 
number of terms. However, when the given 
operational relations are one-sided the series 
terminates automatically. In this case (47) 
becomes 



Lin<£{t) 


1 2 3 4 5 6 

Fig. 82. Illustrating the ap¬ 
plication of the operator Lin 
to a step function. 


hip) hip) 

p 


It] 


= U(£)Lin 2 Ai (n)hz{\t\ — n). 

n= 0 


(48) 


Summarizing, we may say that by the process above we are always led 
to series that involve the values of the initially given originals at the 
integral points, in such a sense that the arguments of the two originals run 
in opposite directions. It is for this that we introduce the term contragrade 
series , of which an explicit example will now be given. 

Example . Of course, to obtain contragrade series we may equally well start with 
only one given relation and consider the (composition) product of a step function by 
itself. With this in mind we get from (43a) for Legendre functions, by applying (48), 
the following relation: 

2 sinh 2 Id HI 

-r-qT==^l7(t)Lin 2 P*(cos#) P M _ k (cos&) (Rep>0). 

p(coshp —cos#) o 

Since the left-hand member can be written as 


1 1 — e~ p sin#(l — e~ v ) 

_x_ x e p _-_— 

sin# p 2(coshp —cos#)’ 
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the original is also equal to 

-rh Lin {sin (£[<+1]) U(t+ 1)} = Lin sin {£([«] +1)}, 
sinv sin xr 

as follows from (42 a) and (46). We thus find the identity, by cancelling the operator 
sin{fl(p]+ l )} _ £ p t(cosd) p w _ i(cos ^) (t>0 ), 

SUl# 

which for t = n + 0 leads to the following result: 

^±Mt = £ P.(oo,»)P._.(o»9). 
sin# 

We finally remark that contragrade series are also obtainable without the 
operational calculus, by squaring the generating series (in the example above, the 
series (43)). 



CHAPTER Xm 


DIFFERENCE EQUATIONS 


1. Introduction 

In addition to linear differential equations, linear difference equations are 
just as readily accessible to an operational treatment, as will be demon¬ 
strated in the present chapter by elaboration of a number of special 
problemsf. In order to write difference equations as simply as possible, 
it is convenient to introduce symbols of abbreviation for the difference of 
two functional values occurring therein, similar to A n used in ix, §§ 7,8, 

A n ^(n) = <}>{n + \)-<t>{n-\)> (!) 

If n is identified with the operational variable t , then, in virtue of the 
shift rule, the operation (1) reduces to multiplying the image by 2sinh£p. 
This property will be designated by 

A,(...) = 2sinh£p(...), (2) 

which should be compared with the analogue for differentiation 


Instead of (1) one usually considers the difference of the functions at 
points not symmetrically situated with respect to n, by generally defining 


Kfifl) = 


f(n+oj)-f(n) 

9 


(3) 


which difference quotient reduces to the differential quotient f'(n) as 
to^O. In the body of this chapter we shall apply either the symmetric 
difference quotient (1) or the asymmetric (3) for o) = 1, that is, the difference 


KfW =/(»+!) -/(»)• ( 4 ) 

1 

We shall deal especially with linear difference equations. The simplest 
of them, that of the sum function, will be treated in § 2, whilst in §§ 3 and 4 
linear difference equations with constant and variable coefficients respec¬ 
tively will be discussed. Next, in § 5, the connexion between difference and 
differential equations is investigated. Finally, in §6, the operational 
construction of difference equations for known functions is indicated. 


f For a general survey of the theory of difference equations the reader may be 
referred to: 1ST. E. Norlund, Vorlesungen iiber Differenzenrechnung, Berlin, 1924; 
L. M. Milne-Thomson, The Calculation of Finite Differences , London, 1933. 
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2. Difference equation for the ‘sum’ 

The difference equation for the ‘sum’ g{x) of a function cp{x) is defined 
as the following first-order difference equation: 


A g(x) = g(x+l)-g(x) « <p{x ), (5) 

i 

which is the difference analogue of the differential equation g'{x) = <p{x). 
Equation (5) has infinitely many solutions, but knowledge of one of them 
is sufficient, inasmuch as any other solution can be found by adding an 
arbitrary periodic function, n(:x ), of period If. 

Particular solutions can be obtained operationally by identifying x with 
either of the operational variables t and p, though in many cases there is 
no room for choice; for instance, when <f>(x) does have an original but no 
image, then x has to be taken equal to p . In the following, however, we shall 
confine ourselves to identifying x with t. 

Therefore, let us assume that the two operational relations 

&(P)> <P(t) 

for the unknown and the given function respectively, have a common strip 
of convergence. Inside the latter the operational transform of (5) becomes 

( e P-l)G(p) = 

so that a mere division at once leads to the p-form of the unknown function 


<Hp) = 


<Hp) 

e p —V 


( 6 ) 


Under suitable conditions, two different solutions of (5) may be derived 
from ( 6 ), as appears from the two expansions of ( 6 ) for Hep > 0 and Re^> < 0 
respectively: «, «, 

G(p) = 2 e~ np <j>(p), G{p) = - S e np <f>(p). 

71—1 71 = 0 

For the corresponding originals, in the same order, are 

9h(<) = S (7a) 

n =1 

g^t) = - S <p(t+n). (lb) 

n= 0 

In general, these solutions have only a formal meaning, since the series 
above will often diverge, as in the analogous case of the differential equation 
g\x) — (j>{x) where we have, formally at least, 

r* oo f* co 

9i( x ) = 9 o{x — n)dn, g 2 (x) = — <p(x + n)dn. 

Jo Jo 


f The symbol tt(x) should not be confused with that introduced in the preceding 
chapter for the distribution function of primes. 
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Fortunately, the series (1 a, b) can often be made convergent by adjunc¬ 
tion of suitable convergence factors satisfying the permanence condition 
(cf. vi, § 8 ). Then the expressions (7) may be considered as a shorthand 
notation for the series so made convergent. In the way indicated there 
exists in many cases the following solution *f; 

0 2 (x) = Liml I <p(s) e -1 ? A(s) ds — 2 <p(t + n) e~ vMt+n) 

7] —>0 l J 0 n = 0 

which has the form of a Cauchy limit and in which the auxiliary function 

A(s) should be taken equal to 

A (s) = <s a (log s)P (oc^l; ft^0). 

This expression originates from (7 6 ) after addition of the constant 



This solution is commonly called the principal solution of (5), or the 
‘sum’ of the function <p(x ). Since it is obtained by addition of a constant 
to the operationally derived series (7 6 ) it is clear that any solution derived 
from the case Rep <0 by the operational calculus will differ from the 
principal solution by at most an additive constant. In particular, the 

rco 

principal solution itself is found when p(s) ds = 0 . Moreover, the series 

Jo 

7 a (7 6 ) converges automatically for functions cp(x) that are cut off at the 
left (right). 

We now return to the image of ( 6 ), which can lead to a solution even 
without the use of the series expansion producing (7); any such solution, 
then, independently whether its strip of convergence is in Re p > 0 or 
Rep < 0 , differs from the principal one by an additive constant at most. 
This follows from the fact that two solutions of (5) can only differ by 
a periodic function. A solution that has been derived as an operational 
original thus consists of the sum of the principal solution and a periodic 
function, the latter having no strip of convergence whatever (the con¬ 
dition h{t- f-A) = h(t) leads to e Ap /(p) = f(p) or f(p) = 0 ignoring ^-func¬ 
tions). Therefore the strip of any solution derived operationally has to 
be situated inside the strip of the principal solution, whereas the periodic 
part necessarily degenerates to a constant. 

In addition to that given by the inversion integral, other expressions for 
the principal solution can be derived operationally by expanding the factor 
l/(e^ — 1) in different ways. Amongst others we may mention the following 
possibilities: 

( 1 ) The power series with corresponding remainder: 

1 N B v N f 00 

= 2 =* B N (s-[s-})e-*>*ds(N>l); ( 8 ) 

e^ — i n=o n - At ! Jo 


f See Norlund, loc. cit. p. 42. 
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* 1 1,2 • p* . 

e iP _ 1 p 2 p ! p 2 + 47rV * 

(3) Legendre’s expansion: 


(9) 


1 

e»-1 


11 

p 2~*~ 



sin (ps) 
eS?=T 


cfe. 


( 10 ) 


As to an operational derivation of (10), the integrand, apart from sinps, 
is expanded into powers of e~ 2ns ; then the individual terms are readily 
recognized as definition integrals belonging to the operational relation for 
sin tU(t), whose sum proves to be equal to the series occurring in (9). 

Now, by multiplying any of the three expansions (8), (9), (10) by <j>(p) 9 
and performing the corresponding transposition for Rep>0 (provided 
that the strip of convergence of (j)(p) is, partly at least, situated inside the 
right-hand half of the p -plane), we obtain consecutively the following 
representations of the solution g x : 


?i(0 =j[ x ff <P (n ~Ht) - f “ B n (s - [5] ) -s)ds(N > 1), 

( 11 ) 


9i(t) 


-l 


V 


q>(s)ds — %(p{t) + 2 2 cos {27rn{t — s)} cp(s) ds, 


n^lj —oo 


9i(t) = f <p{s) ds - \<p(t) — if 
J - 00 Jo 


<p(t + is) — cp{t — is) 

q 27T8_ l 


ds . 


( 12 ) 

(13) 


At the same time it is to be remarked that, in general, the series (11), 
taken as an infinite series without regard for the remainder, will diverge. 
However, without this remainder, we may eventually find an asymptotic 
expression of $q(£) for t~>cc . The equation obtained by putting (11) equal 
to (7 a) is equivalent with a well-known formula of Plana. 

Further, the derivation of (13) is based upon complex shifts and is signi¬ 
ficant only if <j>(t) can be continued analytically outside the real axis. 

Several other expansions of l/(e 33 —1) might be used as starting-points; 
such as those of the associated function p/sinhp, which will be treated 
in xiv, § 2. 


Example. A difference equation that is readily accessible to an operational treatment 
is the following: 

y(t+l)-g(t) = 

■yOC 


In this case the right-hand side possesses the image p e ap * /4 *. 
(6) of the operational solutions becomes 




p e ap*l4ir 

e p -l 


Consequently the image 
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The solution g l9 being the original for Rep>0 is, according to (7a), found to be the 
following series: 1 m 

_ 2 e~ 7r(n ~ <)a/a . 

V a n = 1 

Therefore it is one-half of the following two-sided series for 6 Z according to (xi, 11) 

0 3 (~t,a) = -j- S 

V a n=—oo 

By means of the preceding theory it is possible to obtain various expressions for 
this solution, and formulae for the /9-function itself may also be obtained. In this 
way (11) leads to 

CO 

E e -'^ n - < ) 2/a = £V aerfc 

71 = 1 

+ e~^ s 

- He w j(s - 1 ) Jl) B n ( S - [«]) ds, 

when use is made of the formula defining the Hermite polynomial 

It is striking that, when the result obtained with t replaced by — t , is added to the 
identity above, then an expression is found for the complete 0-function, viz. 

os,*) = 1 - < -^7 

in which the terms involving the Bernoulli numbers have disappeared, whereas the 
value of the right-hand side is at the same time independent of the positive integer N . 

3. General linear difference equations with constant coefficients 

The extension of the first-order difference equation with constant 
coefficients treated above to the corresponding difference equation of 
the order n has the general form 

Za n A n g{x) = <p(x). (14) 

71 = 0 

In this equation the difference quotients of higher order, A n g{x), can be 
defined as corresponding extensions of either the symmetric (1) or the 
asymmetric (4) first-order difference quotients. For instance, in the latter 
case the second-order quotient becomes 

A 2 g(x) = A {A g(x)} = &{g{x+ 1)-^*)} = g(x + 2)-2g(x+l)+g(x). 

1 11 1 

Proceeding in the same manner to the difference quotients of higher 
order, the asymmetric one of order n is found to be 

71 / n \ 

& n g(x) - Z (- i) n - u y k }g(x+k). (15) 
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Consequently, by suitable rearrangement of the terms involved, the equa¬ 
tion (14) may be transformed into the standard form 


N 


X c n g(x + n) = <p(x ). 


71 = 0 


(16) 


As before, we are able to derive operationally quite simple particular 
solutions, by identifying x with t. For, by again assuming 

g{f)=G(x>) 9 <p(t)=<fi(p) 9 

inside any possible common strip of convergence, and transposing (16), 
we are led to the relation N 

2 c n enp @(P) = 0(P)- 

71=0 

Hence, the solutions in the language of p are given by 

G{P) = fi P) , (17) 

S C nZ nP 

71 = 0 

from which by means of the inversion integral, for instance, a solution of 
the initial equation (16) is available. 

It is quite natural to expand the function that occurs as factor of (j>{p) 
into partial fractions with respect to the variable e p , which in fact corre¬ 
sponds to applications of the second expansion theorem of Heaviside to 
differential equations (see vn, § 10). We therefore put 


N 


0C< 


N 

X c n e7lp 
71 = 0 


A e*-a/ 


in which the numbers Xj are the roots of the following equation of degree n: 


2 c n x n = 0 . 

71 = 0 


Then we may write (17) in the form 


G{p)= s 




(18) 


Suppose now that the roots Xp which we shall assume to be mutually 
different, are ordered according to decreasing absolute value; then (18) will 
have different originals in the following strips of convergence: 

log | x 1 1 < Re^p < oo, 

log I ^2 I <Rep<log|o:i|, 


log I X N I < Rep < log I x N _ x |, 
— oo <Re^<log | x N |, 
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inasmuch as q>(t) does have an image there at all. As in the analogous con¬ 
siderations given before in the case of differential equations, we shall 
confine ourselves here to the strip Rep > log | x x |, which is clearly the strip 
farthest to the right. Inside it the following expansion in partial fractions 
is valid for all j: ^ 

—-= 2 

e Xj n=0 

by means of which (18) transforms into 

G(p) = S S X 1 e -<fl ' +1)3, > 

j —1 »=G 


whose original is 


g 0 (t) = S cl } S Xj<p(t—n— 1). 

3=1 n =0 


The general form of this solution of (16) can be reduced so that the roots 
Xj no longer occur explicitly. To do this we use the following identity: 

1 A T „ N co / 1 \ 

TTT- = s Y J ~' = 2 ^ S a; “ a:m+1 (l*l < TFl)’ 

C ra 3=1 I „ 3 = 1 »=0 \ |*o|/ 


iV r "1 
7i=0 ‘U 71 

whence we conclude that 
v 

2 a,a? = 

3 = 1 


(71 + l)!dx n+1 j ^ c& 




Consequently (19) may be written in the alternative form 
„/*_ S V(t-n) d» (l_) 


9o(t) = S J 

n =1 


n! dx n i £ 


fc=0 "U I a:= 0 


We can deal similarly with the strip of convergence Rep < —log \x N \, 
which is farthest to the left; from the original of (18) we then arrive at the 


S c k* k 

k =0 


in which the arguments of <p(t) increase rather than decrease. 

The originals corresponding to the intermediate strips of convergence 
are less simple. Moreover, whenever one has succeeded in constructing 
some particular solution from any of the different strips, a more general 
solution of (16) is obtained by addition of the function 

£ Kj(t) 

3=1 

in which the A 7 functions 7Tj(t) are arbitrary periodic functions of period 1. 
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Example 1. Let us consider the difference equation 

(k 2 + k 2 )g{x) = <p{x), (22) 

which is the analogue of the differential equation 

y" + k*y = <p(x). (23) 

When A is understood to represent the symmetric difference quotient defined in 
(1) then A 2 has the following meaning: 

A 2 g(x) = g(x + 1) - 2g(x) +g(x-l), 

and, consequently, (22) may be written as 

g(x+l) + (k 2 ~2)g(x) + g(x- 1) = p(x). 

Upon identifying x with t we see that the operational solutions of the difference equa¬ 
tion above possess the image 


G(p) = 


e p 

e 2p + (k 2 -2)e p + 1 


<f>(P )• 


After having determined the two roots of the denominator, we find (k 2 < 4) for the 
original in the strip farthest to the right according to (19): 

- {1 - p 2 - ik V(1 - p 2 )} n ~ 1 ] (pit - n). 

This solution (if convergent), when first simplified to 

1 00 

9q W = 77 - 777 —^ sin { 2 (n- 1 ) arc sin P} 99 ( 2 -n), 

— f/C ) n ^l 

is obviously the analogue of the particular solution 

1 f® 

y{x) =s - si n (kn) w(x — n) dn 

to J o 

of the differential equation (23). 


Example 2. An example showing that the foregoing theory is useful even in the 
case of difference equations of infinite order N is provided by the following equation: 


j, g(x + n) 
n = 0(w+l)! 


Since in this example the series 


r(*-i). 


CO 


2 C k X k = 
0 


k =o (&+!)! 



is convergent, (21) leads to the solution 


(24) 


/#x S T(t + n-l) d n l x \ * £- 

9oo(fy — ^ 7 } — 2 — -T(t + n — 1). 

n -0 nl dx n \e x -l/ x=0 n =o n\ 

This series is genuinely divergent; but it is an asymptotic representation of 

— 1} as £->l. 


as can be shown by transforming the partial sum of order N + 1, successively, with 
the help of Euler’s integral for T, of (8) and of (m, 37), into 


N 

2 


B 


%~0 n 


yV(t + n-l) = T(t){£(t)-1} + 


T(t + N) 
Nl 


r 

j 0 


■gy(w-M) 

(w+l)'+* 


du. 
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On applying the definition (vn, 23), the asymptotic character will then be apparent. 
The function T(£) (f(i) — 1}, thus obtained from a divergent series, is a solution of (24) 
for all values of x outside the poles at# = 1, 0, — 1, — 2, .... This statement yields the 
identity . V(x + n) 

7i—0 (n+1)! 


which may be verified operationally for x > 1 by first identifying x with p (after 
multiplication by #), then transposing the individual terms with the aid of (ill, 40) 
and (m, 16), and finally performing the summation over n in the original, which can 
be easily accomplished. 


4. Linear difference equations with variable coefficients 

Just as in the case of the previous differential equations we shall confine 
ourselves to difference equations with rational coefficients. For the 
standard form we may take 

2 2 c m>n x m A n g(x) = <p(x), (25) 

m n 

in which A will denote the asymmetric operator (4). 

Upon identifying x with t or with p the process of transposition leads to 
a differential equation, which can often be solved more easily than the 
original difference equation. In the following we shall restrict ourselves to 
indicating operationally the connexion between these equations and the 
factorial series, a problem extensively studied by Norlund. For this purpose 
it is adequate to identify x with p , and to assume the existence of a common 
strip of convergence in the case of the two relations 

supposing the original of pg(p) to be one-sided. 

Then, by transposition after multiplication by p, equation (25) trans¬ 
forms into i m 

2 2c m> .~{(e-*-1)”<?(<) 17(9} = m 

m n O'* 

which, in terms of the variable r = 1 — e - *, becomes 

Now let us suppose that we know a solution of the last differential equa¬ 
tion in the form of a power series 

flflog-!-) = 2 C n T»+\ 

that is to say, we assume in terms of the original variable t that 
G(t)U(t)= U(t) Sc n (l-e-r+», 

71 — 0 
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the image of which, according to (iv, 26), for /t > — 1 leads to 


9(P) = T(^) £ c n 

71 = 0 

or, alternatively, 


II (ji + n) 

II (p+ji + n) 


(Re^)>0), 


0 ( V ) = r (ff) y _ c n Tl(/i + n) _ 

T(P +/*)»=o (jP +/0 (P 1) • •• + + 


(26) 


This makes it clear that those solutions g(x) of (25) for which pg(p) has 
a one-sided original are, in general, always expressible as a factorial series. 
This holds, in particular, for the homogeneous equations (25), while the 
homogeneous difference equations with constant coefficients in general 
could not be treated operationally in such a simple manner. 


Example . Let us consider the following difference equation, 


g(x + h) + g(x -h)- 2g(x) 

h? 


+ ia,xg(x) = 


0, 


(27) 


in which the increment of x is taken equal to the number h, in order that this second- 
order equation as h 0 reduces to the differential equation 


d*g 
dx 2 


+ iccxg(x) = 


0. 


(28) 


Upon identifying x with p (after multiplication by p), and putting 

P9(P)r^O(t) f 

we obtain by transposition of (27) the following first-order differential equation: 

(e ht +e-** - 2) G(t) + i*h*G'(t) = 0, 
whose general solution is given by 

( 2i 2 it \ 

G{t) = 0(0) exp |— sinh(ta)-—j. (29) 

Therefore a solution of (27) is obtained from the definition integral corresponding to 
(29); this integral, however, only converges for Rep = 0, and by means of the sub- 
. . t 7 n 

stitution t = -+ — it is reducible to the integral (hi, 29) for K v or the corresponding 

Hankel function (compare (x, 29)). From the image of (29) we thus find the following 
solution of (27): 

jri / 2i\ 

g(p) = (Rea> 0). (30) 


This function should reduce as h 0 to a solution of the differential equation (28). 
This limiting process can best be accomplished with respect to the original (29), 
which then becomes 

G( 0) e 1 '* 8 / 3 *. 

The image of the last function (divided by p), according to the well-known rainbow 
integral of Airy, becomes for Rep = 0 

Limgr(p) = 7T^J( Ja) (7(0) <Jp HP (fV a 2^ e * ,?r ) (Rea>0). 

h-+ 0 


(31) 
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It is therefore to be expected that this solution of the differential equation (mWBLAND 
small values of h , is an approximation to the solution (30) of the associated difference 
equation (27). In this manner, upon setting 


v 


p 2i _ 2i 
h + ah 3 9 X cch z 9 


we arrive at the following asymptotic expression: 

Therefore, by means of transition from a difference equation to a differential 
equation, it has proved possible to link the Hankel functions of approximately equal 
order and argument with the special Hankel function of order 

5. Connexion between differential and difference equations 

An example showing the intimate connexion between the two types of 
equations referred to in the subtitle was encountered in the preceding 
section, in that a linear difference equation with rational coefficients was 
there reduced to a similar differential equation; the latter can often be 
solved more simply. Conversely, any differential equation whose solution 
is attempted in terms of a power series or a Laurent series automatically 
leads to a difference equation. For, upon substituting 

g(x) = £ c n z n 

n= — oo 

d s 

in the equation 2 2 9( X ) = <P( X )> ( 32 ) 

00 

while also g?(x) = 2 A n x n , 

n— — co 


one obtains, from the condition that the coefficients of x n have to be equal 
on right and left, the following result: 

Z'Za rs (n-r+l)(n-r + 2)... (n-r + s)c n+s _ r = A„. (33) 

r s 


We are thus forced to study a difference equation; its solution is simpler 
than that of the differential equation, because one is only interested in the 
values of the function c n at the integral points. In so far as we consider the 
solutions of (32) that are expansible in Laurent series, (32) is thus com¬ 
pletely equivalent to (33). 

We further note that this equation (33) can also be obtained operationally 
by putting gr(e<) = p G( p ) i 9 ,( e *)=p 9 5(p), 


whereupon the image of (32) becomes identical with equation (33), when 
n is replaced by p , c n by G(n), and A n by <f>(n). An alternative way of 
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expressing this is that the function c(p) for integral values of p satisfies 
the same difference equation as the image of g(e ( ) divided by p, when g(x) 
is a solution of (32) expansible into a Laurent series. For the rest, such a 
function c(p) was encountered in the operational relation (xi,40) for 
power series (for which c(n) is one-sided), where it was defined in a certain 
definite manner for non-integral values of p. 

Summarizing we may say that very often the solution of a differential 
equation is equivalent to that of a certain difference equation. Moreover, 
besides the exponential transformations mentioned, there exist other 
transformations that allow of the reduction of differential equations to 
more tractable difference equations. An example of this is given below, 
where a differential equation is linked up with a non-linear difference 
equation. 


Example. Concerning the investigations relating to the Legendre polynomials 
P n (x) = P n (cos#) in chapter x, we always identified x = cos# with t. We shall now 
take the angle # itself as the operational variable, which point of view leads to a 
difference equation. 

We start with the differential equation of P n (cos£), that is, 

(d 2 d \ 

j^ + c °t£ —+ n(n+ l)j P n (cos£) = 0. (34) 

It is easily shown that the same homogeneous equation is satisfied by the cut-off 
function P n (cost) TJ(t). Now, let us assume that 

P n (cost) U(t)=pf n (p). (35) 

Further, multiply (34) by sin£, and transpose the result; then, by applying some 
complex shifts with respect to the image, such as 


e u P n {cost) U(t) m —pf n (p-i ), 
the following difference equation is obtained: 

(p + in){p-i{n+ lj)f«{p-i) = (p-in) {p + i(n+ l)}f n (p + i). (36) 


A solution of this equation can be found after first multiplying it by itself for n 
replaced by n— I. The result of this transformation is a non-linear equation, viz. 

{(p-W + n^f^p-iff^p-i) = {(p + ^) 2 + n 2 }/„(p + ^)/ n _ 1 (p + ^). 


The right-hand member is obtained from the left-hand one, for all values of p, by 
replacing p~ i by p + i; therefore the equation is satisfied whenever the following 
condition holds: 

(p 2 +n 2 )/„(p)/«_i(p) = A (n). 


in which A is independent of p. 

Let us now apply the last relation n times in succession. Restricting n to even 
values for the present, we get 


Up) = 


(P a + (n- l) 2 } (P 2 + (» — 3) 2 }... (p 2 + l 2 ) 

(p 2 + n 2 ) (p 2 + (n - 2) 2 }... (p 2 + 2 2 ) MP) {n) ’ 


in which G(n) is some product of functions depending only on n. If this type of expres¬ 
sion for the image of P n ( cos t) ZJ(t) does exist, thenp/ 0 (p) must be, at least for Rep > 0, 
the image 1 of P 0 (cost) U(t) = U(t). Hence only the function G(n) is not yet deter¬ 
mined. 
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It can be shown that G(n) = 1; this follows from P n (cos£) = 1 for t = 0 and the 
Abel theorem, ft(0) =f( oo), apphed to (35). We thus find for n even 


P n (cos£) U(t) = 


(p 2 + l 2 ) (p 2 + 3 2 ) (p 2 + 5 2 )... (p 2 + (n - l) 2 } 
(p 2 + 22) (p 2 + 42 ) ( P a + 6 2 )... {p* + n 2 ) 9 


0<Rep<oo. 


(37a) 


Similarly for odd values of n: 


P n (cost) U(t) = 


( p 2 + 0 2 ) (p 2 + 2 2 ) (p 2 + 4 2 )... {p 2 + (n- l) 2 } 
(p 2 + l 2 ) (p 2 + 3 2 ) (p 2 + 5 2 )... (p 2 + n 2 ) 9 


0<Rep< oo. 


(376) 


These operational relations are thus obtained from a particular solution of the 
difference equation (36). The question whether, indeed, we have got the genuine 
solution is to be answered in the affirmative, as can afterwards be verified; for instance, 
by induction!. 

We note finally that new properties of Legendre functions are derivable from (37) 
that are not so trivial from the point of view of the relations given earlier. F or example, 
from the identity 

which easily follows from (37), and which involves the image (f> n {p ) = p/ n (p) °f 
P n (cos£) U(t), we obtain the following composition product 


/ 


t 

0 


P„(cos r) P A—ifcos (t — r)} dr 


sin ( nt ) 
n 


6. Operational construction of difference equations 

In addition to the fact that the operational calculus is very useful in 
solving difference equations, the converse problem of deriving such equa¬ 
tions very often lends itself to an operational approach, which may lead 
to a better understanding of the functions involved. This procedure will 
be illustrated by some examples. 

(1) Bessel functions. First we deduce from (xn, 41) that 

(1 — e~~ ip ) e“ asinh = J [2/J (a), — oo < Rep < oo. 

Now, the image satisfies the following equation: 

| e lP_e-to+2^|/(j)) = 0. 

Consequently, we have for the analogous property of the original, 

A(«+i)-A«-*) + 2g = 0, 

t Extensions of these relations, concerning the functions P“, are to be found in the 
fist at the end of the book. 

{ Cf. Balth. van der Pol, * On the operational solution of linear differential equa¬ 
tions and an investigation of the properties of the solutions ’, Phil. Mag. liii, 861, 1929. 
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+ 2 ^( a ) ” 

or in particular for integral values of n 

when A n is understood to be the symmetric difference quotient (1). Applying 
once more the same operator, but replacing t by — t, we are led to 



which we discussed in (ix, 40), and which clearly shows the wave character 
of the Bessel function in virtue of its resemblance to the partial differential 
equation 

/ 0 2 02 \ 

= < 39 > 

Accordingly, whereas the solutions of (38) occur in the study of the homo¬ 
geneous low-pass filter, the solutions of (39) play a part in problems con¬ 
cerning the homogeneous cable, to which the low-pass filter reduces when 
the number of cells in a cable of fixed length grows indefinitely. 

(2) Hyper geometric functions. Some well-known difference relations for 
the ordinary hypergeometric functions immediately follow from the 
operational relation (xi, 47), viz. 


h(t) = F(a,fi; y; -e~0^=? 


r(y) 


r (a)f(/?) 


r(ff + i)r(a-ff)r(/?-ff) 

V{y-p) 

0 < Re^p < min (Re a, Re/?). 


By means of elementary properties of the T-function it is quite easy to 
prove the following identities concerning the image: 


a4/ = A4/ = (p-y) (\f) = -pf, 

where A here denotes the asymmetric difference quotient given in (4). 
A transposition of these formulae leads to 

which, when — e~* is replaced by x , transforms into recurrence relations 
for the function F(a i ji\ y; x ), viz. 
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(3) Legendre polynomials . From the operational relation (xn, 43a), 
that is, 

V(cilT-c <*=?> o), 

we obtain the following result for the image by differentiating with respect 
to 

2(coshp — cost?) sin = 0. 
oir 


The original of this equation yields as difference-differential equation for 
the Legendre polynomials (A is again the asymmetric difference quotient) 

j(A* + 4 sin 2 1$) + sin #j P n (cos #) = 0. 


19-2 



CHAPTER XIV 


INTEGRAL EQUATIONS 

1. Introduction 

Integral equations also, at least when they are linear, lend themselves 
to an operational treatment. The two following types are most common: 

#s) = f° K{x,g)g£)d£, (1) 

J — oo 

<f>(x) = g(x)- P K(x,Z) 9 {t)dZ. (2) 

J —00 

They are the so-called integral equations of the first and second kinds 
respectively, in which the unknown function g(x) is to be determined; the 
given function K(x , £) is called the kernel of the integral equation. 

The two kinds of integral equations above can be reduced to one another 
by means of impulse functions. For, when in (2) a new kernel is introduced, 

si™ 1 ’? *,(*,£)-*(*-{)-*:<*, |), 

then (1) is obtained; conversely, (1) can be considered as a special case of 
(2), as is obvious from the following alternative way of writing: 

A <f>(x) = g(x)- f°° {*(*-£)- A K(x 9 g)}g(£)d£„ 

in which the parameter A is still arbitrary. 

Moreover, the integral equations commonly called after Volterra are 
those in which the upper limit of integration is x, rather than oo. F or instance, 
the Volterra equation of the first kind is 

#M-P KMrtS)#* ( 3 ) 

J — 00 

which is a specialization of (1), the kernel now being K(x , £) U (# — £). 

We thus see that the impulse and unit functions, which are so frequently 
used in the present book, provide us a means of considering any of the 
particular integral equations above as some special case of one and the 
same general type of equation. 

It can further be stated that, broadly speaking, for all integral equations 
that have explicitly been solved in the past the kernel either depends only 
on the difference x — § or is reducible to such a form by means of some 
transformation or other of the variables involved. In the first case we have 
K(x , £) = K(x~E > ), which we shall call a difference kernel. Of such integral 
equations the term with the integral has the form of a composition product, 
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wherefore this particular type of equation is immediately accessible to 
an operational approach. 

Accordingly, after first discussing in §2 the problem of the 'moving 
average 5 , which may provide a typical example of integral equations 
originating from practice, we shall deal in § 3 with the simplest possible case, 
that is, the integral equations of the first kind involving a difference kernel. 
Thereupon, in § 4, we shall study integral equations of the first kind that 
possess a kernel reducible to a difference kernel. Next, in § 5, the theory of 
equations of the second kind with a difference kernel is given. Finally, 
§§ 6 and 7 contain some general remarks on homogeneous integral equations 
and the process of finding integral relations of known functions operationally. 


2. The integral equation for the moving average 

The 'moving average 5 or 'sliding mean 5 of a function g(x) with respect 
to the interval a is a new function, g*{x), which for any value of x is the mean 
value of g(x) over the interval between x — \a and x 4- \a of length a; thus 

i fx+la 1 na 

g*(x) = - g(£ > )d£ > =-\ g(x + s)ds. (4) 

ajx-ha a l-\a 

The function g*{x), which thus comes into existence by taking the mean 
value over an interval of constant length, is generally smoother than the 
initial function g(x ). Therefore this concept is very useful in sciences such 
as economics; for instance, in the case of the whimsical daily course of 
prices and currency values, whose irregularities may be smoothed away by 
taking monthly averages. 

So far g* has to be calculated from the given function g\ in other cases, 
however, the smoother function g* is given and the question is to determine 
the original function g. Then (4) presents an integral equation of the first 
kind for the unknown function g. As an example we may mention the photo¬ 
electric reproduction of sound; the film containing the sound impressions 
passes a narrow slit through which light falls on a photocell which transforms 
the variations in light intensity into corresponding variations of electric 
currents. Owing to the non-zero width of the slit, this reproduction pro¬ 
cedure is slightly inaccurate in that the function g(x), represented by the 
varying degree of transparency of the film (x being measured in the longi¬ 
tudinal direction of the film), is smoothed by the slit, so that the photocell 
can give at most a moving average of g(x). A removal of the effect of the 
finite slit, if possible, comes down to a process that enables us to determine 
the function g from the moving average g*. 

The procedure of smoothing is easy to treat by the operational calculus. 
For this purpose, that is, to determine g* from g , we identify x with t and 
accordingly put „ (() a, /(p) , =/*(,,), 
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whereupon transposition of (4) (in casu the right-hand way of writing) 
leads to 


As far as the image is concerned the introduction of the moving average 
reduces to a multiplication by (sinh \ap)l\ap. The operator ‘Lin 5 , which 
was introduced in (xii, 46) in connexion with the composition product 
of step functions and which amounts in the language of p to multiplying 
by 1/^(1— e~ p ), can be considered as forming a certain moving average, 
the independent variable t of which lies at the boundary and not in the 
centre of the interval of integration (this means that the function under 
consideration is merely shifted). 

In order to get the initial function from its moving average we first 
determine f(p) from (5) by a simple division: 




and then calculate the corresponding original, g(t). This can be achieved, 
for instance, by means of the inversion integral. However, to obtain 
expressions for g(t) that are more useful for numerical calculations, we 
proceed as in xiii, §2, with the difference equation of the ‘sum’. Just as 
we used there certain expansions of the factor lj(e p — 1) occurring in the 
image (xiii, 6), we now develop the factor Jap/sinh \ap. 

The simplest expansions (taking a = 1) are 


I p{e~* p + e-k* + + ...) 

sinh \p [ - -p(e*3> + g $p + e to + . # .) 


(Re^ > 0), 
(Re2><0). 


Upon multiplying these series by f*(p) and transposing the results term 
by term we obtain 


9i(t) = j t {g*(t - i)+ g*(t- I)+ g*(t - f) +.. 


9S) = ~-rAg*{t+\)+g*{t+i)+g*{t +§) + •••}. 


These series terminate whenever g(t) is cut off at both sides; they should be 
compared with those given in (xin, 7) as solutions of the difference equation 

for the sum function. An important difference is that the series (xiii, 7), 

00 

if convergent, are not equal (their difference being given by 2 <p(t + n)), 

— 00 

whereas in the case under discussion the series (7 a) and (7 6) are identical. 
For, upon subtraction it is found that the difference is 

4 2 g*{t+n+\), 

_ co 
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in which, according to (4), the sum is equal to the constant J g(£) d£. For 

the rest, the connexion between our integral equation for the moving 
average and the difference equation for the sum function is obvious, since 
by differentiation of (4) with respect to x we immediately arrive at such 
a difference equation, namely, 

a ^ g *(x) = + 


To illustrate the simple meaning of a series such as (7a), let us consider 
once more the example of the sound film. Besides the original film, with 
transparency corresponding to the function g{x), we assume a second with 
transparency g*(x) obtained by catching on a slit of finite width a = 1 the 
light that has passed the first film. According to (7 a) it would then be 
possible to obtain anew the original film by moving the second film along 
an infinite number of extremely narrow slits a distance a — 1 apart, and 
by using the total amount of light passed through the system of slits in the 
construction of a third film, provided the transparency of the last film be 
determined by the differential coefficient of the quantity of light received 
(which can be achieved by means of common amplifier designs). 

There are many other representations for the function g{x) in terms of 
its moving average g*(x ), corresponding to different expansions of the factor 
|p/sinh|p (we again take a = 1). Since in practice we are usually con¬ 
cerned with moving averages that are not so much given in analytic form 
as in graphical terms, we need expansions differing from those applied 
previously for the related factor l/(e^ —1). In this connexion we would 
mention the following series expansions: 


\P 

sinh \p 
j P 

sinh Jp 
tP 

sinh \p 
iP 

sinh \p 


00 JD 

- e ip 2 -?p n 

71=0 n ‘ 


(| P | <2w), 


= 1 - 2 i( 2 sinh iP? + eh ( 2 sinh ivT - Tree ( 2 sinh + 

(|sinh£p|<l), 


V ^i-i e ~ inP ( sin h jpY ^ 1 
»=/ n [ ip ) 

£( i £ 

n = 0 \ 2 P I n=0 Zc=0 



( 8 ) 

(9) 

( 10 ) 


(| 1-(sinh£*>)/&> | <1), (11) 

in which the first expansion corresponds to (xin, 8). 

It cannot be expected, however, that a term-by-term transposition, after 
multiplication of these series by/*(£>), will generally lead to convergent 
expressions for g(t), since the domains of convergence of the series above 
do not extend to infinity. On the other hand, these non-convergent series 
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can represent g(t) asymptotically as t->oo; this is plausible since the series 
under consideration, when cut off before transposition, are approximations 
to the image near p = 0 (cf. vii, § 2). A closer inspection will reveal that for 
one-sided functions in particular these series are useful for t > 1; that is, 
for time functions that present themselves at the moment t = 0, when 
a considerable number of averaging periods (of lengths 1) have elapsed. 

To survey as simply as possible the results following from the series 
(8)-(l 1) inclusive, we first remark that 

(1) The factors (2sinh^p) n occurring in (9), when multiplied b y f*(p), 
are transposed into the powers Af of the symmetric difference operator 
\ of (XIH, 2). 

(2) In the case of the powers . . , x * n 

("1 p) 

occurring in (10) and (11), applying the factor (sinh once, according 

to (5) means that we should take one moving average with unit interval 
of integration. 

Starting with = = J ( ; _*0(£) d £» 

the result of the square of the factor under consideration becomes 

(suAjp) ( 12 ) 

We now have the moving average of the second order, which for shortness 
may be designated by (/**(£). Similarly, moving averages of arbitrary order 
are conveniently defined by 

< 13 > 

in which there are n asterisks to the (/-function at the right. 

After these preliminary considerations we are able to write down the 
expansions of g(t) that correspond to the series (8)-(ll), viz. 

(14) 

g(t) ~ g*(t ) - Jj; A 2 g*(t) + efo A V(<) - ytsw-& 6 9*(t) + ... = | arc sinh (£A )g*(t), 

(15) 

g(t)~g*(t-%)+~j t g**(t-i) + ^~g***(t (16) 

g(t) ~ g*(t) + {g*(t) - g**(t)} + {<?*(*) - 2 g**(t) + g***(t)} +.... (17) 

Concerning numerical calculation of g when g* is given in graphical 
form, the second series (15) is the most simple in that differentiations and 
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integrations are not necessary. However, when in some way or other the 
higher-order moving averages are easily determinable (17) also is tractable. 
By breaking off the series of (17) at a finite number of terms, and arranging 
together the averages of equal order, the following approximations are 
successively obtained: 

2 ?*(<)-0**(O, 

3g*(t)-3g**(t) + g***(t), 
etc. 



After these considerations concerning the resolution of the integral 
equation for the moving average the following general remarks may be made: 

(1) Comparison of (5) with the theory of (vm, 17) shows that under 
electrical circumstances the transformation of g* to g could be obtained by 
applying an electromotive force g*(t) at the input terminals of an electric 
system of transfer admittance 

sinh (^ap) 9 

since then the output current would become equal to g(t). The required 
admittance could be realized by means of an amplifier and a continuous 
cable (cf. xv, §4). 

(2) Another consequence of formula (5) is that in the frequency spectrum 
of g* there are no frequencies that are multiples of 1/a. This follows from 
the inversion integral of < 7 *(£) for Rep = 0, since the amplitudes of the 
individual angular frequencies <o = pji are proportional to 



sinh (jap)f(p) 

\ap p 9 


and therefore vanish for p equal to any integral multiple of 2m ja. The result 
is that any component occurring in g(t) with period equal to a multiple of 
1/a, cannot influence g* and, consequently cannot be retrieved from it. 
This indeterminateness is due to the fact that the periodic components 
mentioned above are solutions of the homogeneous integral equation 
corresponding with (4). On the other hand, any cut-off function that is 
periodic where it does not vanish identically does contribute to the moving 
average. Thus, for the one-sided periodic function 




= 1 170 ) 


the moving average with respect to the interval a is given by 


g*(t) = ^cos XJ{t-\a)}. 
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(3) The operational relation (13) for the moving average of order n can 
be written as follows: 


** • 1 ( 2 sin}l \PT \ 

g” **• (0 =r- ., n .r /(*>)■ 


p p 7i 

We now introduce the function D n (t ) with image given by 

(2 sinh \p) n 


D n (t)± 


P 


n—X 


— oo < Rep <oo. 


(19) 


( 20 ) 


This function is seen to vanish outside the interval — \n < t < \n . Accord¬ 
ingly the composition product following from (19) can be written as 


... * 


(t) 


rt+m 

J t —in 


D n {t^r)g(T)dr. 


Returning once more to the example of the sound film, we notice that the 
last formula signifies that applying the process of the moving average 
n times in succession is substantially equivalent to applying a single slit 
of w-fold width, provided the transparency of slit is not uniform, but 
depends on D n {t). The function D n (t), being the original of the relation 
(20), is simply expressible as follows: 

1 


DJt) = 


■ t A 


( 21 ) 


(n— 1)! 

in which A, is the symmetric difference operator of 

A i$(t) — <}>{t + — <j){t — 

When n increases the function D n {t) becomes smoother and smoother 
while the area below the curve remains equal to 1, as can be inferred from 
the Tauber theorem f(0)=^h(co) when applied to the relation obtained 
from (20) by means of the integration rule. 

Very strikingly, the function D n tends to Gauss’s error function when n 
grows indefinitely, as was observed by Laplacef who gave a clear inter¬ 
pretation of the law of errors by proceeding along these lines. This transition 
to the error function follows operationally at once from an alternative of 
(20), viz. 


jnD n (^Jnt)=p 


sinh 


(j*)l 


p 

2 Jn 


- p ( 1 + Mn + -)' 


( 22 ) 


Upon approximating the right-hand member by its limiting value pe p2/24 , 
and calculating the corresponding original, we are led after some sim¬ 
plification to 


D n (t)' 


■m 


-6 t 2 ln 


(n^oo). 


t P. S. Laplace, Theorie analytique des probabiliUs, Paris, 1812. 
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It will be obvious that the theory of the higher-order moving averages 
may easily be generalized so as to include cases in which the length of the 
interval, a , is not constant in the course of performing the n successive 
processes of averaging. 

Example. A set of functions for which the moving average is simpler than the 
initial function is provided by the Bernoulli polynomials. In this case we have the 
identity 

rx+h 

B„(s)ds = (x~i) n , 

J x-i 

which in the notation introduced above can be written as 


B*{x) = (x-i) n . 


(23) 


The maxima and mimima outside the point x = as they are shown by B n (x), have 
thus disappeared from the moving average. Moreover, we remark that (23) may be 
considered as the special result obtained for v = — n (n = integer) from 



v, s) ds 


1 

(v-mx-air** 


(24) 


which is of equal simplicity; f(v, s) denotes the generalized ^-function, which includes 
the Bernoulli polynomials according to 


B n (x) = -n£,{\-n,x). 


Therefore, corresponding to g(x) = £(r, x) we have also the following moving average: 


£*{v,x) 


1 


As a verification, we may substitute this function in the formulae giving g in terms 
of g*; for instance, when Re v> 1 formula (7 b) leads to the definition series (in, 35). 
Moreover, (14) supplies us with the series 


Z{v,x) 


1 1 y B n v(v+\)...(v + n-2) 

(v— \)x v ~ 1 2x v n= 2 n\ # I ' +n " 1 ’ 


(25) 


which represents the ^-function asymptotically for x oo if v > 1. This follows from 
theorem VI of chapter vu applied to the relation (m, 38). For the rest, (25) may equally 
be derived from a well-known formula of Hermit©: 




1 , 1 , ^ p y 

(v-~ l)x v ~ im *~2x v ^x v+1 J o e 2 ™-! 


F(\v+ bjp + i; I; -y 2 /x 2 )dy. 


in which F is the hypergeometric function. Formula (25) is obtained upon term-by- 
term integration when the hypergeometric function has been expanded into powers 
of — y 2 /x 2 , though this expansion is convergent only for y<x. Moreover, for v = 1 — n 
the right-hand member of (25) yields the rigorous expression for the Bernoulli poly¬ 
nomials, since then the series terminates. 

We would remark finally that for a complete operational treatment of (24) as an 
integral equation it is simpler to identify x with p than with t , as has been done 
here. 
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3. Integral equations of the first kind with difference kernel 

According to (1) the standard form of these integral equations, of which 
that of the moving average is a particular case, is the following: 

#s) = f°° K{x-£)g{£)dii. (26) 

J — oo 

A more general physical example of this equation is encountered if, 
given some electrical network (for instance, a two-terminal network), one 
asks for the voltage e(t) that is necessary to obtain the given current i(t), 
when it is only known that i s (t) is the response of the system to the impulse 
voltage 8(t). For in this case e(t) has to be determined according to (vm, 37) 
from 

i(t) — I i s (t — T) e(r)dr . 

The general equation (26) can be solved operationally at once, since it 
is written in the form of a composition product. To do this assume the 
following operational relations: 

g(t)^G(p)> <p(t)=$(p), m=jr(p), 

for the required solution g(t) and the given functions <p(t) and K, respectively. 
When they possess a common strip of convergence we have 


<f>iP) = ~^(P)G(P)> 

Jr 

from which the solution in the language of p is obtained by a simple 
division, thus 


G(p) = 


P^iP) 

rf( P y 


(27) 


The required solution, g(t), follows from (27) by determination of the 
corresponding original, again with the aid of the composition-product rule. 
The special form of the function Jf (p) in a given problem usually indicates 
how to factorize the right-hand member of (27) as favourably as possible, 
or how to expand the factor p/Jf(p) adequately in order to proceed along 
the same lines as was done for the function pjamhp in the preceding section. 
On the other hand, if from the point of view of the general theory we are 
not willing to use any particular properties of the functions (f> and CriT ., we 
may first write (27) as follows: 


1 £> 2 


x<t>{p). 


and then assume the original of p 2 [J#"(p) to be known, thus 

3s£rr**<‘>' 


(28) 
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whence the solution of (26) easily follows, viz. 

*0-r K*(t-T)<p(T)dT = r K*(T)<p(t-T)dT. (29) 

J — 00 J — 00 

Consequently, whereas in the original integral equation the known 
function is given as an integral involving the kernel and the unknown 
function, the solution of the integral equation comes out in quite a similar 
form where the integral contains the known function together with a new 
kernel, K*. The last function is called the reciprocal kernel of K, while 
(29) is the reciprocal integral equation corresponding to (26). 

In the foregoing considerations both the given kernel K and the reciprocal 
kernel K * depend only on the difference of two variables. As a consequence, 

I the moments of the given function, viz. 



are very important for solving this type of integral equation. For it follows 
from (29), provided K*(t — r) is an entire function of r, that 

00 / __ I rfn 


As to the integral equations of the first kind occurring in practice, it 
is remarkable that the kernels involved are often singular; for instance, 
they may become infinitely large somewhere. This might be anticipated, 
however, since integral equations of the first kind of regular kernel in general 
do not possess solutions that are continuous. In agreement with this, the 
kernel of Abel’s classical integral equation is singular at x — £: 

**)= (so) 

Let us indicate how this well-known equation may be solved operation¬ 
ally. When (j>(p) and G(p) denote the images of the one-sided functions 
(p(t) U(t) and g(t) U(t) respectively, the transposition of (30) yields 


<f>(p) = -tt(-ot)p“G(p) (a< 1), 
whence it follows that 


G(p) = 


p 


l—a 




sin(7ra)l IT (a— 1) 


— — x 

p 


xp<f>(p)> 


(31) 


II ( — a)' ' n p p a 

and consequently, if we confine ourselves to the interval 0 < a < 1 as is 
usual, the solution may be written down almost at once: 




+ 


<p( 0)1 sin (not) d 
t l ~ a I 7 t dt 


f y(T) dr (t> 0). 

(32) 
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The most familiar case met in practice is a mechanical one obtained for 
ct = \. The problem is to construct the path of a falling particle (in the 
earth’s field of gravitation) under the condition that the time of its falling 
from P (at the variable height x) to the origin (at x = 0) shall be some 
prescribed function of x, T(x) say (see fig. 83). 

Let v be the velocity at some intermediate point at the height £, then 



1 f p ds 1 r* ds/dg 

V(2g)J 0 V(*-£) “ V( 2 ?)Jo 


(x>0), 


(33) 


in which ds = (dsjdE) d£ is the line element of the 
required curve (this curve may be approximated 
mechanically by a smooth tube). Expression (33) 
is an Abel integral equation (30) for the function 
ds/dH, and its appropriate solution is therefore 
given by 


«'(*) 


am r* m „ 

n dxjo»J(x-£) 


Upon integration we obtain for the arc length s 
of the required tube, measuring from the origin 


(* = 0), 


*(*) = 


j(2g) r mi ac 

TT JoV(*~S) 


(34) 



Fig. 83. Illustrating the 
theory concerning a par¬ 
ticle falling along a pre¬ 
scribed curve. 


by means of which it is easy to deduce the actual form of the path. 

In the tautochrone problem of Huygens the time of falling is indepen¬ 
dent of the height (at least for some ^-interval); we thus have T(x) — T 0 and 


s(x) = —9 <J(2gx), 

71 


from which it readily follows that the path has to be a cycloid. 

We would emphasize that our operational way of solving Abel’s integral 
equation (30) is easily extended so as to include negative values of a, 
which are usually not considered. For this purpose we start by writing 
(31) as follows: 

flHfl] 1 1 

O(p) — - r X — X -X (Mp ). 

which leads to a solution that is valid for a < 1, viz. 

1 dM * 1 [* < p ( t ) 

“ n(-a) n(a-[a]- l)dFwJo(<-T)W-“ +ldT 


This is obviously a generalization of (32). 
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Example 1 . Here follows a list of selected kernels K(t) for which the solution of the 
corresponding integral equation can be written down almost at once; the integral 
equation is understood to be 

<p(t)=\ K(t) g(t—r)dr. 

J —00 

(a) K(t) = coatU(t) = -£— (Hep>0), 


( 6 ) K(t) = L n (t)U(t) 




(Rep>0), 


(c) K(t) = t»J y ( 2 VO TJ(t) = - 


3-1 IP 


(Re v> — 1; Rep> 0), 


m m = p.(e CTl) - (•«•»>«). 

(e) K(t) = 0 S (O,2) U(t)^=:<J(7rp)coth.y(7Tp)} (Rep>0), 

(/) if(2) = log | coth J2 | = 7T tan( \np) ( —l<Rep<l). 

The corresponding images G(p) of g(t) are found to be successively, if <f>(p) repre¬ 
sents the image of the given function <p(t ), 

(o') G(p) = (p+^<t>(p), 

{b) 0(p)= Trr M =^H 1+ ^r) xp ^ (p) ’ 

n ' \ p) 

1 e 

(o') G(p) - p v+1 e 1 l*4>(p) = - x -tt-xp m+ *4>(p), 

P p ivl v 

(d') G(p) = Pi - (P a +n»){p a + (n-2)» } ... 

{p 2 + (n -1 ) 2 } {p 2 + (n- 3) 2 } ... nP) 


_ 1 


( p 2 + n 2 ) {p 2 + (n - 2 ) 2 } . .. 
p " {p 2 + (to + lj*Hp* 4- (to - 

1 1 


x{p 2 + (n+l) 2 }^(p), 


( e ') G(P) = / (-) tanh(V(7rp)}^(p) =-x <J(np) tanh {^(np)} xp^(p). 


7T p 


(/o f cot (y) = * p^\ tan{ * w( ^-!)> x (p-p x )<t>(p)- 

By operational transposition of these images, using the rule of the composition 
product in the sense of the factorization specified above, we obtain the following solu¬ 
tions with the aid of certain operational transforms discussed before. (The original 
integral equations are also written down.) 


(A) 


(B) 


cos 7 < 7(2 — r)dr, 
t 


f r<x 

m- Jo 

g(t) = <p'(t) + f cp(T) dr; 

J — 00 

L(<)=J”i n i 


; (t) g(t-T)dr, 
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(C) 


<D) 


(E) 


(F) 


<p(t) 


= Jo TtoJ v (2jT)g(t-7)dT, 


g(t) = 


dm+t 
dt M+2 


poo 

J 0 


<pW 


9(t) 


r m-y)I [v] _ v (2 Vr) cp(t — t) (It (Re >« > - 1) ; 

U 

J oo 

P„(cosr) g(t-T)dT, 

0 

(^ + (n+1)2 )/ 0 Pn + l(cosT) 9 ^ t ~ T ) dj ’ 


<pW 


9(t) 


(p(t) 


Poo 

= Jo^ ( °, 

_ x r® 

~~ n J o 


r) g(t-T)dr, 


0 z (b,T) <p\t-r)dT ; 


Poo 

= log | coth | g(t~T) dr, 
J —00 

7T 2 dt 2 / J _ 


e T log | coth | <p(t — r) dr. 


Of course, it depends on the function cp(t) whether any specific inversion formula 
makes sense or not; the integrals involved should at least be convergent. 


Example 2. Another type of integral equation is that in which the kernel is a step 
function. In this case the given as well as the reciprocal integral equation reduces to 
an infinite series. For instance, take the relation (vi, 11), 

[e‘] = £(?>) (Rep> 1 ), 

whose original is the kernel of the following integral equation: 

oo Plog (n+ 1) 

(p{t) =2n g{t-T)dr. 

n— 1 J lo gn 

In terms of the variable p this integral equation is 


=-£{p)G{p), 

p 

with the solution G(p) = — x x p 2 <f>(p). 

p £(p) 

By application of the rule for the composition product, and using (xii, 26 a), we obtain 
the solution g(t ) in the following form: 

pco [e T ] oo Plog(«.+ l) n 

g{t) = I 2 jji(]c)(p"(t—T)dT = 2 2 p(k)(p"(t — T)dr 

J — oofc=l n — lJ logrt &=1 

= 2 2 fi{k) [ q>'{t - log n} - (p'{t - log (n + 1)}]. 

The last series can still be simplified somewhat; the final result may be given in the 
form of the reciprocal system: 

00 Plog(n+l) oo 

<p{t) — 2 n g(t — r)dT , g(t) = 2 p(n) <p'(t — logn). 

n== 1 J logn n=l 
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A mere glance reveals that this system is quite similar to that of (rv, 11); as a matter 
of fact, the latter is obtained after substitution of 


g{x) = h{e*), 


<p{x) = J 


H(e 9 ) ds . 


Example 3. In concluding this section we discuss the integral equation 
<p(t) = f (log T + C)g(t-T)d,T (<>0) 


with the purpose of showing that the operational method may lead to a solution even 
when the reciprocal kernel has no original at all (or is not known). To solve the log¬ 
arithmic integral equation above, we put g(t) U(t) = G(p) t <p(t)U(t)=<f>(p); the 
solution in the language of p is then given by 

from which we cannot obtain the original directly by the composition-product rule, 
since thus far we have not met an image with a logarithmic denominator. However, 
when Q(p) is first rewritten as 


G(p) = xp*$(p ) x Jo (li 5 ^ 1 ). 


application of the composition-product rule does become possible, and the result is 
found to be 


t» 

'nw 


d 2 C l f 00 

g(t) = ~dPj 0 dT(f>{t ~ T) J o 


4. Integral equations of the first kind with kernel reducible to 
a difference kernel 

Some typical examples (which are the most frequently occurring in 
physical problems) of this kind of integral equation are those for which 
the kernel is a function of either the product, x£, or the ratio, x/Z, of the two 
variables x and £. For one-sided kernels these equations read 

<P(X) = J" Z(*g) g(g) d£, <p(x) = J" K{x!i) g(£) d£. 

Upon replacing x by e* and £ by either e~ r or e T these equations are trans¬ 
formed into new ones, both with a kernel depending only on the difference 
t — T. These new equations therefore can be solved in the manner of the 
foregoing section; this will be illustrated by a few examples. 


Example 1. An integral equation that was exhaustively investigated by Stieltjes 
is the following: 

f°° q(Z) 

^ Jo 


where the kernel is thus determined by 

K(x,Z) = 


x + Z 

x + Z' 


d£. 


(35) 


VP & B 


20 
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Before proceeding to the solution of (35) the reader is reminded that in (v, 47) a 
solution was shown of a more general equation; there we took the lower limit of 
integration equal to — oo, though, on the other hand, we had to assume that <p(x) 
should be analytically continuable outside the real axis. 

At the present moment we are able to solve (35) without the restriction on <p(x) 
mentioned above. That is, upon performing the transformations x = e* and § = e r , 
there is obtained an integral equation with a difference kernel: 


g(e r ) 


/•oo 

<p(e‘) =J _ 

Proceeding in the usual manner, we put 

<)» 


+ 1 


dr. 


Then, on account of (m, 12), we get 

4>(p) = ~- 71 


g{e?) = G(p). 


G(p) ( —l<Rep<0), 


sin ( 773 ?) 

so as to obtain for the solution in the language of p 


G(p) = - 


sin(7rp) 


<t>(p)- 


(36) 


Prom this formula several expressions can be deduced for the unknown function 
g(x) y among which the following may be mentioned particularly. 

(1) Corresponding to the inversion integral we have 


g{v) 


l rc+ico 

= Zn 2 J c—v 


dpx p sin (7Tp) 


I"*. 

J 0 u p+1 


(x>0; — 1 <c<0). 


(2) When in (36) we write sin (np) - (e P7Ti -e~ pni )/2i and apply the shift rule to 
the two exponential functions, then the solution g is found in the form 


g(x) = ^{(p(-x + i0)-(p(-x-i0)} (x>0). 

Z7T 

This formula is similar to that of (v, 49); its validity again requires that (p(x) be 
analytically continuable inside the complex plane, where the negative axis is a cut 
of <p(x ). 

(3) Let the factor sin (77 p) be replaced by its infinite-product representation 

sin (7rp) = 7Tp IF 

n~ —co \ 

then transpose operationally. As a result the following infinite product is obtained: 

g(x) = ~ X LSl l +X nT^ (X) {X>0) ’ 

in which the prime at the product sign means that the term n = 0 should be deleted. 


Example 2. Consider the following integral equation: 

$*) = V’ 1- |) ( 1- f) (37) 

in which the kernel contains the hypergeometric function. Upon performing the 
substitutions x = e*, £ = e r , we get 

<p(e f ) =5 f y; ~er-t) 7 -i g{e r) e r dr , 

J —00 
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then, with the help of (xi, 34), the operational transform of the integral equation 
under consideration is found to be 

It thus follows that 

. _ 1 1 ,, j?r(p-a+y)r(j>-/?+y) 

(??) r(y)p r(p+l)r(j>-a-/?+y) ^ (p) ‘ 

The next step is to apply the rule of the composition product and use (xi, 34) once 
more. If we return to the variable x = e*, the solution of (37) proves to be 

g(x) = Sm ^ — ' ) ' xa ~ 1 j 0 F {~ a ’ 1+ ^~ y; 1_ 7» 1- f) (x-g)y c/> '^ d ^ ( Re 7 <1 )- 

Of many other equations involving hypergeometric kernels the reciprocal integral 
equations may be found similarly. The system (n, 7) concerning the Hankel identity 
is also of this type. 


5. Integral equations of the second kind with a difference kernel 

The canonical form of this t ype of integral equation is provided by 


<p(x) = g(x) - J K(x-i) g(i) dg. 


(38) 


It, too, can be readily solved by operational means. Assuming 
95 (f)=0(p), g(t)^G{p), K(t)=Jt(p), 
we may write (38) in terms of p as follows: 

JT(p)G(p) 


4>(p) = G{p)~- 


V 


from which we obtain for the image of the solution in question: 

4>(p) 


G{p) = 


1 

V 


(39) 


The well-known expansion of Liouville and Von Neumann can now be 
derived in a simple manner, by expanding 1 j ^1 — into powers of 

op co 00 

G(p) = 2 —^ <f>(p) = S G n (p)= s gjfi- 

7t = 0 \ P ) n — 0 n~0 

The function G n clearly fulfils the following recurrence relation: 
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while G 0 (p)~<f>(p). Therefore the corresponding originals, g n {t), are 
successively determinable from 


g Q {t) = <p(t ), g 




K{t-T)g n _ x {T)dr, 


which yields 

9Jt) = f dT x K{t-T x )i dr 2 Z(r 1 -r 2 )...f 

J — CO J — 00 J — CO 




K n( t - r )9 ) ( T ) dT > 


in which we have introduced the iterated kernels K n (t ), which may be 
defined by the operational relation 

nx ' * 


It often happens in practical applications that the individual terms of 

CO 

the Liouville-Neumann expansion, 2 gjd)> have definite physical meanings, 

o 

as will be illustrated by the example of fig. 84 which shows, schematically, 
a conventional feedback-amplifier device. 

Let the input voltage e x (t) be amplified by some 
triode or pentode valve, so as to obtain the output 
voltage e 2 (t); further, let Z x (p) denote the fre- € | 
quency impedance of a feedback-circuit element 
that is part of the grid circuit as well as of the 
anode circuit of the valve T. Provided the internal Scheme of a 

resistance of the latter be infinitely large, the varia- feedback amplifier, 

tion of the anode current ( i ) is approximately pro¬ 
portional to that of the grid voltage ( e g ); thus i(t) = Se g (t) 3 in which 8 
is the mutual conductance (or slope) of the valve. If the grid current is 
neglected, and if we put 



e^ty^E^p), e 2 (t)=E 2 (p), i(t)±=I(p), 


then the grid voltage has the image 

(P) + Zi(p) I(P) %(t). 

If now Z 2 (p) denotes the frequency impedance at the output side (at which 
there is the amplified voltage, e 2 {t))> we have E 2 (p) = Z 2 {p)I(p ); on the 
other hand, it follows that I(p) = S{E ± (p) + Z 1 (p)I(p)}. Consequently, by 
eliminating I(p) > the following operational relationship between E x and 
E 2 is seen to exist: 


E 2 -SZ 1 E 2 = SZ % E X . 
2 >Zi(i))=Ci j4 («), pZ 2 (p)=±e 2S (t), 


(40) 


If, moreover, 
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then (40) is the image equation of the integral equation 

r oo /*co 

e 2 (<)--S e 1 >s {t-T)e 2 (T)dT = S\ e ait (t-T)e 1 (T)dT, 

from which the function e 2 (t ), given e x (t), can be determined, provided the 
functions e h s and e 2t $ are also supposed to be known; they are those voltages 
which, when applied to the terminals of the impedances Z x and Z 2 respec¬ 
tively, generate a current S(t) therein. 

The Liouville-Neumann series for the required function e 2 (t) in terms 
ofp is then given by „„ „ « 

E , = PV = S S^ZIZ 2 E v (41) 

which easily follows from (40). As to the physical meaning of the individual 
terms we remark that the original of the first term, that is, of Z 2 8E X , is 
the output voltage due to the current I 0 = 8E X which would exist without 
feedback. However, if there is feedback, then the current I 0 (p) generates 
an additional input voltage which is given by — Z 1 I 0 . Its effect is an addi¬ 
tional output current, I x = — SZ X I 0 , to which there corresponds an output 
voltage represented by the second term of (41), Z 2 I X = S 2 Z 1 Z 2 E 1 ; and so 
on and on. Therefore, the successive terms of the series (41) correspond to 
an analysis of the feedback mechanism, in which any term is the direct 
consequence of the preceding one. Generalizing we may say that in physical 
applications the Liouville-Neumann solution is interpretable as the 
building up of the final solution from results that are successively obtained 
by elementary processes. 


Example. Consider the following integral equation: 


<p(t) = g(t )+A 


/* oo 

J 0 


V( WT ) 


dr . 


Its operational equivalent is easily found to be 


4>(p) = G(p) + -j^G(p), 


whence for the image of the solution in question 


Now, we infer from (xi, 5) that 

<Jv 


Vi 3 


-~j^-^=e x%t evic(X^t)U(t) (Re_p>0), 
which leads to the solution: 

r oo 

g(t) = J e** T erfc (A *Jt) <p'(t — r) dr. 


(42) 


(43) 
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On the other hand, when (42) is expanded into powers of A the solution is obtained 
in the form of the following Liouville-Neumann series: 

« ( —A) n r°° 

g(t) = $?(*)+ S ~—r r*"- 1 9^-7) dr. 

n=i r(4n) J o 


6. Homogeneous integral equations 

In general, homogeneous integral equations having a difference kernel 
do not lend themselves to a simple operational treatment. For instance, 
the equation of the first kind: 

T K{x-£)g{£)d£ = 0 

J — CO 


has an image equation equal to 

X\p) 

V 


G(p) - 0, 


which, however, would lead to images of g that are not analytic in p, such 
as G(p) = 8{^(p)lp}* On the other hand, there does exist an operational 
method of solving those homogeneous equations whose kernel is not 
exactly a difference kernel but is reducible to such. This may be illustrated 
by the discussion of the following example: 

( 44 ) 


the solutions of which are called self-reciprocal with respect to the Bessel- 
function transformation. For instance, the lattice-point function of 
(xii, 24), or more precisely, the function *JxA n (x 2 l27r), satisfies (44) for 
v =* \n+ 1. Furthermore, a whole class of solutions of (44) is obtained by 
adding to any arbitrary function <{)(x) the corresponding Bessel-function 
transform; the sum of these two functions is a solution of (44) in virtue of 
the Hankel identity. Titchmarshf treats other less trivial methods in 
which (44) is reduced to a simple functional equation; these methods 
particularly lend themselves to an operational approach. This may be 
exemplified by substitution of x = e~*, £ — e T in (44) through which the 
equation is transformed into 

g(e- f ) = j e- ut - T) J y (e T ~ t )e r g(e T )dT. (45) 

J — 00 


Though in this equation a difference kernel occurs, (45) is not of the types 
treated above, since it contains the unknown function differently at the 
left and right sides. Yet the operational method will lead to a solution in 
virtue of the fact that, as in the case of the integral equations treated before, 
the right-hand side is in the form of a composition product. 


t E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals , Oxford, 1937, 
p. 245. 
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Let us assume that the imaginary axis is situated inside the strip of 
convergence of the following operational relation: 

g(e~ t )=pF(p), a<Rep</?. (46) 

Then (46) has some strip in common with the analogous relation 
g(ef)=pF(-p ) 9 -/?<Rep< -cl. 

Moreover, using a formula that follows from (xi, 23), namely 

+ | -Re,-i<R eiJ <l (Rev>-f), 

we obtain as the transposed equation of (45) if Re v > max (cl — f, — /? — i), 


a<0 and /?> Jk 




We have thus found a functional equation for F(p) indicating that the 
following function is even in p: 

F(p + \) 


= F(p). 


(47) 


2**T {U v +P+ 1)} 

Conversely, when starting with an even function E(p) that is arbitrary in 
so far as the corresponding pF(p) has an original for 0 > cl < Re^> < fi > 
v being restricted to Re v > max (cl — f, —fi — £), we may obtain a solution 
of (44). For instance, when E(p) = 1, we have 

g{e- l )^pF{p) = 2lv- i pT{\{v+p) + ±\, 

and from its original we see that the function e~* x2 , which is proportional 
to g(x ), is self-reciprocal with respect to the Bessel-function transformation 
of order v if Re v> 

Further, a very general solution of (44) can be obtained from the inversion 
integral corresponding to (46), by taking F(p) equal to that function which 
in virtue of (47) corresponds to the arbitrary even function E(p); the result 
proves to be ^ rc+ico 21 p [ v + rpjL. 

in which, of course, E(p) and c should have been chosen so that the integral 
converges. 

Whereas solutions have here been found by applying an exponential 
substitution to (44), still other transformations are possible. As an example 
we mention the substitutions x = 2 *Jt, £ = *Js, which lead to the simple 
result that g(x) solves the equation, whenever the image of 

U(t)=G(2p) 

satisfies the functional equation 
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7. The operational construction of integral equations 

What we observed at the end of the preceding chapter in connexion with 
difference equations is also true for integral equations. The operational 
calculus can also be applied to the converse problem, that is, to derive new 
integral equations from known operational relations. It may suffice to 
discuss this question with two examples, which are from quite different 
fields. 


Example 1. Integral equation for the general hypergeometric function. It follows 
from (xi, 42) that 

~ X P A (P) xf(P), (48) 

in which/(p) is the image of r F s (a.; y; — e -i ), and 

A(p) = 

(P~ 1 ) (7i ~P) (72-P) ••• (Vs-P)' 

Assuming that r s ^ 1 , so as to secure the convergence of the power series for 
r F,(a; y; x) for | x | < 1, we may interpret the image A(p) in the following way: 

pA(p)=ij(t), Rep >max ( 1 , Rey^ ..., Rey„). 

In this relation, according to (vm, 35), the function i s (t) represents the output current 
of a four-terminal network of frequency admittance equal to the meromorphic 
function A(p), in response to the impulse voltage 8(t). 

By transposition of (48), applying the rule of the composition product, the fol¬ 
lowing homogeneous integral equation results: 


J OO 

i s (t-T) r F s (oc; y; -e~ T )dr, 

— CO 


which may be simplified somewhat, so as to yield 


rFfa; y; -x) 






(x>0). 


In deriving this formula we must suppose that the operational relations for the 
'P 

three fimctions/(p), — 1 ) and pA(p) have a common domain of convergence, 

which amounts to 

max (l,Rey 1 ,-..,Rey 5 )<min(Re cl x , ...,Rea r )> 1 . 


Example 2 . Non-linear integral relations satisfied by d-functions. Relations of this 
character are derivable from elementary properties of hyperbolic functions which 
represent 0-functions in terms of p. For instance, the image/(p) of (vii, 51), thus 

Vfap) coth W( ”P)} = 0 3 (O, *) U(t) (Rep > 0 ) 

fulfils the equation - 2 p — = _ 7 r 

&P V P \ P p 

which by transposition according to elementary rules leads to Bernstein’s relation!: 

+ = 7T + 2x0 s (0,x) (x>0). (49) 

f F. Bernstein, S.B. Berl. Akad . 1920, pp. 735-47. 
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Extensions of these type of relations are easily made; e.g. for functions 6(v , x) with 
non-vanishing first argument, v. As an example, consider the following set of opera¬ 
tional relations; 






sinh {(1 — 2v) ^(np)} 
cosh {<sj(7rp)} 


= / 2 (^JP)» 


(Rep>0; 1), 


of which the first has been derived before (see (xi, 13)). It is then easily found that 


^ /.(».*>) U +/.(0,i»)}+(« - i)^Uv> p)M0>p)> 

whose original is simply 

2x0 z (v 9 x) = [ X d^v&il + d^x-gftdg+Vv-l) { X 0 *(v 9 £)0 z (O,x-g)d£ (x>0). 

Jo Jo 

In particular for v = 0, and in combination with (49), we have 


j> 


£)0 3 (O ,x-£)d£ = n (x>0). 


a formula which might have been derived more directly from a suitable composition 
product. 

It will also be evident that many other relations involving the various 0-functions 
are rapidly derived by the procedure indicated above. 





PARTIAL DIFFERENTIAL EQUATIONS IN THE 
OPERATIONAL CALCULUS OF ONE VARIABLE 


1. Introduction 

Partial differential equations can often be solved operationally; either 
by transposition of a single variable or by transposition of all variables 
involved. Postponing a detailed investigation of the latter method to the 
last chapter, we shall treat here those cases for which the operational inter¬ 
pretation of just a single variable leads to the results aimed at. In so doing 
operational relations will be obtained for which, in general, the strip of 
convergence depends on the remaining variables, which have not been used I 
in the actual transposition. I 

The theory of this and the last chapter will be illustrated by various 
examples, more specifically by some well-known differential equations of 
the second order with constant coefficients, which play an important part 
in mathematical physics. Usually the time variable, t, is most useful for 
transposition. 

First of all we may summarize those equations which are the most 
important of those treated later on. Moreover, we would call attention to 
the corresponding Green functions, which are of considerable importance 
with a view to the operational calculus. 

(1) The one-dimensional wave equation , which reads as follows: 


d 2 u 

fa 2 


0 , 3 u 

— an — 26 —— 
ot 


1 d 2 u 

V 2 di? 


- <p * 


(i) 


The second and third terms are introduced to account for dispersion, if 
necessary; that is, dependence of propagation velocity on frequency for 
sinusoidal vibrations is not excluded in advance. The character of the 
dispersion is recognized from the exponential solutions of the associated 
homogeneous equation, which are damped vibrations, viz. 

Q—bC 2 t 


the phase velocity being given by 

Thus the velocity v depends on the angular frequency oj, and only for very 
high frequencies is it equal to the velocity of propagation c existing without 
dispersion. Two different cases may be distinguished depending on whether 
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a > b 2 c 2 or a < b 2 c 2 ; the first is that of normal dispersion , where v decreases 
with a) (for instance, electromagnetic waves in the ionosphere); the second 
case is that of anomalous dispersion in which v increases with o (e.g. vibra¬ 
tions travelling along a cable). 

A further generalization of ( 1 ) is achieved by assuming the one-dimen¬ 
sional space, in which the propagation takes place, to be non-isotropic, 
such that the velocity of propagation (ignoring possible effects of disper¬ 
sion) has different values for waves travelling to the right and those travel¬ 
ling to the left, c x and c 2 respectively. In this case, presenting itself for 
instance as propagation of sound in a windy atmosphere, the differential 
equation can be most simply written as follows: 

( c 4 + i)( c 4-i)“ + “’‘ = -’’' (8) 

provided the dispersion term proportional to du/dt is absent. 

The right-hand member — 9 ? of the wave equations ( 1 ) and (3) describes 
the vibrational sources that are present. As we saw before, in problems of 
a single variable x we can obtain a solution for an arbitrary right-hand 
member by a simple quadrature, involving the Green function G(x;x 0 ) 
which itself is a particular solution of the same differential equation except 
that the right-hand member is equal to — 8(x — x 0 ). This particular solution 
represents, in physical applications, the effect of an external force impressed 
locally at x = x 0 (see v, § 8 , example 2 ) when, in addition, certain boundary 
conditions are satisfied. In the same manner we can introduce the two- 
dimensional Green function G{x,t\ x 0 ,t 0 ) in the case of partial differential 
equations like ( 1 ) and ( 3 ), which for shortness may be written Lu = —cp. 
Accordingly, G(x, t; x Qf t 0 ) satisfies the equation 

Lu = — £(# — # 0 ) 8(t —1 0 ) 


and represents the action of a source localized at x — x 0 at the moment 
t — t 0 (possible boundary conditions are unimportant in this connexion). 

Sufficient for solving the differential equations with constant coefficients 
is the knowledge of a special Green function, say 6 r 0 (#, t)> for which the 
right-hand member is simply equal to — £(#) £(£). Indeed, using G 0 in the 
construction of the function 

u(x, t) = f d£ f dr G 0 (x - £, t - r) <p (£, r), (4) 

J — 00 J — 00 

we see that this ^-function satisfies Lu — — 9 ?, as follows from the linearity 
of the differential equation under investigation: 


Lu{x, t) = f dg f dr 9 p(£, r) LG 0 {x - £, t - r) 

J — 00 J — 00 

roo (* oo 

= - an dT<p{!i,T)8(x-Z)8{t-T) = -cp{x,t). 
J — 00 J — 00 
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A 1 d 2 u 

A u +au-- 2 -^ = -<p, ( 5 ) 

in which A is the Laplace operator 

a 2 a 2 a 2 

~ dxl + dx\ + + 8x\ * 

In the study of this equation of n variables the constant a determines the 
dispersion (after elimination of a possible term proportional to dujdt by 
means of a suitable transformation); moreover, the space is assumed to be 
isotropic. Again, the corresponding Green function, which represents a 
source situated at the origin of co-ordinates at time t — 0 , will be the 
solution of 

AG + aG --^= - S(x x ) S(x 2 ) ...$(x n )6(t) (6) 


under proper boundary conditions. 

It is very important that, in virtue of the space being isotropic, the 
product of the first n impulse functions, that is, S(x 2 ) ...8(x n ) may be 
replaced by a single one-dimensional impulse function depending only on 
the radial distance from the origin, r = *J{x\ + # 2 -b ... + £ 2 ). This property 
follows from the identity 


W ^(^ 2 ) * * * ^( x n) 


..jWj&. gn r) 

TT^n r n ~ 1 7T* u n! ' 


(7) 


For a proof of (7) we observe that the left and central members are 
certainly equal when r =f= 0 , both then being zero. They will have been shown 
completely identical when we prove that integration over the w-sphere with 
radius R and centre at the origin leads to the same result for all three 
members. Denoting by Cl n (r) the area of the ^-sphere of radius r, we have 
for the decisive integrals of the first two members: 


and 


JtfccjJ dx t ...j dx n Six, 1 Six ,)... Six,) 


respectively. In fact, either integral is equal to 1 ; this is obvious for the 
first one, and for the second it is easily verified with the aid of 


Qn(r) = 



TTin 

W&) 


nr n ~ x , 


(*) 


which follows from (iv, 24). This completes the proof of the validity of the 
left part of (7). The equality of the second and third terms in (7) can be 
inferred from (v, 66 ). 
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In passing we remark that the factorization (7) of multi-dimensional 
impulse functions with respect to a system of mutually orthogonal direc¬ 
tions may have an analogue in the case of approximate impulse functions. 
For instance, the two-dimensional impulse function has the following 
approximation according to (v, 336): 

= £(#)<%) = Lim-^-e-^Lim-^-e ^^ 2 = Lim — e-^ 2 . 

ITT A—A—>-oo A->oo it 

(3) The n-dimensional equation of heat conduction, or diffusion equation . 
This equation is given by 1 

i Au -a‘Tt--1’- W 

in which A is the same operator as in the case ( 2 ). Again, the corresponding 
| Green functions are of primary importance. G may represent the distribu¬ 
tion of temperature in space as due to a source of heat that at time t = 0 is 
concentrated at the origin of co-ordinates; at proper normalizing conditions 
it fulfils the following equation: 

AQ-^~ = - Six,) S(x 2 )... S(x n ) S(t). ( 10 ) 

Any of the partial differential equations so far considered has constant 
coefficients, whereby (1) and (5) are of the hyperbolic type and (9) of the 
parabolic type; that is to say, the conic obtained upon replacing the 
operators djdx k by x k is a hyperbola or a parabola. It is to be emphasized 
that the equations of the elliptic type, of which the potential equation is 
the classic example (Aw = — <p), are less manageable in the operational 
treatment. 

The actual start of the present chapter concerns investigations of 
homogeneous partial differential equations with constant coefficients, to 
be found in § 2 . In § 3 the usual boundary conditions are taken into account. 
Next, in §4, the quasi-stationary theory of cables is investigated; in this 
connexion we ought to remark that the type of problem relating to it 
(transients, etc.) forced Heaviside to introduce his symbolic calculus, the 
ancestor of present-day operational calculus. Finally, it is demonstrated 
in § 5 by a simple example how inhomogeneous partial differential equations, 
too, are accessible to an operational attack. 


2. Homogeneous linear partial differential equations (general 
solutions) 

To elucidate the operational method for this type of equation we 
shall consider the homogeneous one-dimensional wave equation (1) when 
6 = 0; thus 

(11) 


0 hi 
dx 2 


1 d 2 u 

*<w —-== 0. 
c 2 ot 2 
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By transposition with respect to the variable t, where it is assumed that 


t) =f(x, p), 

the partial differential equation in the language of t transforms into the 
ordinary differential equation in the language of p : 


d?l 

dx 2 



/ = o. 


The general solution of this equation is given by the formula 

f(x,p) = Aj^expja; J j^ + ajj + A z(:P) exp j -xJ(^z + a )}’ ( 12 ) 


in which the constants of integration, A x (p) and X 2 (p), are arbitrary func¬ 
tions of the parameter p . In determining the general solution of (11) from 
the original of ( 12 ) we shall assume first that a is positive (normal dispersion). 
Now, we can apply the operational relation (x, 48) for v = 0 , that is, 


~ a2 )\ U ( t - a ^ 4J(^+Y) e-° V(p2+1> , 0<Rej)<oo, (13) 

which holds for a > 0 as well as for a < 0 . 

To obtain the simplest possible form of the solution of ( 11 ), we shall 
introduce two new constants of integration Xi an d Xz instead of A x and A 2 , 
such that ( 12 ) may be written equivalently as follows: 

n*,p) - 1X XM x [ X J {$+“)} 

Upon applying (13) together with the rule of the composition product, the 
original of f(x, p) is seen to be 

u(z, t) = f (p x {t - t) J 0 ( *J{a(c 2 r 2 - x 2 )}) dr 
J —x\c 

+ f 9 p 8 (f-r)J 0 (V{a(c*T*-**)}) dr. (14) 

J x}c 

In this expression cp 1 and 9? 2 are arbitrary functions of t , since they 
are the originals of the arbitrary functions Xiiv) an( i Xz(v) respectively. 
Therefore, (14) is the most general solution of (11). 

It should be borne in mind that when x is positive the argument of the 
Bessel function in the first integral becomes imaginary for values of r 
inside the interval — x/c <r< x(c\ it is thus convenient to replace J 0 by / 0 . 
The corresponding holds with respect to the second integral when x is 
negative. 
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For values of a that are negative (anomalous dispersion) (11) can be 
solved analogously, when instead of (13) the following relation is funda¬ 
mental: 

i^ e - aV(p2-1) > 1 <Rep<co, (15) 

which may be proved along the same lines as (13). 

As we have seen, the general solution always contains the Bessel function 
of order zero, which is a consequence of the dispersion term introduced 
in (11). In this respect it is an extension of the general solution 

u = ct )— ct) 

of the elementary differential equation of the vibrating string 

dx 2 c 2 ct 2 

I 

The method described above is extremely useful in solving any hyper - 
| bolic differential equation of the second order (two variables) with con¬ 
stant coefficients; in addition, any such equation is reducible to (11) by 
some suitable transformation of the variables. 

In the case of the analogous elliptic differential equations, such as 

d 2 u 1 d 2 u 


the method above is not directly applicable, since it would lead to images 
connected with the function 

P e taV(P*+ 1) 




which has no proper original at all. Yet we are able to determine the 
solution operationally; namely, by identifying the variable t with the 
operational variable p, thus: 


0 2 w 


0 ^ 2 +““ + -* 


i 8 2 u 


C 2 0p 2 


In this case, however, we have to apply operational relations possessing 
a line of convergence; the result so obtained is similar to (14), though the 
lower limits of integration are complex numbers. Also later on, in the 
discussion of simultaneous operators (see xvi, § 5), we shall have an oppor¬ 
tunity to show that differential equations of the elliptic type in general 
lead to operational relations with a degenerate strip of convergence. 

The general theory so far given may best be illustrated by some examples, 
in order to indicate further possibilities as to the procedure in which one 
of the variables of the partial differential equation is transposed opera¬ 
tionally; whether this particular variable is identified with t or p depends 
on the particular problem under discussion. 
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Example 1. Differential equation of the parabolic type . A solution of the homo¬ 
geneous one-dimensional equation of heat condition (9), that is, of 


d 2 u 1 du 
dx 2 a 2 dy 


(16) 


that contains an arbitrary function is easily found upon identifying x with t, since 
then one is led to an ordinary differential equation of the first order. We thus put 


u(t,y)=f(p,y), 

whence it follows that the new equation becomes 


1 df 

M-a4 = 0 ’ 


of which the general solution is provided by the function 


f(P>y) = A(p)e“Vv. 

Further, by using the relation (n, 24) and applying the composition-product rule, 
the following solution of (16) is obtained: 


1 f 00 

u(x, y) = — J (p{x — t) ©-r*/4a\ ^7, 

in which the function cp is wholly arbitrary. The most general solution is found by 
addition of the analogous expression obtained when x is replaced by —x and (p by 
some other arbitrary function. 


Example 2 , Connexion between the wave equation and the heat-conduction equation . 
It often appears that a solution of one or another differential equation leads to a 
solution of a related differential equation. To make this clearer, we shall consider the 
three-dimensional equations of wave propagation and heat conduction simultaneously. 
With proper choice of units we thus consider the system 


* ~ . da* 

Au x - =0 , Aw 2 -- = 0. 

1 at 2 2 dt 

Upon putting 

u i(v> y> z, t) =zfi(x, y, z,p), u 2 {x, y , 2, t) =/ 2 (a?, y , z,p), 
we obtain for the transposed equations, in the same order, 


A/i-P 2 A = 0, (17a) 

Afi-P/i = 0. (176) 

From this it will be evident that, when some image function f x (x 9 y,z,p) satisfies 
(17a), the analogous 

fz(x>y,z,p) ~ fi(x 9 y,z,*fp) (18) 

may be a solution of (176). Then the original of the image (18) is, on account of (xi, 5), 
expressible in terms of u x for t > 0, if we assume that the homogeneous wave equation 
is still valid for u x taken one-sided (i.e. if u x = du^dt = 0 for t = 0). Thus we get 

1 f 50 2 

u 2 (x,y, 2, t) = J ^ e-s 2 ' 4 * u x (x,y,z,s)ds = -^ J ^ e~ Aa u x (x,y, 2, 2A <Jt) dA {t>0 ), 

where we have at once a solution of the heat-conduction equation from one for the 
wave equation. 
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A somewhat more general solution of the differential equation of heat conduction 
is obtained when in (18) f x is first multiplied by some arbitrary function of p, which 
does not affect its being a solution of (17 a). Upon applying the composition-product 
rule in this case, we are led to the following solution of the heat-conduction equation: 

f drx(t — t) f 

Jo Jo 


Example 3. Legendre functions. In order to derive new relations for the functions 
of Legendre P JT, including those with m =j= 0, we start with the following differential 
equation, in which p, <j> and z denote cylindrical co-ordinates: 


?!*+*?* + ^*.2. d * X - Q 

dp 2 pdp dz*p*d<f>* 1 


(19) 


of which, amongst others, solutions are 


Xn\p,Z, <j>) 


P%(cos&) 


__ 



(p 2 + z 2 )& n+1) 




and *!?(/>, 2,0) = r n P”( cos&je*™* = (p* + 2 2 )*" 

By subsequently identifying z in (19) with either of the operational variables p and t , 
while keeping p constant, we are able to deduce operational relations for the functions 
Xn } and xJn respectively: 

(a) When it is supposed that 

( 20 ) 


and when (19) is transposed term by term, after being multiplied by p = z, then the 
following ordinary differential equation for h is obtained: 


d 2 h 1 dh 

dp 2 + pdp + 



0. 


This equation is the differential equation (x, 11) of Bessel functions of argument pt. 
Since J m (pt) is the only solution that remains finite as p tends to zero, it may be 
concluded that the operational relation (20) for x!n must have the form 


_ ) 

" Wo° 8 +W 

(p2 +:p 2)J<n+l) ; 


= A(*) J m (pt). 


So far the function A(£) is unknown. Its value can be calculated by letting p tend 
to zero, after dividing both sides by p m . When use is made of well-known approxi¬ 
mations for P%(x) as x -> 1 and J m (x) as x -> 0, we readily find that 


(n -f m )! 1 

(n — m)\ p n+m * 




Since the original of the left-hand side is known (let Rep be positive), we then conclude 
that we have to take 


A (<) = 


t n 


(n — m)\ 

The complete relation (20) thus becomes 
P 


U(t). 


Om(_P_\ 

"W (P 2 +W • i 


V(P 2 + 7> 2 )/ 


( 21 ) 


VP & B 


21 
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(6) In order to derive an image containing as data the function ^ 2) (p, t, (ft), it is 
simplest to take the corresponding one-sided function. We therefore assume 

h*(t) = Xn\p>t, <P) U(t) = (/>*+<*)*” eW U(t)'=f(p,p) e <m « s . (22) 

First of all, we have to construct from (19) the differential equation for the one-sided 
function h*(t). This can be achieved in a manner already known. Moreover, we 
suppose n + m to be an even number. The differential equation in question then proves 
to be the following: 

d 2 h* 1 dh* d 2 h* m 2 v . 

+ =P n Pn(Q)$‘ 'We^, 


dp 2 p dp 


dt* 


dH 1 df l m 2 \ 

^ + - P i + ( p2 -^) f=pnp,:{0)p - 


We now proceed in the same way as we have done so often before. Let h*(t) 
correspond to f(p); the transposed form of the equation above is 


The corresponding homogeneous equation is the differential equation of J m (pp)» 
a particular solution of the inhomogeneous equation can be found by a method 
similar to that used for the analogous equation (x, 7) for the (one-sided) Hermite 
polynomials, where the right-hand member also contained only a term with p 2 . 

Again using the notation with double brackets introduced in (iv, 4 a), we easily 
verify that the function _ 

is a solution of the differential equation considered if c n is the coefficient of x n in J m (x ). 
The final result thus becomes 

(/ p 2 + * 2 ) 1M Pn m = (n + m)l [p^ } ]]. 0<Rep< 00 , (23) 


which is easily seen to be valid also for n + m odd. 

An interesting application of (23) is provided by its definition integral for p = 1. 
Upon substituting in the integrand t = cot r, we arrive at 



_ * f 

11 *• J 

J (n + m)\J 


-ascotr 


P?(cos T) 

gin« + 2 r 


(Re# > 0). 


3. Homogeneous partial differential equations with boundary 
conditions 

For equations with boundary conditions the operational transposition 
of only one of the variables answers its purpose if either the location of 
the boundary is independent of that particular variable, or depends on it 
in a very simple manner. As in the case of ordinary differential equations, 
it is often possible to account for the boundary condition by limiting the 
variables determining the boundary, by means of unit functions. This 
leads to a new differential equation, involving some additional terms in the 
right-hand member (see vm, § 4). This will be illustrated by two problems 
of heat conduction; in the first example the boundary concerns only the 
time, in the second example a space variable also. 
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Example 1. The problem is to determine the distribution of temperature inside an 
infinitely long, thin bar, when the temperature is constant over the cross-section, and 
for t — 0 is given by T(x , 0) = (p{x), when (p(x) is a prescribed function; x is measured 
in the axial direction of the bar. 

We have thus to solve the equationf 


d 2 T 1 dT 
dx 2 a 2 dy 


(24) 


under the boundary condition: T — cp(x) when y = 0. Since the location of the 
boundary' is independent of x , we put 


T(x,y)=f(p,y), <p{x)i=:$(p), 


by means of which (24) transforms into 

1 df 

p 2f - L - o. 

^ J a 2 dy 

Now, in the general solution of this equation, that is, 

f(p>y) = Mp)e a% *\ 


the function A has to be identical with on account of the boundary condition at 
y — 0, i.e./(p, 0) = <j>(p ). We therefore obtain when y> 0 

T{x , y) = i x p e aVv x <f>(p), 

P 

from which the solution in question follows with the aid of a composition product, viz. 
T ^' y) = (2/>0) - 


Example 2. The next problem is to calculate the error in the reading of a mercury 
thermometer registering the air temperature around an aircraft rapidly losing height, 
which is due to a finite time of relaxation of the meter. To make the problem as simple 
as possible, we assume that the aircraft loses its height at a constant rate, and, more¬ 
over, that the temperature decreases linearly with the height. Thus the actual tem¬ 
perature of the air at the aircraft is T ~ T 0 +at. 

The problem under consideration was discussed by Bromwich {. The reading T of 
the thermometer at any moment corresponds to the space average of the temperatures 
T in its reservoir, which we take to be a sphere of radius R. Since the radially sym¬ 
metrical temperature at any point depends only on the time t and the distance r from 
the centre, we have » R 

4tt\ T(r,t)r*dr R 

- = * J o T(r ’ t)r ' dr ■ (25) 


Inside the reservoir the three-dimensional heat-conduction equation holds, depending 
only on r and t , too: 

;(rT)—-(rT) = 0. (26) 


dr 2 


a 2 dt 


This equation has to be solved under the conditions T = T 0 + at when r = R and 
T = T 0 when t = 0. Since the location of the boundaries depends on t more simply 
than on r, we assume T* (r, t) = T(r f t) U(t) = f(r>p)* whence (26) becomes 


d 2 Id r 

^(rT*)---(rT*) = --T 9 8(t). 


dr 2 


a 2 St 


f Here the time variable is denoted by y instead of t, since later on x rather than 
the time is identified with the operational t- variable. 

J Phil. Mag. xxxvn, 407, 1919. 


21-2 
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The image of this inhomogeneous equation takes on the form 


having as general solution 


d 2 p r 

^f)--rf=--T 0 p, 


rf(r,p ) = vT q + X- L {p)B {r!a) ^ p + A 2 (p) e~ (Wa W4>. 


The unknown functions A x and A 2 are determined by two conditions: 


(27) 


( 1 ) 

whose transform tells us that 
and 


T{R,t) = Tq + cU (t> 0), 

f(R,p) = T 0 - f-, 

V 


(2) T is finite when r = 0; thus 

Lim{rT*(r, t)} = 0; 
r —>0 


hence 


Lim {rf(r,p)} = 0. 

r ->0 


From this it follows that Ai + A 2 = 0, 

Since the actual determination of the functions A is easy, it may suffice to state only 
the final result: 


f(r,p) = To + 


Roc 


sinh 




rp 


sinh 


(!4 


(28) 


which is the image function of the temperatures obtaining in the thermometer’s 
reservoir. 

Instead of determining first its corresponding original, T(r , t), and then calculating 
the mean value according to (25), it is far more simple to perform the process of 
averaging with respect to the image, followed by a calculation of T as original corre¬ 
sponding to the averaged image. We then have 

j Q f(r,p) r*dr. 


which, upon substitution of (28), yields the following result: 



The original of this function can be obtained with the aid of (vii, 51) and some com¬ 
position product; the complete answer to our question is then provided by 


— 3 oca 2 f f* / 7ia 2 \ t 2 ) 

2 , W= 2, o + ^{J o U-r)^(o ; —rjdr--j 


(t — T) d 3 

= T 0 + a 


(*“ 


]{ 2 6 R * " 

15a 2 + 7T*a 2 n=z \ n 


•4 p — t r 2 a 2 n 4 £/.R a I 


(OO). 


In this expansion the first two terms indicate the actual temperature of the air so 
that the error due to the retardated adjustment is given by the remaining terms. After 
some time has elapsed the following approximation holds: 

T(t) ~ T 0 + cc(t —1 0 ), 

in which the time of retardation, t 0 = R 2 /15a 2 , is a measure of the time during which 
a temperature disturbance propagates itself through the spherical thermometer. 
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4. Quasi-stationary theory of electric cables 

Whereas the rigorous theory of the coaxial cable is based upon Maxwell’s 
equations, it is often sufficient to treat the cable quasi-stationarily after 
Kirchhoff, whereby it is replaced by two conductors carrying currents of 
equal amounts, i(x, t), but of opposite directions. In its general form the 
problem involves four physical parameters, namely, the self-inductance L 
and series resistance R s per unit length, both in the longitudinal direction, 
and the capacitance C and shunt resistance R q per unit length, both in the 
transverse direction. The cable can therefore be looked upon as a ladder 
network (see ix, § 7) of an infinite number of cells, the elements of which 
(per unit of length) are given by the series impedance 

Z s (p)~Lp + B s , (29) 


Ldx 


R t dx 


and the shunt admittance A a (p) = Cp + . (30) 

An equivalent scheme of this cable is shown in fig. 85. In the quasi¬ 
stationary treatment both the current i in the longitudinal direction and the 
voltage e in the transverse direction 
are considered, and we generally wish 
to determine i and e in terms of x and t 
so that certain requirements at the 
boundaries at the end-points x — 0 and 
x — l are fulfilled. For an operational 
treatment involving the transposition 
of a single variable (the transposition 

of both variables is postponed until the next chapter, § 3, second example), 
we shall take this variable to be the time, since the location of the boun¬ 
daries is independent of t. We accordingly put 



Fig. 85. Equivalent scheme for 
an electric cable. 


i(x, t)=I(x , p), e(x, t)=E(x , p). 

The basic equations are then obtained from Ohm’s law in its operational 
form (vtii, 17). On the one hand, when applied to a longitudinal element dx, 
across which there is an impedance Z s dx and a potential drop 

de dE 

- w ~dx±== — -^-dx, 


it gives the relation ^ — —Z S (P)I( X > VY (31) 

g i 

On the other hand, there is a transverse current equal to — — dx flowing 
through the admittance A q dx ; thus, moreover, 


dl(x, p) 
dx 


= -A q {p)E{x,p). 


(32) 
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These two equations are valid for arbitrary inhomogeneous cables. In 
the following, however, we shall restrict ourselves to homogeneous cables 
in which Z s and A q are independent of x. It is then possible to eliminate 
either of the two variables E and I between (31) and (32), so as to obtain 
two second-order differential equations, viz. 


0V 

dx % 


-X 2 (p)I = 0, 


(33) 


--A*( p )E = 0, (34) 

where we have introduced the parameter A by 
= *j{Zs(p)A q (p)} = 

First of all one may ask for the current i and the voltage e at an arbitrary 
point of the cable, when these quantities are prescribed functions of time, 
ii(t)=Ii(p) and e 1 (^) = £ r i(p), at x = 0. For this purpose we start from the 
general solution of (33): 

I(x,p) = a(p)e x ^ x +j3(p)e~~ x ^ x . 


then determine the corresponding voltage E (see (32)), and finally calculate 
the functions a(p) and fi(p) from the conditions for the boundary at x = 0. 
The result of these calculations determines the operational images of current 
and voltage as follows: 


I = cosh{#A(p)} I x (p) — A(p) sinh [xX{p)}E^p),^ 
E = sinh fo A (ff)} 


A(p) 


- Mp) + cosh {xA (p)} E x (p ), 


(36) 


in which, in addition to the parameter (35), we have introduced 

/ Mp) __ /Op±l!R a 


A(p) 


!Mp) _ jcp 

N Zip) V L 


Lp + R s 


(37) 


In particular, let us consider a cable of length l. By substitution of x — l 
we then get a relationship between the current and voltage at the left hand 
and those at the right hand. Denoting the latter quantities by i 2 (t) = I 2 (p) 
and e 2 (t) = E 2 (p) i we obtain for the currents at the ends, in terms of the 
voltages at those places: 

* 01 


A(p) 


1% — A(p) 


j^coth {//\(^»)} E x — 


sinh {/A(^)}. 

sinhpjyj} - eoth (iA(l>)} £,]. 


_si 


(38) 
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From the structure of these formulae it is obvious that a cable or trans¬ 
mission line of length l is equivalent to a symmetric four-terminal network 
(see fig. 55), which, according to (ix, 13), possesses a transfer admittance 


equal to 


a 12 (p) = 


A(p) 

sinh {ZA(p)}’ 


(39) 


and a driving-point admittance equal to 

^n(2>) = A{p) coth {lA(p)}. 


(40) 


This clearly reveals the significance of the function A{p) as driving- 
point admittance of an infinitely long transmission line. As follows 
from the above, all results of the theory of electrical networks treated 
| in chapter ix may be applied to cables whenever they concern the 
special case of four-terminal networks. For instance, in addition to the 
frequency admittance (40), there exists a corresponding time admittance 
i which is the image of the former when Rep>0; this time admittance 


represents the switch-on current at the left-hand side of the cable in response 
to a unit voltage U(t) applied across it. Moreover, as in the discussion of 
filters (ix, § 7), the right-hand end of the cable may be short-circuited by 
an arbitrary impedance Z 2 (see fig. 86), so as to lead to E 2 (p) = Z 2 (p) I 2 (p). 
It is then possible by using (38) to express I 2 and I x in terms of E v If the 
result so obtained is substituted in (36), the following image for the current 
emerges: 


I = A(p)E 1 (p) 


e~~ x A ^> + Jt(p) 

l-B (p)e- 2 ^ ’ 


(41) 


FL 

! 'L_r 


{> 


in which R(p) is an abbreviation for 


R(p) = 


1 ~Mp)Z 2 (p) 

1 + A(p)Z 2 (p)' 


Fig. 86. Electric cable termi¬ 
nated by an impedance. 


Herewith we have got the ‘continuous' analogue of formula (ix, 33) for 
the current in a homogeneous filter. In consequence of this there are again 
two different ways of treating transient problems by operational methods, 
when it is assumed that e^t) is known: 

(1) Method of D'Alembert. Here (41) is expanded into a geometric series, 

viz. t oo oo 

I = A{p)E 1 {p)\ 2 Rn^ p )Q-<x+inDXt p)_|_ £ e fe-2„i)A(p) 

ln=0 n=l 


the individual terms of which represent travelling waves, proceeding either 
to the right or to the left; R(p) may be interpreted as ‘reflexion coefficient’ 
of the right-hand terminal. 

(2) Method of Bernoulli . The image of (41) is expanded into partial 
fractions corresponding to the zeros p k of the denominator, which deter¬ 
mine the characteristic frequencies p k j2ni in their dependence on the 
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short-circuit impedance Z 2 . The current itself is then expressible as an 
expansion into the cable’s eigenfunctions e^. 

The situation is the simplest possible if Z 2 (p) is equal to the so-called 
characteristic impedance ljA(p). If so, then 



/ Lp + \ 

V C P +1/B Q 9 


and the coefficient of reflexion, E , becomes zero. In this case the cable 
behaves as if it was infinitely long; according to (41) we then have 


I = A(p) E x {p) e~ xX &\ (42) 

It will be almost unnecessary to emphasize that by the theory given above 
it is possible to give a thorough discussion of all kinds of transient phenomena 
encountered in the technique of cables and transmission lines. Of these 
problems some typical examples will now be treated. 


Example 1. Transients on a cable matched by its characteristic impedance. We are 
going to discuss the switch-on phenomena produced by an impulse voltage 8(t) which 
may be applied to the left end of the cable. According to (42) the current, i s , is deter¬ 
mined by the relation 

ts(z,t)=pA(p)e-*M& (Rep>0). (43) 


Let us substitute in the image the constants of the cable as given by (35) and (37). 
Upon introducing the new constants 


1_ R. 1 

V(LC')’ '“ 1 2L 2GR a 


R s 1 

JU 2 = __ 

2L 2CR a 


(44) 


the operational relation above assumes the following simple form: 
p(Cp+l/R q ) 


i s (x. t) 


Vto +/* 2 ) 2 


f B ) ( x ) 

ex P (— “ V{(lP + /* 3 ) 2 —/*f>j (Rep>0). (45) 


Furthermore, upon applying (15) in combination with some elementary rules, we 


which, in order to interpret it physically, we may change into 


(47) 


Therefore, the switch-on current for an arbitrary cable consists of the sum of an 
impulse and an after-effect term. The first term represents a disturbance travelling 
at a velocity c 0 along the cable, its amplitude steadily decreasing on account of the 
attenuation factor e - /^ 00 . The after-effect term represents a disturbance that 
decreases exponentially with time at any fixed place x , at least if one waits long enough. 
The last follows from the exponential factor e l xi of I Q (x) as x -> oo, which tells us that 
the second term of (47) for t^>x/c 0 decreases in proportion to the attenuation factor 


that is e -Rs*iL if /q<0, e~ t! ^q if /q>0. 

It is very striking that the exponential decrement of the after-effect term depends 
either only on R 3 and L or only on C and R a . 
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The general form (46) of the derivative of the indicial admittance is of exceptional 
importance in the theory and practice of cable technique, as may be illustrated by 
the following special cases: 

(1) fi x = 0 (distortion-free cable). We then have 

R s 1 
L CR q 


while at the same time the characteristic impedance becomes equal to the purely 
ohmic resistance f(L/C). Moreover, the after-effect is completely absent. As to the 
name of 4 distortion-free cable’ we may note that the expression for the transfer 
admittance at the point x, 


A(p) e~ x ^ p) = 



Q—xRglcoL 0 — xplco* 


shows that undamped alternating voltages (p = i(o) 9 in their way along the cable, 
continually change in amplitude, but in a manner wholly independent of the frequency 
applied. Consequently, any undamped wave retains its spectral composition in 
travelling along the distortionless cable; it was this point of view from which this 
type of transmission line was first considered by Heaviside. 

(2) R s = 0, R q = oo (loss free cable). In this case fi x = fi 2 = 0. Since the cable does 
not contain ohmic resistances, it is the analogue of the low-pass filter discussed in 
example I of ix, § 7. The formula 



determining the switch-on current due to an impulse voltage, was derived in 
(ix, 39), by a process in which the cable emerged as the limiting case of the filter. An 
arbitrary undamped wave, when travelling along the cable, not only retains its 
spectral composition but also its amplitude. However, the phases of the separate 
waves are changing continually according to the factor 


Q-xplco __ Q-ix<i)ICC' 


(3) L = 0 (induction-free cable). This particular case was first considered by Lord 
Kelvin. From (43), (37) and (35) we obtain with the aid of (xi, 4) the following 
elementary function for the switch-on current: 


i 8 (x,t) = XJ(t) 




(4) L = 0, R q = oo (RG cable). In this case the only elements of the cable are R s 
and C ; the time admittance proves to be 


i s (x y t) 



Q—R s C x *l&t 


Furthermore, 



Mp) = J(R 3 Cp), 


(48) 


whence it follows that equation (33) reduces to 


dH 
dx * 


— RgCpI = 0 . 


The original of the last equation expresses that for this cable the diffusion equation 
(9) holds; that is to say, in the form of 
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Example 2. Transient phenomena of EC cables . In virtue of the special properties 
of the RG cable the transient phenomena remain very simple, even when the cable 
is not terminated by its characteristic impedance. For instance, when the right end 
is short-circuited (open), that is, when Z 2 = 0 (oo), then from (41) for the switch-on 
current in response to a unit voltage (thus E x — 1), with the aid of (48) we have 


and 




cosh{(Z —#) yj(R s Cp)} 
sinh {lJ(S 8 Cp)} ’ 

sinh {(l — x) aJ(R 8 Gp)} 
cosh {lJ(R a Cp)} 


respectively. Furthermore, the operational relation (xi, 13) in combination with the 
corresponding relation for the function 0 2 leads to the following expressions for the 
current itself: 


and 



respectively. Finally, by setting x equal to zero it follows that the open RG cable 
has a driving-point admittance that can also be realized by the ladder network of 
(ix, 30). 


5. Inhomogeneous partial differential equations 

As an example of this type of equation, consider the inhomogeneous wave 
equation corresponding to (11): 

d 2 u 1 d 2 u 

dx % aU c 2 dt 2 

As in § 2, let us transpose the variable t and assume 

u(x,t)^f(x y p) } 9 o(x y t)^<p{x y p). 

Then the image is found to satisfy the ordinary differential equation 



The general procedure for solving such an inhomogeneous ordinary 
differential equation is called the ‘ method of variation of constants which, 
in the operational sense, reduces to introducing x as a second operational 
variable. One is thus quite naturally led to the methods of simultaneous 
operational calculus, which will be treated more fully in the following 
chapter. Only in simple problems does it make no sense to transpose both 
variables, of which an example may be given below. 
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Example. The Green function for the n-dimensional wave equation. Let us return 
to the wave equation with a dispersion term, as given in (5). Its corresponding Green 
function, with respect to a point source localized at the origin at t = 0, satisfies 
equation (6). On account of the radial symmetry of this Green function equation (6) 
may be transformed into 


n-l 
dr 2 "*" r 


d i a 2 

—h a - 

dr c 2 dt 2 \ 


O n 


r (in) S(r)^ 

Tfin r «- 1^)' 


by using (7), and by expressing the n-dimensional Laplace operator in terms of 
spherical co-ordinates. If G n (r, t) =f n (r,p ), then the equation for the image becomes 


f d 2 n—ld 
[dr 2 r dr 



T(jn) A(r) 

■ffb n 1 


(49) 


Outside the origin this differential equation is homogeneous; and it can then be 
reduced to (x, 11) valid for Bessel functions. Since in this case the argument of the 
Bessel function proves to be imaginary, only that solution which involves a K- 
function (see (x, 29)) does not increase exponentially as r -> oo. Therefore the solution 
f n required must be of the form (r> 0): 


fn = <Xn(P) 



pin —1 


(50) 


The unknown function a, n (p) has yet to be determined. In order to investigate its 
connexion with the right-hand member of (49), it is necessary to fix the function f n 
on the interval r < 0 (the latter does not correspond to real space). That this can easily 
be done is due to the fact that the right-hand member of (49) is even or odd according 
as n is odd or even. Therefore it is simplest to continue /„ as an even or odd function 
in accordance. Keeping in mind that/„ as r -► -f 0 is proportional to r 2 n , as follows 
from (50), and applying to (49) the operator 


we further find that 


drr n ~ i..., 


Lim \r 
r~>+0 


>r 

o J 

ir^ d M = - P - 

\ dr( 2 


r (in) 

n in 


This relation fixes the value of a n ; if use is made of the explicit expression for the first 
term in the power series of the K-function, the following operational relation results: 


G«(r,t) = 


* 2tt 



(r> 0). 


(51) 


The Green function itself will now be determined; the method followed is different 
according as n is even or odd: 

(a) n is odd. Since its order is an odd multiple of J, the K -function above is 
expressible in terms of elementary functions. Therefore (51) may be written 
equivalently as follows: 


G n (r,t) 


/ d yi™- 3 ) 

exp { _r V(^-°)) 

\ 27TrdrJ 

r 
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Of this the original will be determined for Re p > c Re y/a; as it turns out that this 
original involves a unit function, we thus obtain the Green function corresponding 
to a system that is initially at rest. The actual form of the original may be found 
with the aid of the operational relation that, in its turn, may be obtained by 
differentiation of (15) and (13) with respect to a (a> 0 and <0, respectively). 
Independent of the algebraic sign of a, the final result then appears to be 


a =-( _^_y'"- 1 ) / 

n 2 \ ijrrdrj \ 0 


(vXcV-r 2 )}) U(ct 


-r } ) 


(n odd). 


(52) 


This expression indicates in a surveyable manner how a singular disturbance at 
r = t = 0 propagates itself in odd-dimensional space. The simplest possible case 
corresponds to a — 0 when there is no dispersion: 


° n = \{ 


±\ 


i(n—1) 


For instance 


27rrdr) 

Ojfx, *) = |l7(t_hJ) 


{U(ct-rj}. 


@a( r > t) — ' 


i‘-t) 


4:7rr 


(53) 


(54) 


(55) 




I r 3 cr 2 J 


The conclusion is that in a space with an odd number of dimensions the spherical 
wave travels with a sharp front; at any point it presents itself only during an in¬ 
finitesimally short time (principle of Huygens), which property is lost in the presence 
of dispersion, however. 

(6) n is even . Though the X-function is not expressible in elementary functions, 
the original can be calculated from (51) when this relation is first transformed by 
means of the following identity: 


K v W(**-p*)} 


- 1 ( ^zA \ iv r 

2 \ot + /?/ J _ 


e —a cosh s—/?slnh s—ys fa (R e a > |Re/?J), 


which is an extension of formula (iii, 29). Again restricting ourselves to Re p>c Re y/a , 
we obtain an expression whose original leads to a sifting integral involving the (\n — l)th 
derivative of an impulse function; after some simplification, and confining ourselves 
to the case of no dispersion, we then get the following result: 


°" = 2n U \ 


In this way one has, for instance, 


r\ / d \* w_1 

cosh | 

(\n — 1) arc cosh —| j 

c) \2ncrdt) 

y/(cH*-r 2 ) j 


G 2 (r, t) = 


t) 


2n 


p B) 

■ P ('-o) 

4tt 2 c 2 / r 2 \ ® 

r-*) 


(n even). (56) 


(57) 
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from which it may be concluded that, even if there is no dispersion at all, the radial 
propagation of waves in even-dimensional space is accompanied by an after-effect, 
occurring after the arrival of the first disturbance at the moment t — rjc . In this 
case the principle of Huygens is not valid. 

In concluding this chapter we remark that the Green function for the equation 
of heat conduction in n dimensions can be determined similarly. For odd values 
of n it is found that 


G*(r,t) = 


0—r a /4a z i 

(47 raH)^ n 


U(t >. 


This function is thus a solution of the differential equation (10). 



CHAPTER XVI 


SIMULTANEOUS OPERATIONAL CALCULUS 

1. Introduction 

The theory of simultaneous operators deals with the transformation of 
functions of more than one variable by means of multiple Laplace integrals. 
Not much emphasis has thus far been laid on this part of the operational 
calculus, yet some investigations trace back as far as Heaviside. A somewhat 
more systematic treatment was begun in 1931 by Van der Pol and Niessenf. 
The need for a simultaneous operational calculus presents itself quite 
naturally, when problems dependent on more than one variable are to be 
treated operationally in a manner similar to that developed in the preceding 
chapters with respect to problems involving a single variable. Therefore 
we shall state in § 2 some important features of the theory required for 
handling simultaneous operators. In §§ 3 and 4 it will be shown how for 
hyperbolic differential equations with constant coefficients the simul¬ 
taneous calculus is helpful in determining certain particular solutions. 
One of the things then presenting itself is the well-known theory of 
characteristics of partial differential equations, which was not met in the 
foregoing chapter where we transposed only one of the variables of these 
same differential equations. In § 5 differential equations of the elliptic type 
are discussed; the operational calculus clearly indicates also to what extent 
this type of differential equation differs from the hyperbolic type. Finally, 
§§ 6 and 7 provide some examples showing how other topics, such as simul¬ 
taneous partial differential equations and partial difference equations, are 
suited to simultaneous operational calculus. 


2. General theory 

In the present section the foundations of the simultaneous calculus will 
be discussed. However, in order to keep the discussion as simple as possible 
we shall only deal with two variables, since any extension to the case of 
more than two variables follows readily. As in the investigations involving 
one variable, the base is then formed by the definition integral, which maps 
the original h(x , y) on the function 

f(P>q)=P$ I dxl dye~i>x-<iyh{x,y) 9 (1) 

J — oo J — co 

which, again, is called the corresponding image. An appropriate notation for 

f Phil . Mag, XI, 368, 1931. 
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the relationship existing between the original and the image functions is 
then provided by *(*, y) ? ). 

First of all, the multiple integral introduced above should have a value 
independent of the order of integration. If so, then the image can be found 
in two different ways as follows: 

(а) In the first place the integration with respect to y is carried out; this 
leads to an operational relation involving the variable a? as a parameter, 
the y-variable being transposed in terms of q: 

q\ dye~ qv h(x,y) = h*(x,q) = h(x,y). (2 a) 

The next step is performing the integration with respect to x, that is, 
transposing the variable x in terms of p. The final result of the twofold 
transposition is then found to be 

pj dxe~P x h*(x,q) =f 1 (p,q)^h(x,y). (26) 

(б) Conversely, a first integration with respect to x leads to the image 

p{ dxe~ px h(x,y) = h**(p,y)= i h(x i y), (3 a) 


and the second integration yields 


gj* dye~™h**{p,y) =f z (p,q) = h(x,y). 


As already mentioned, the image has sense if, and only if, the reversal of 
the order of integration is immaterial; that is to say, if f^p, q) =/ 2 (gh <?)• 
Conversely, when the image is given, the procedure to obtain the corre¬ 
sponding original consists of first transposing back one of the two variables, 
no matter which one, so as to construct an intermediate relation as (2 a) 
or (3a), and then transposing back the remaining variable. 

We shall now discuss some general properties which are extensions of 
properties already known from the calculus of a single variable; they can 
all be derived from the definition integral (1). q 

I. The domain of convergence 

In general the domain of convergence of the defini¬ 
tion integral will be determined by some inequality, 
involving simultaneously the four real quantities 
Reg), Reg, Img? and Img. Whereas in the case of 
one variable the domain of convergence depends 
only on Reg>, in general both the real as well as the 
imaginary parts of p and q are important here. Yet 
in many applications it is sufficient to consider only 
the real parts of p and q. It is then most convenient 



Fig. 87. The domain 
of convergence for real 
values of the opera¬ 
tional variables. 
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to • represent the domain of convergence graphically in a plane of rect¬ 
angular Cartesian co-ordinates. The domain of convergence will then be 
represented by the inside of a closed contour, whether finite or extending 
to infinity in some directions. Such a region is clearly the two-dimensional 
analogue of the segment a < Re^> < J3 determining the strip of convergence 
in case of a single operational variable (see fig. 87). 


Example. In order to construct the original corresponding to the function 


J9 

p + arc sinh q 

we first transpose the variable p; it is then found that 

f(p t g)=ge _aarcsinh « U(x), Re (p + arc sinh q) > 0. 

Next the variable q is transposed with the aid of (x, 16); 
the result becomes 

pq x 

- . , ===- J x (y) U(x) U(y), 

_p-barcsmhg y 

Re (^3 + arcsinhg) >0; Reg> 0. (4) 

For real values of p and q the domain of convergence 
of (4) is that shaded in fig. 88; it is partly bounded by 
the positive axis and partly by the transcendental curve 
q — — sinhp. 



Fig. 88. The domain 
of convergence for the 
image of 

U(x) U(y ). 
y 


II. The inversion integral 

One can successively write down the inversion integrals (perhaps con¬ 
vergent only in the sense of a first-order Cesaro limit) corresponding to the 
two relations of either the set (2 a, b) or the set (3 a, b), i.e. 


or 


Mx,y) = h*(x,q)=f(p,q), j 
y) '=;h**(p, y) =f(p, q), J 


respectively. 

Then the following double integral for the dependence of the original 
on the image is found: 


h(x, y) 


1 fCi+ioo fc 2 +ic o 

( 2 ^') 2 j C ,-ico dP )c,-io 0 


dq e px+qv f(Plll 

pq 


( 6 ) 


in which the constants c x and c 2 are such that the domain of integration, 
Re£> = c v Re^ — c 2 , is wholly inside the domain of convergence. 


III. Operational rules in which the two variables are subjected to independent 
transformations 

To obtain the rules of the subtitle we have merely to extend those 
derived previously (such as in chapter iv), while bearing in mind that 
simultaneous operational relations are generated by the succession of 




LABORATORY 

XVI. 2 SIMULTANEOUS OPERATIONAL CALCULUS B^.R. 

two simple operational relations. For instance, the extension of 
rule reads as follows: 

h(x + a, y +/?) = e ap+ fi q f(p, q ); 
that for the attenuation rule is transformed into 


Q-ax-py h(x, yY 


pq 


xf(P + *>9+fi)- 


'(p + a) (q + fi) 

IV. The rotation rule 

In this rule both the co-ordinates p and q of the image as well as the 
co-ordinates x and y of the original are subjected to a linear transformation. 
Any of these transformations may be interpreted as a rotation of axes 
followed by a magnification, if necessary in combination with a reflexion. 
There exist two different formulae according as the given transformation 
of variables concerns the original or the image, namely, 


h(ccx + fty , yx 4* 8y ) s 


pq 


pq 


8p—yq 


Q' = 


~fip+aq 


pq 



l 

% (Sx-yy -fix + ay\ 

\ V $ )p'=ap+fiq,q'=yp+8q 

TAl 

1 l A ’ A j 


(la) 


(lb) 


in which A = a8 — fiy. 

Of these rules, in which the two variables thus no longer transform 
independently, the first can be proved by simply introducing in the corre¬ 
sponding definition integral (1) a pair of new integration variables according 
to x' — (xx + fiy and y* = yx + 8y . Then it appears at the same time that the 
domain of convergence of the new operational relation is obtained by 
substituting p r and q' for p and q , respectively, in that of the initial relation. 
The structure of the corresponding rotations in the x,y- plane and the 
p, 2-plane is determined by the requirement that the exponent of the 
definition integral be invariant, that is, 


px + qy =p'x' + q'y 

A further extension of the rotation rule, so as to include the case of n 
variables, is evident. The corresponding linear transformations, that of 
the variables x i and that of the variables p if shall have to be such that 


n 


n 


i= 1 i=l 


Moreover, there exist many particular cases of the rotation rule, of which 
we may mention for two variables 


and 


P 


h(x + y,y)^=.q 

f(p+q) .. 


f(p>q-p) 


p + q 


q-p 

h(x) U(y — x) (Re q > 0). 


( 8 ) 


VP & B 


22 
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In the last relation it is understood tha>t f(p) = h(x) is a known operational 
relation in one variable. By adding the corresponding relation for x and y 
interchanged, we obtain the symmetric relation 

f{p + q)^h{mm(x,y)} (Re^>0; Reg> 0). (9) 

V. Composition product 

The original of the product of two images in the presence of two opera¬ 
tional variables p and q can be obtained by using the rule of the composition 
product for a single variable twice in succession; first the one and then the 
other variable is transposed with the aid of the intermediate relations 
(5) corresponding to the individual factors. In so doing it is found that 

/i(j>.g)/«(g,g) _ =a f" dgf" dyrj)h 2 (x — £,y—y), (10) 

pq J - oo J - co 

in which it is assumed that f ± (p, q) = A x (x, y) and f 2 {p> q) ^ h 2 (x, y). More¬ 
over, (10) is valid in the overlap of the two domains of convergence of the 
initial relations. In this connexion it may be remarked that in virtue of 
(xv, 4) a solution of an inhomogeneous partial differential equation is 
obtainable from the composition product of its right member <p(x, y) by 
its Green function G 0 (x,y ). 

VI. Asymptotic expressions 

The theorems of Abel and of Tauber which were treated in chapter vn 
can be applied to either of the two operational variables, so as to reduce the 
original simultaneous relation to a pair of relations of a single variable. For 
instance, when the region (Reg>>0, Reg>0) is wholly inside the domain 
of convergence of ^ ^ uw -_j (p , q)i 

then a formal application of Abel’s theorem (vn, 2 a) leads to the following 
set of simple operational relations: 

h(x,co)U(x)^=f{p,0), (Ha) 

h(co,y)U(y)=f(0,q). (116) 

The first of (11), for example, may be proved by first deriving the fol¬ 
lowing equation by applying (vn, 2 a) to (2 a): 

1 * 00 

h(x, oo) = Lim q\ e- QV h(x,y)dy. (12) 

Then the definition integral in one variable of h(x, co) U(x) in general leads 
to the function f(p, 0) as determined by the definition integral (1) in two 
variables. In order to make this true, however, a reversal of two limits is 
necessary, which is legitimate when, for instance, the integral of (12) tends 
to h(x, oo) uniformly in x for x > 0. 
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In addition, once again applying (vn, 2 a) to (11) leads us (under suitable 
conditions, of course) to 


fe(oo,oo)=4/(0,0), 


(13) 


which is the extended form of the formula h( oo) =4/(0) valid in the case 
of one variable. 

Before proceeding to a systematic discussion concerning possible applica¬ 
tions of the simultaneous operational calculus, we would like to give two 
examples that undoubtedly show how useful the simultaneous calculus is 
for specific problems encountered on various occasions. 


Example 1. Integrals over products of Bessel functions . An integral that can be 
evaluated (if convergent) by means of the operational calculus of three variables t 
is the following: 

ds 


Cco 

J 0 


J y (as)J v {bs)J tl (c3)—. 


(14) 


We put q, — 2 c — 

and then rewrite the integral as 

C°° ds 

(a? 1 a? 2 a? 3 )*’' I(x l9 x 29 x z ) = x\ v s v J v (2s*Jxf) x x\ v s v J v {2s^x 2 ) x x\ , s v J v (2s 

Now, the variables x l9 x 2 and x 3 occur separately and equivalently; therefore the 
integrand can be transposed immediately with the aid of (x, 20) if p l9 p 2 and p 3 are 
the respective image variables: 

( x i x ax 3 )* v I(x lt x t ,x 3 )= --—- f exp(-s 2 (—+ - 1 + —) 

(PiPaPafJo \ \Pi Pa Pa!) 

and consequently 


(x 1 x t x 3 )^ v I(x lt x 2 , x 3 ) = 


nw 


2 (PiPaPaY 


/111' 

( — H-1- 

\Pi Pz Pa, 


Rejo 1|2>3 >0 (Rev> — 1). 


(15) 


From this result the value of the integral I can be calculated by a successive 
transposition of the variables p l9 p 2 , p 3 at the right. The first transposition, with 
the aid of (in, 3) and the attenuation rule, then yields 


, _ . .. x\ PzPz 

(x 1 X 2 X 3 )^ v I(x lf x 2i x 3 )^=j— ( v ^ +v ^y + x eX P 


/ Mh x \ 

\ Pa+Pa 7 


xAu&i) (Rep 2>3 >0). 


Secondly, p 2 is transposed by use of (x, 26) together with the attenuation rule. The 
new result is found to be 

0—(asi+xi) pa 

xfHx lt x t ,x 3 ) '== - v-1 I„{2p 3 ^/(x 1 x 3 )} U(X]) U(x 3 ) (Rep s >0). 

^P 3 

Finally, the relation (x, 28) enables us to determine the original with respect to p z 
if Re y> — i; the integral in question proves to be 


I = 


{±x x x 2 — (x x + # a - x 3 ) 2 } v ~± 
4 v +ly]7T U(v-i) (x x x % x z )^ v 


U{4:X 1 x 2 -(x 1 -\-x 2 ‘-x 3 ) 2 } TJ{x x ) U(x 2 ). 


(16) 


f See also O. Heaviside, Electromagnetic Theory , reissued 1922 by Benn Brothers, 
London, 1922, vol. in, 243. 


22-2 
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A(a, 6, c) 


This expression, which has to be symmetric in all three variables x l9 x 2 , x 3 , can be 
simplified considerably when the following function is introduced: 

f = area of the triangle formed, if possible, with the sides a, 6, c; this 
area is understood to be positive. 

= 0 when the triangle degenerates into a line. 

= negative in all remaining cases. 

This function satisfies 

A(o,6,c) U(A) = ±<J{a 2 b 2 -\(a 2 + b 2 -c 2 ) 2 } U(a + b-c) U(b + c~a) U{c + a-b). (17) 

In terms of this function A the answer given by (16) is easily transformed into the 
simple result asked for: 


f, 


ds 2*'~ 1 {A la, 6, c)} 2 *- 1 


(Rev> -£), 


and at the same time the operational relation (15) becomes 
__ 7T _ ... {A(2 yj%i 9 2 2 ,2 *Jx z y} 2v 1 


, /1 i i V+ 1 *** 

(P1P*P*) V [—+—+—) 

\Pi Pz Pz) 


U(2v) 


•U{ A), 


Kepi f2f3 > 0 (Rey> 

Particularly interesting is the special case for v = 0, namely, 

7 7 ... U(A) 


111”* A{2<Jx lf 2 ^Jx 2 , 2 *fx z ) 
Pi P 2 Pz 


Re Pi, 2,3 >0, 


■«. (18) 


(19) 


to which we may add a simple relation for the angles <j> l9 f> 2 , <j> Z9 of the triangle here 
considered; namely, from 

i 

( 20 ) 


001 


8x x A(2 *Jx lt 2 «Jx 2 ,2 *Jx 3 ) ’ 

together with the integration rule applied to (19) with respect to x l9 it follows that 

, ( x * + x *— x i \ — 

\ 2*J(x 2 x z ) / 


p 1 — arc cos 


• /I 1 l\* 

jPil —I-1—I 

\Pl P 2 PzJ 


Repi i 2> 3 ^ 9. 


( 21 ) 


It is striking that this analytically complicated function, though elementary from 
the point of view of geometry, has such a simple operational image. Moreover, when 
(21) and its analogues for <j) 2 and f> z are added together, then the resulting relation is 
equivalent to the property that the sum of the angles of the triangle is equal to n. 


Example 2. The problem of random flights. Many 
problems, such as those occurring in Brownian 
movement, the spreading of plants and animals 
from a centre, the walk of a drunken man, can be 
idealized by the following problem of probabilities: 
To determine the probability w n (x f y)dxdy that 
some person shall reach by n steps the neighbour¬ 
hood (dxdy) of the point P(x,y) when starting 
from a fixed point O; provisionally it is supposed 
that the n successive steps of lengths a l9 a 2 ,..., a n 
are performed in a plane, while the direction of 
any step is completely at random, all directions 
being equally probable (see fig. 89). 



Fig. 89. Illustrating the theory 
of random flights. 
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The function in question satisfies the recurrence relation 

i r 2 * 

W n (x,y) = — W„-i(z-a n cos0, y-a n sin<p)d<f> 9 (22) 

tJ o 

which expresses that, if the direction of the last step is at the angle <j> with the x-axis, 
this last step has begun in the neighbourhood dxdy of the point P n _ x with co-ordinates 

x — a n cos 0, y — a n sin <j>, 

where all angles $6 lying between 0 and 2 tt are equally probable. 

Let us first determine the image,/ n (p, g), of the function w n (x> y ). For this purpose 
we transpose the integrand of (22) and apply the shift rule. Then the following recur¬ 
rence relation for the image function is obtained: 

1 f 2?r 

Up,q) = 2 ^J 0 /»-i(P>2) e ““” <pW+a9ln0) ^> 

whence it further follows that 

/»(p.?) = 4K#'+? i ))/,.i(p 1 j). (23) 

Obviously w 0 (x,y) = £(#) 8(y), since after zero steps no other point than 0 itself can 
be reached, and it must be reached with certainty (normalization!). Therefore 
/ 0 (p, q) = pq. Upon applying (23) n times in succession we easily arrive at the complete 
image; thus 

W n (x, y) V(P 2 + ? 2 )} J ol a 2 V(P 2 + 2 2 )} • • * I o fan V(P 2 + q *)}, - oo < Rep, g < oo. 

(24) 

The relation (24) converges for all values of p and g, as w n is certainly zero for 

# 2 + 2/ 2 > («i + a a + • • • + a n) 2 > 

since after n steps the distance PO = p = *J{x 2 + y 2 ) can never be greater than 

a i + ®* + ••• + a n* 

In order to obtain an explicit expression for w n (x, y) itself, consider the inversion 
integral (6) corresponding to (24). By taking c x = c 2 = 0, and substituting p = i(i) x 
and q = m> 2 , we obtain 

W n (x,y) = L f dw l f dw 2 o i{ <^ x ^> y) J 0 {a l ^(<i>\ + b>l)}... J a {a n *j(<j)\ + wl)}. 

47 T* J —00 J —00 

This formula may be simplified by introduction of polar co-ordinates, both for 
the variables of integration (a^ = s cos a> 2 = $ sin ^r) and the co-ordinates of P 
(x = p cos <}>, y = p sin <j) ). Upon performing the integration with respect to we then 
get the formula 

1 f 00 

Wn(v>y) = 7T J 0 (ps)J 0 (a 1 s)J 0 (a 2 s)...J 0 (a n s)sds y (25) 

27tJ o 


which clearly shows the radial symmetry of the function w n . In view of this symmetry 
it is natural to consider the probability function G n (R) describing the chance that, 
after n steps, a distance smaller than R is covered. This function is given by 

G n (R) = w n (p)pdp, (26) 


in which the integration with respect to p can be carried out with the aid of the well- 
known result 


J 


x 

0 


J^{u)udu = xJ x (x). 
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This leads to the following integral representation of G n (R): 


G n (R) = rJ “ 


o(®l s ) J o(®2 s ) " ' J o(®n®) J x(-R^) ds. 


When, in particular, all steps are of equal length: a x = a 2 = ... = a n = a, and R is 
taken equal to a, then we obtain 


G n (a) 




{J 0 (as)} n J ^as) ds = — 


{J 0 (as)} n + l 
w+ 1 


n+l* 


(27) 


which is a well-known result of Kluyverf, expressing that l/(n +1) is the probability 
that, after n equal steps, a distance not greater than the length of one step is covered. 

In considering once more the original probability function, it proves that the deter¬ 
mination of the function w n is most simple when from (25) a new relation is derived, 
containing instead of x and y the n operational variables 







(28) 


of which the corresponding image variables will be denoted by p Q9 p l9 ..., p n . Then the 
new variables, x j9 occur separately in the integrand of (25). Thus a transposition with 
the aid of (x, 20) becomes possible, in a manner as indicated for the integral (14) of 
the preceding example. Proceeding in this way we obtain the following new relation: 

4 nw n %- --f RePo.i.....n>0, (29) 

-h — + ••• H- 

Po Pi Pn 


from which, by successive transpositions of the p% there follow expressions that have 
necessarily to be equal to (25); moreover, the inversion integral of (29) yields an 
expression for W n free of Bessel functions. The lowest value of n not leading to some 
trivial result for (29) is n = 2; thus, from (29), (19) and (28), 


, x 1 

W 2(P) 


47T 2 A(p,a l9 a z )' 


(30) 


It further follows from (26), in combination with (30) and (20), that 


G 2 (p) = 


U( A) 

71 




(31) 


this being the probability function describing the chance that a distance not greater 
than p is reached in two steps; (f> 0 denotes the angle opposite the side p of the triangle. 
In contrast with this simple result for w 29 the function w z involves integrals of the 
elliptic type, not to mention the higher-order probability functions. 

It is also possible to solve the problem of random flights in more than two, v say, 
dimensions. For odd values of v the results are expressible in elementary, though 
perhaps complicated, functions. Proceeding in a manner similar to that described 
above, we find for arbitrary values of v 9 


= 


(47 T) iv 


{nm 


J OC 

0 




which is obviously a generalization of (25). For odd values of v the Bessel functions 
reduce to elementary functions. Further, in this case of odd v , the integrand is even 
in s; thus one may replace 


J oo /’a 

o by *J- 


t Proc . K . AJcad. Wet. Amst. vni, 341, 1906. 
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and then consider the new integral as the value at t = 0 of some inversion integral, 
when first s is put equal to ip. For instance, when v — 3 it is found that w n is the value 
of the original (at t = 0) of the function 

p 3 sinh (a x p) sinh (a n p) sinh (rp) 


27 t a x p 


a n p 


rp 


(32) 


At the same time (32) clearly reveals the connexion of our problem with the problem 
of moving averages, as is seen from (xiv, 13) when we take cq = u 2 = — ci n — r. 

The complete original of (32) can be obtained in two different ways. First, we trans¬ 
form the image into a sum of exponential terms each divided by p n_2 » and transpose 
term by term. Secondly, we start by transposing the factor l/p n ~ 2 and account for 
the successive hyperbolic-sine functions by applying the shift rule (2n + l) times 
(twice for each factor). We thus obtain two distinct expressions for the original. If in 
both t is equated to zero the following strikingly simple solutions for the problem of 
random flights in three dimensions are found, respectively: 


2(±Oi±a t ±... ±a n ±r) n - 2 (-l) A(s ) +1 U(±a 1 ±a 2 ± ... ±a n ±r) 


«< 3 > = 


w< 3 > = - 


2 n+2 (n — 2)! na r a 2 ...a n r 
[A a A v ..A an A r r 2 ^)}] tn 

1677 (^— 2 )! 


In the first expression the summation should be carried out over all possible com¬ 
binations of signs (s), A(s) representing thereby the total number of minus signs in 
the separate terms. In the second expression the delta symbols are short notations 
for certain symmetric difference quotients; for instance, A flj means 


m = 


<f>(t + Ju 2 ) ” ja 2 ) 


dn 


To compare (30), for two steps in two dimensions, with the probability function 
«4 3) for two steps in three dimensions, we take n = 2 in the formulae above so as to 
obtain 

» (3) (r) = - 


1 1 




877 d x d%r 


provided a l9 u 2 , r can be the lengths of the sides of a real triangle; otherwise the func¬ 
tion is zero. Moreover, the analogue of (31) is the probability that after two steps in 
the three-dimensional space a point within the distance R is reached. This probability 
is different from zero only if 

| a i “ a 2 I < < a i + a 2 ; 

its value is then given by 

R 2 — | d 1 — d 2 1 2 

4a 1 a a 


Finally, the analogue of (27) in three dimensions: that is, the probability that after 
n steps the drunken man is not farther from his starting-point than corresponds to 
a single step is 


77(n+ 1) 




du = 


(n+ 1)! 


A«+^ n ^(0} f=o = 2 - 

k—Q 


-l) fc {£(n+l)-fc}" 
IT” (n+\-k)\ ’ 


A being the symmetric difference operator (xm, 1). 

It is of particular importance to note that the theory above includes the special 
case of the theory of Brownian movement, where all the steps may be taken equal: 
a x — d 2 = ... = d n = d. Then d represents the mean free path covered by some 
molecule between two successive collisions, and n is proportional to the time of 
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observation. Accordingly, the probability for the position of a molecule with refer¬ 
ence to some initial position x = y = 0at^ = 0in two dimensions after n collisions 
follows from (24); thus 

w n(x, y) =pq (/ 0 {o V( P* + 2*)}) . —oo< Rep, q<co. 

Just as in the problem of moving averages (see xrv, end of § 2), involving the function 
D n> an approximation for large values of n can be obtained. To this end we approxi¬ 
mate the image by replacing I 0 by the first two terms of its power-series expansion. 
Then, wholly analogous to (xiv, 22), it follows that 

nw n (Jnx, Vwy)%;pg|l + —^ + ...| . 

Consequently, for large values of n the image may be approximated by 

pq 

the original of which leads to an asymptotic expression for w n itself, namely, 

e —(a a +s/*)/a 8 n 

Wn(x>y) -r- (n-+QO). (S3) 

7TCb*n 


We have thus found a continuous approximation for the function w n ; it is to be 
borne in mind, however, that this approximation is not identically zero in the range 
p = V(* 2 + V 2 ) > na > unlike the true function w n . It is further to be remarked that (33) 
is a solution of the diffusion equation 

/a 2 a 2 4 a\ 
l^ + ^i-^rn = 0. 


which, in this connexion, represents an approximation of the rigorous equation of 
the problem of random flights: 



= 0, 


if A n is understood to be the asymmetric operator defined in (xm, 4). 


3. Second-order differential equations of the hyperbolic type with 
constant coefficients and two variables 

The general form of these differential equations is given by 

d 2 u 3 2 u 3 2 u A du 3 u 

aii w + 2 a ™^ +a 2 *w + 13 fo +a * 3 ty +(l3 * u = ~ (p ' (34) 

in which the coefficients satisfy an additional condition, viz. 

&12 ^11 ^22 ^ 0 . 

The simplest standard form into which this equation may be trans¬ 
formed by a linear transformation of x and y is the following: 

3% 

dxdy 


-\-au — —cp. 


(35) 
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As an example showing the reduction to the standard form, let us con¬ 
sider the equation for the quasi-stationary coaxial cable, which, according 
to the original of (xv, 33), is given by 


dn T -dH iL _-\a i e 8 ; 
dx* LC dt* \R a +CRs )dt R q l ~ °‘ 


First we have, upon the substitution i = ©-/tfi*, the equation 


3 2 ^* 

3a; 2 



in which c 0 , and / 1 2 are as defined in (xv, 44). Then, by a second trans¬ 

formation, § = x + c 0 t, 7} = x — c 0 t, the resulting equation becomes 


3 2 i* 

a m 


cl 


= 0, 


which is obviously of the required form (35). 

As we already know from (xv, 4), a particular solution of (35) is expressible 
in terms of a Green function G 0 (x, y) which, under certain boundary con¬ 
ditions, satisfies the equation 

l^ + ccG 0 = -8(x)8(y). (36) 

Therefore it will be sufficient to confine ourselves to the special equation 
(36); moreover, for the present we shall take a to be positive. 

Now, when we put 

G 0 {x, y) ==fff 0 {p, q), 

then (36) is transposed into 

(pq + oc)f 0 = -pq, 

from which the image of the Green function follows at once, viz. 


<?o (x,y)=f 


M 


(37) 


To this image there correspond different originals G 0 depending on the 
particular domain of convergence chosen; once having obtained these 
different functions G 0 we may investigate afterwards what boundary con¬ 
ditions they fulfil. Let us first transpose the variable in (37); then we get 
the two following operational relations with respect to q, y : 

C-e-«*l*U(x), Re (p + oc/q) > 0,1 
[ e _ax/5 U( — x), Re (£> + a/g) < 0.J 


(38) 
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The transposition of the remaining variable q can be achieved by using the 
relations (x, 20) and (x, 26) for v — 0, which for this purpose may be 
summarized as follows: 


Q~a/q 


J 0 {2 J(ay)} U(y), 
-J 0 {2j(ay)} U( — y), 


Reg>0, 

Reg<0. 


(39) 


In these formulae a may be positive as well as negative, whilst the function 
J 0 may be replaced by I 0 (2 *J\ay\) when ay is negative. Since either of the 
operational relations (38) can be associated with both of (39), a total number 
of four different originals of (37) is found: 


m 

pq + ct" 


-J 0 {2 *J(axy)} U(x) U(y), 

J 0 {2 J(<xxy)} U(x) U(-y), 
J 0 {2 J(ctxy)} U( — x) U(y), 

- J 0 { 2 V( aa; 2/)} u (~ x ) u (~y)> 


Re(gj + a/g)>0; Reg>0,' 
Re (p + a/g) > 0; Re g < 0, 

► 

Re(# + a/g)<0; Reg>0, 

Re (p + a/g) <0; Re q < 0,^ 

(40) 


the domains of convergence of which are adjacent so as to include all values 
of p and q . 

We have thus obtained four different solutions of our differential equation 
(36), from which we may derive as many solutions of the general equation 
(34) by linear transformation and by (xv, 4). Instead of applying the trans¬ 
formation mentioned, the general equation (34) may be treated opera¬ 
tionally in a more direct manner, whereby the corresponding Green function 
is determined with the aid of the rotation rule (7) applied to (40). We would 
illustrate this method by the equation considered in (xv, 3) describing the 
propagation of waves in a one-dimensional, anisotropic space with dis¬ 
persion; in this case the Green function G x (x, t), corresponding to a source 
at x = t = 0, satisfies 

(4 + !)(4-i )°‘ + ‘ 0 ‘--' s ^ im ’ <4i > 


in which the variable t plays the same role as the former y. By transposition 
of equation (41) the image of the Green function can be obtained. Accord¬ 
ingly, 

G x {x, t) 1 - 


pq 


(c x p + q) {c 2 p-q) + a 


The original of the image function at the right can be determined by apply¬ 
ing the transformation p' = cqp + g, q' = c 2 £> — q to (40) and using (7 6). 
First of all, however, to make the results as surveyable as possible, we shall 
introduce some auxiliary quantities. Let us put therefore 


d i = 


c x t — x 

V(i+ c i ) 7 


^ c 2 t + x 

2 = vo+^T)’ 


e = 


2 V« 
C 1 + C 2 


^/{(1+cfHl + ci)}, (42) 
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the meaning of which will be discussed in due course. Then, again, four 
different solutions are found which may be conveniently arranged as 


follows (a>0): 


(Ci+cjpq 

( c iP+q) (c*p-q)+<x 


- ’U 6 V( - did*)} U{ - d x ) U(d 2 ) = G^{x, t ), 

I 0 {e J{d x d 2 )} U(d x ) U(d 2 ) = Gf{x, t), 

I 0 {e VK<4)} U( - d x ) U( - d 2 ) = Gf(x, t), 
. - J 0 {e V( - d x d 2 )} U(d x ) U( - d 2 ) = &f(x, t). 


I 

II 

III 

IV 
(43) 


From elementary geometry it is obvious that d x and d 2 as defined in (42) 
are equal to the distances from the point P(x, t) to the fines 

A 1 = x — c 1 t = 0, ^4 2 = x + c 2 < = 0, 

respectively, all lying in the plane of x, t (see fig. 90). Either of these 
straight fines is perpendicular to one of the two asymptotes of the hyper¬ 
bola with equation {CiX _ t) + a = 0 . 


Moreover, the parameter e is the linear eccentricity (distance from centre 
to focus) of the hyperbola. Further, when p and q are restricted to real 
numbers, the two different branches and the asymptotes of the hyperbola 
are just the boundaries of the four domains of convergence, I, II, III and 
IV, corresponding to the expressions (43), in such a way as may be seen 
from fig. 91. 


t 



Fig. 90. Domains of non-vanishing 
values of the originals of (43). 


<? 



Fig. 91. Domains of convergence 
for the originals of (43) for 
real p and q. 


Either of the four solutions of equation (41) that are obtained by 
dividing (43) by c x + c 2 is characterized by certain boundary conditions. 
This is most clearly indicated by the unit functions in consequence of 
which G^ x \ o.g., is non-identically zero only inside the sector labelled I in 
fig. 90. As to physical applications, the function G^ is the most important, 
since it belongs to the sector II for which we have d x > 0, d 2 > 0 or 
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These inequalities include those points of space which at the moment t 
could have been reached by a wave that, starting at x = t = 0, propagates 
itself in the positive (x->co) direction at a velocity c x and in the negative 
direction at a velocity c 2 . Consequently, the function Gf> describes a system 
that is initially (t < 0) at rest and suddenly excited at the moment t = 0 
at the point x = 0. 

On the other hand, Gf> is characteristic for a system that, while in action 
before t = 0, at t = 0 is suddenly hit by external forces restoring the situa¬ 
tion of complete rest for t> 0. The functions and 0$ may be interpreted 
similarly; for instance, Gfip corresponds to the situation when the system 
in the past (t < 0) was at rest only for x < 0. 

The lines A x and A 2 of fig. 90, along which any of the four Green func¬ 
tions shows discontinuities, are called the characteristics corresponding to 
x = t = 0, this being in accordance with the conventional terminology of 
the general theory of partial differential equations. Generally, in the 
theory of differential equations of order n , the characteristics are curves 
or surfaces along which a solution may possess discontinuous derivatives 
of orders up to n , the lower-order derivatives being continuous throughout. 
The importance of the conception of characteristics appears automatically 
when dealing with operational methods. 

In deriving the four different Green functions (43) we tacitly supposed 
a to be positive (anomalous dispersion). In physical applications, however, 
a may be negative as well (normal dispersion). In the latter case e becomes 
imaginary and the functions J 0 and I 0 must replace each other, and, more¬ 
over, the domains of convergence shown in fig. 91 have to be altered. In 
order to understand the practical significance of the algebraic sign of a 
better, we shall now consider the function G*P for a one-dimensional 
isotropic medium in the presence of dispersion. We start with the following 
equation (see (xv, 1)): 


d 2 u du 


1 d 2 u 

c 2 ^ 2 


-8(x)8(t). 


(44) 


By the substitution u = e tc2( G this equation is transformed into the 
standard type (41): 


d 2 G 

dx 2 


_1cW 
'c 2 dt 2 


+/?(? = -8{x) 8{t), 


in which /? = b 2 c 2 — a. In determining 6? (2) according to (43) we have to 
distinguish between three cases; these are 
(1) /?>0 (anomalous dispersion): 

ma- 1 x i) 

Re q > c | Re *J(p 2 + /?) |; (45 a) 
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(2) /? = 0 (no dispersion at all): 

<«i>) 

(3) /? = —/?'< 0 (normal dispersion): 


M 

p*-q 2 lc*-p'" 


zlMjmw-x*)}) u(ct-\x\) 

Reg>c| Re *J(p 2 -fi f ) |. 


(45 c) 


The domains of convergence belonging to these operational relations are 
most easily obtained when, starting with the original, one transposes first 
x and then t. It is seen from (45) that a disturbance located at x = 0 at the 
time t = 0 will become perceptible at the point x not earlier than at the 
moment t = | x |/c; after the occurrence of the discontinuity at the point 
under consideration, there remains the after-effect, which is constant only 
if dispersion is absent. The after-effect function w< 2) , consisting of the 
original of (45) multiplied by e~ 6c ^, is easily approximated when Vp | x |/c 
by using well-known asymptotic expressions for Bessel functions. The 
results are found to be: 


/?> 0 : 
/?< 0 : 




yj C e ~ciibc-V(b 2 c 2 -a)} 

2^/(6 2 c 2 -a) <J(2nt) ’ 

*Jc e~ bcH cos {c a — b 2 c 2 )t — In} 
f/(a-b 2 c 2 ) <J{2nt) * 


(46) 


showing that this Green function 
decreases aperiodically in the case 
of anomalous dispersion, and that it 
behaves as a damped oscillation in 
the case of normal dispersion (see 
fig. 92). When the functional values 
of w (2) in two different points, x x and 
x 2 , are compared with each other, it 
is of course observed that the dis¬ 
turbance phenomenon presents itself 
first at x x and then at x 2) provided 
the latter is farther off the origin; 
but later on, after J>j# 2 |/c, the 
values do not differ much. Therefore, 
in the case of normal dispersion, the 
zeros of u^(x l9 t) and u (2) (x 2i t) will 
finally coincide. On the other hand, 
it follows from the rigorous (45) that 
before then the two functions pass 
through zero an equal number of 
times. Consequently, the first few 


u 



u 



u 



Fig. 92. After-effect function for 
different kinds of dispersion. 

5 of u {2 \x 2 ,t) are closer together 



350 


OPERATIONAL CALCULUS 


XVI. 3 


than those of In the case of anomalous dispersion the function 

u proves to pass through a maximum if | x \ > 2bcj/3 ; an example of this 
is shown by the dashed curve of fig. 92. 


Example 1. Doppler effect for one-dimensional waves of sound in the presence of wind. 
Let us imagine a moving point source of frequency (o/Stt that starts at t = 0 with a 
constant velocity v to the right (x = vt). Let w be the wind velocity. The propagation 
of the sound waves emitted by the moving source is governed by the following 
differential equation: 

{ (c+ w) ic + 1} | (c ~ w) £ _ I) M =~ c ‘ **** ~ vt) m ’ (47) 

if the strength of the point source is suitably normalized. As before, we put 


u(xj)=f(p,q). 

In order to transpose (47) operationally we first determine the image of the right-hand 
member of (47). This is done in the order x, t as follows: 


e io>t S(x — vt) U(t)^=fe io}t ~ vpt pU(t) = 


pq 


Re (q + vp) > 0. 


(48) 


* q 4* vp — ioj 

Likewise transposing the left-hand side of (47), we get for the image of the function 
in question, after a simple division, 

pi 1 


u(x 9 1) == — c 2 


{(c + w)p + q}{(c — w)p — q} q + vp — ia) 


Re (g + vp) > 0. 


The original of the function at the right might be obtained as a composition product 
of two functions of two independent variables, but it is far more simple to use the 
expansion of the image in rational fractions. For instance, let us first transpose the 
variable q; the image is rewritten in the following way: 


u(x, t) 


= _ 0 __ q_ _ 

" 2{(c + w — v)p+i(i)} q + (c + w)p 

c q c 2 p q 

---1---—-—-—— . 

2 {(c + v — w)p — iw] q — (c — w)p {(io) + wp — vp) z — c 2 p 2 } q + vp — 1(0 


Performing the transposition of q for the strip of convergence extending to q = + co 
(this corresponds to a solution for which the system is at rest before t = 0), we easily 
obtain 


w = - U(t). 


Q~(c+w) Vt 


- + 


Q(C—w)pt 


(c + w — v)p + ia) (c + v — w)p — ia) 



p 


p+ 


10) 


c + w — v 


v- 


%(t) 




c + v — wi 


A second transposition is still necessary, namely, that of p which is the operational 
variable corresponding to x. We again take the original corresponding to the strip 
extending towards p — + oo, so as to get the solution that is zero at x = + oo. We write 
the final expression only: 


i l 


u = — U(t) | U(x -f ct — wt) - 


U(x — ct — wt) 

ia)(x — ct — 'i 


( i(i)(x — ct — wt)\ 

- C + W - V —/ 

, /i(i)(x + ct — wt) \~| 

— {U(x + ct — wt) — U(x — vt)}e'Kp I————II. 


(49) 
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I Owing to our systematic introducing of unit functions we have thus obtained a closed 
! expression that is valid for all different cases, though the character for v<c + w and 
I that for v > c + w is quite distinct. Of course, the solution can also be given without 
1 using unit functions; for instance, when x > 0, t> 0 and w < c, the real part of (49) is 
(1) when v<c + wx 


t<- 


x 

'c + w* 


c . (oj(x — ct — wt)\ 

-—sin -} 

2o) \ c + w — v ) 


2o) 


! a)(x + ct — wt) 
c + v — w 


c + w 


X 

t>~; 

V 


X 

-<£<-, 


(50a) 


(2) when'UXJ-fw: 


0 )(x — ct — wt) 
c + w — v 


I c . [w(x + ct — wt)\ 

— sin {-} 

2o) { c + v — w ) 


+ sm 


i(i)(x + ct 


\ c + 


ct-wt)Y\ 
v — w JJ 


X 

t <-, 

V 


X X 

-<t< -, 

V c + w 


t>~ 


c + w 


(506) 


In the first case (velocity of moving source smaller than the velocity of sound in the 
direction of moving of the source), the oscillations at the point of observation start 
at the time t — cf(x + w), this being the moment at which the first disturbance (trans¬ 
mitted by the source at the moment it begins to move) arrives at x. Moreover, these 
oscillations show a discontinuity at t — x/v, while the frequency changes from the value 


c + w 

^ = - (j) 

c + w — v 
c—w 

to the value =-—— -o), 

c + v — w 

in agreement with Doppler J s principle. 

In the remaining case, when v>c + w , the oscillations start not earlier than t = xjv, 
this being the moment at which the point source itself comes along. Thereupon 
oscillations of both frequencies, o) 1 and co 2 , are excited, the former of which, however, 
is suppressed at the moment t = x/(c + w) mentioned above. 


Example 2. Quasi-stationaty theory of coaxial cables. Part of this theory was given 
in xv, § 4, where only one of the two independent variables, x and t , was transposed. 
We shall now apply the simultaneous operational calculus, and put 

i(x, t) =/(p, g), e(x , t) = E(p, q ). 

First of all, we have to replace the variable p occurring in (xv, 31 and 32) by q , since 
now q, and not p , is the operational variable corresponding to t. Also transposing 
the remaining variable x contained in these formulae, we get the following new 
system of basic equations: 

pE{p f q) + Z s (q)I(p 9 q) = 0, (51a) 

A a {q)E{p,q)+pI{p,q) = 0. (516) 

It is to be remarked that, as in chapter viii (end of § 2), for equations in one indepen¬ 
dent variable, the eigenfunctions of the problem under discussion may be found by 
solving these homogeneous equations; this now amounts to equating to zero the 
determinant of the system (51). 
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Let us exemplify the actual method of calculation in this field of simultaneous 
operational calculus by a somewhat more concrete problem. Let us determine the 
distribution of currents in an infinitely long cable extending from — go to + oo, in 
response to a disturbing electromotive force localized at x = t — 0; this force may be 
due, for instance, to induction by a neighbouring high-current conductor. The 
external force may be accounted for by taking an extra term in equation ( 51 a) in 
addition to the term pE=de/dx, which represents the voltage drop in the axial 
direction per unit of length. For reasons of simplicity let us take this additional term 
to be equal to —pq=± — 8(x) 8(t), which implies, inter alia , that the external force is 
of a certain definite strength. Then the system of equations ( 51 ) changes into 

pE(p,q)+Z s (q)I(p,q) “ pq 9 A Q (q) E(p,q)+pl(p,q) = 0, 


from which the image of the current in question readily follows: 

^^PVA Q (q) 

A being defined as in (xv, 35). Further, by using the notations introduced before, the 
image may be written as in 

P 4~ + cl 

which leads after some reduction, for instance with the aid of (45a), to the required 
current . 


This formula is in agreement with the expression (xv, 46) describing the current 
flowing in a line that extends from x = 0 to x = + oo (this being equivalent to a line 
of finite length matched to its characteristic impedance), in response to an impulse 
voltage applied at the left-hand end, x = 0 (except for the factor of course). This 
factor indicates that, whenever a two-sided infinite line is excited by the impulse 
voltage, one-half of the original disturbance travels to the right, the other to the left. 


4. Hyperbolic differential equations of the second order in more 
than two independent variables 

Of this type of differential equation, so far as equations with constant 
coefficients are concerned, the multi-dimensional wave equation is the most 
important in physical applications. In this case, too, it is sufficient to know 
the Green function G referring to a source at the origin at t = 0 in order to 
obtain a particular solution of the inhomogeneous equation. Assuming the 
simplest possible form of dispersion in an isotropic, ^-dimensional medium 
we have for this Green function the differential equation mentioned in (xv, 6): 

/a 2 a 2 a 2 i a 2 \ 

(a^ + a*| + ''’ + w n ¥a ~'c*d&) 0n = -^(*1 )S(x 2 )...8(x n )S(t). 

By now transposing all variables operationally, putting 
G n {x lt x 2 , ...,x n ,t)%f n (p v p 2 , ...,p n ,q), 

P 1 +P 2 + ■■■ +pl + a-q 2 jc 2 ‘ 


we at once obtain 


(52) 
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We now proceed to indicate how, from this operational relation, the 
functions G n may be determined successively for an increasing number of 
dimensions n. Let us begin with the operational relation for G l9 which was 
given in (45) for the different cases of dispersion and which we may sum- 
l marize as follows: 


pf-q^ + a 5=5 i 7 ° ( VWc 2 * 2 - X D)) U ( ct ~ I x i I) 


Re q > c | Re -f a) |. 

(53) 

It is to be remarked that the original has been taken for the strip of con¬ 
vergence with respect to q that is farthest to the right. This is necessary in 
order to get a system that is at rest for t< 0 and that corresponds to a one¬ 
sided original. 

The two-dimensional Green function 6? 2 , given by (52), follows from (53) 
when the image is first multiplied by _p 2 and a is replaced by a-f and 
then the original with respect to p 2 is constructed. For this purpose use 
is made of the relation 

„ t( u 2 , . Z7(l — a|)cosh{a J(l — xl)\ 

Pz kU(p\ + a)}^=— n -4 fr^|) - co < Re p 2 < oo, (54) 

which is readily deduced by transposing the integrand of 
PzIol^JiPt + a 2 )} — J^j e-PzCOBt-aslntdifi 
with the help of an impulse function. The final result is then found to bef 


PiPz<l 


Pi+Pb 


_c'• cosh [^{a(c 2 t 2 — x\ — x\)}\ 


■ q 2 jc 2 + a *** 2n *J(c 2 t 2 — x f — a:|) 


U{ct-*J(x\+x\j) 


Reg>c| Re ^J{p\+ pi4- a) |. (55) 


This relation might have been derived more directly, that is, from the now 
threefold definition integral. The original (r 2 represents the propagation in 
two-dimensional space of a disturbance in response to the excitation of the 
origin at the moment t =* 0. 

If there is no dispersion, we have the simple relation 


PiPzV ^ 1 U(t-p/c) 

Pi+p\ — <fl<?'" 2 tt <J(t 2 -p 2 lc 2 ) 


Reg>c | Re ^(pl+pf) |> (56) 


in which/? = + x\). This function is observed, for instance, if an infinite 

ideal membrane is suddenly excited at some point O. The oscillation at 
a point at distance p from the centre of disturbance starts at the moment 
t = pjc with an infinitely large amplitude and decreases, as in the one¬ 
dimensional case, the more rapidly the greater the distance from the centre. 


f Henceforward the co-ordinates in two and three dimensions will be denoted by 
x i > x 2 > x 3 > mstead of by x, y, z; so as to indicate that they correspond to the operational 
variables p lt p 2 , p 3 . 


vp & B 
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One can proceed in the same way, and determine G z by multiplying the 
image of (55) by p S) replacing a by a+p 3 , and deducing the original with 
respect to the latter variable. It is equally possible, however, to determine 
the functions G n by transposing only the variable t in the original differential 
equation, as has been done in xv, § 5. The general result is different according 
as n is odd or even, thus: 


PlPf-PnQ 

pt + p\ + • • • + p\ - q*l c2 + a 

*n-^r***»-™ u(ct - r)] {n ° dd); 


PlPz — PvS 


P1 + P2 + — +pl-q*lc 2 +a :: ' 


27 T 


ajcty/ a 




(57) 




e -cfv« cosh | i)arc cosh — 4- *J{a(cH 2 — r 2 )} 


- J ( ” 6Ten) 

Re q > c | Re ^J{p\ +... + p\ + a) \, 


in which r — + x\ + ... + x 2 ). 

As already stated, the Green functions are helpful in deriving particular 
solutions of the ^-dimensional wave equation with arbitrary right-hand 
member. As an example of the general formula (57) we may mention that, 
after some simplifying calculations, the function 


g = ± r 8(i-rfc) 
47T |_ r 


^0 V(^ 8 -r 2 /c 2 )} 

c J(t 2 -r 2 lc*) 



is seen to be the Green function corresponding to the three-dimensional 
wave equation in the presence of normal dispersion as follows: 


( a -mswsvm- 

This function G may, for instance, describe the propagation of electro¬ 
magnetic waves in the ionosphere, expanding from a point source. At some 
point a distance r off the source an impulse wave passes at the moment 
t = r/c, followed by the after-effect which is due to dispersion. The after¬ 
effect is described by an oscillating function whose individual oscillations 
(as in the one-dimensional case of fig. 92 when /?<0), in the beginning, 
follow in time the more rapidly the greater the distance from the point of 
observation to the centre of disturbance. 

Concerning the general application to equations in more than two in¬ 
dependent variables, it occasionally proves useful not to transpose all 
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variables involved; for instance, the variable determining some boundary 
at which a certain condition has to be fulfilled may better not be transposed 
at all, as may be illustrated by the next example. 

Example . To solve the two-dimensional equation of heat conduction. 


d 2 T d 2 T 1 dT 
dx 2 dy 2 a 2 8t 

when the temperature at t = 0 is prescribed to be equal to A(#, y). By putting 

h(x,y,t) = T(x,y,t) U(t ), 

and accounting for the boundary condition specified above, we are led to the following 
differential equation satisfied by h: 


. d*h d 2 h 1 dh 1 v ft/ v 
dx i + 8y i ~d i 8i~~c^^ X,y ^ 

Further, transposing the variables x and y under the assumption that 
H*, V, t) =f(p u Pi, t), \(x, y) =A(P!, p t ), 

we obtain an ordinary differential equation in terms of t , namely, 


(pl+pl)f-~f t = -±MP»P*)SW. 


A particular solution of this equation is provided by 

/= U(t)e^p{a(p\+pl)t}A(p 1 ,Pi), 

the original of which can be determined from a composition product according to (10). 
It is then found that 

T{X ’ yJ) = ^ 6XP { - ^ ^- ) A(g ’ V’ 

which, indeed, satisfies the prescribed boundary condition at t = 0, as may be in¬ 
dependently verified afterwards with the aid of the impulse function (v, 33 a). 


5. Elliptic differential equations 

Whereas hyperbolic differential equations as considered in the preceding 
two sections are characteristic in dynamic problems, the equations of the 
elliptic type occur in static and stationary problems. A stationary problem 
of utmost importance is to determine the amplitude u , not depending on 
the time t , of vibrational motions 


\jf — we~ w , 

satisfying the familiar wave equation 

( A+a)*-i££«0. 

The differential equation of the amplitude u, that is, 


(A + & 2 )^ = 0, 


(58) 


23 2 
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in which k 2 = a + a> 2 /c 2 will be called the elliptic wave equation . In what 
follows we confine ourselves to equations in two space variables. Again, 
to be able to derive a particular solution of the inhomogeneous equation 


d 2 u d 2 u 7 0 


(59) 


involving an arbitrary function (j> in its right-hand member, it is sufficient 
to know the Green function, L 2 , satisfying 

(l!f + S + **) 2 '* = = {P = V(*5 + *l»- (6°) 

A transposition of this differential equation then immediately leads to 
the image of the Green function under discussion, viz. 


L 2 (Xi, X 2 ) —77 


PlP2 

pl+pl + k 2 ' 


(61) 


However, when k is real the corresponding definition integral proves to be 
convergent only if 

ReV^i+^i) = °» 


the domain of convergence thus being degenerate for real p x and p 2 . 
Therefore, the situation is quite different in comparison with the two- 
dimensional equation of the hyperbolic type, in the discussion of which 
we found four distinct originals with domains of convergence covering all 
values of p x and p 2 (see (40)). Another feature, related to the difference 
pointed out above, is that elliptic differential equations do not possess 
Green functions that at infinity tend to zero only inside certain sectors of 
the complete x v # 2 -plane. Accordingly, the Green function 



corresponding to the two-dimensional potential equation (k = 0) becomes 
infinitely large as p^oo, no matter in what direction. 

Instead of determining the original of (61) directly, that is to say, by 
successively transposing the two variables p x and p 2 , we now proceed in 
a different way, which also shows how one may often obtain solutions of 
elliptic differential equations by a certain process applied to operational 
relations for hyperbolic equations in one more independent variable. For 
this purpose we transpose with respect to t the right-hand member of the 
operational relation (56) which holds for the two-dimensional Green function 
of the hyperbolic wave equation when dispersion is absent. Upon using 
(x, 30) for v ~ 0 it is found that 

~W +Pl-q 2 /c 2 ^h K °{c V (a *+*I>} » Reff>c|ReV(ri+rf)|, 
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in which q is now simply a parameter and may therefore be equated to 
—ike. We thus obtain when Im k > 0, 

M+m - {m* ■*.*+’&. 

\Re. s l(pt+pi)\<Imk. (62) 

In order that this relation really exists, it is necessary that k is chosen equal 
to that square root of k 2 for which Im k > 0, though originally only k 2 is 
given. Nevertheless, it is possible to include the limiting case Im k = 0. 
For, upon putting k = oc + ifi, we obtain two different operational relations 
by taking both the real and imaginary parts of the relation (62) for real 
values of p x andp 2 (it follows from analytic continuation that both relations 
so obtained are equally valid for complex values of p). By letting oc tend 
to zero, and putting /? = k, we then find, respectively, 


P 1 P 2 


~Y 0 {\k\^(xl+4)} i 


p\ + pl + k 2 " 4 J 

±7TPiPz 8{pl +pl + & 2 ) 7 = J 0 {k V(*1+ x i)}’ 


0 (k real), (63) 
Re *J(pl+pt) = 0 (* real). ( 64 ) 


These relations might also have been derived in a more straightforward 
manner. It is to be remarked that the function Y 0 = - Y 0 = — i(^ ( 0 X) — J 0 ) 

7T 

is Weber’s solution of the second kind of Bessel’s differential equation of 
order zero. 

The foregoing paragraphs clearly indicate how the difference in character 
of the Green functions of hyperbolic compared to elliptic differential equa¬ 
tions manifests itself. It is also striking that, both in (62) as well as in (63), 
the original does not tend to a finite limit as k->0. This property is closely 
related to the fact that for this limiting value of k the corresponding Green 
function is given by the logarithmic potential, log/?, which in virtue of its 
special behaviour at infinity, does not possess an image at all, whatever 
/ p 1 and p 2 may be. On the other hand, there certainly are operational rela¬ 
tions for the potential function log/? provided the latter is first cut off 
suitably. For instance, let us replace the function by zero in all quadrants 
of the x 1 x 2 -plane except the first. Then the following relation can be derived: 


i°gW(^i+*!)} u ( x 2)= 


jnp 1 p 2 -p!logp 2 -p!logp 1 r 
P1+P2 

R ep x > 0, Rep 2 > 0. 


(65) 


Leaving the two-dimensional elliptic wave equation, we now proceed 
to the analogous equation in three dimensions. The well-known Green 
function of the three-dimensional equation 


c±ikr 

L a = ~ 

3 4777 * 


(r = J{x{ + x\ + xl)) 
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is a solution of 

{d^ + dxl + ds4 + kZ ) Ls = (66) 

When Im k > 0, this Green function certainly possesses an image in virtue 
of its exponential decay as r->cc. This does not hold for the function 
(cos fcr)/47rr which satisfies the same differential equation. By transposition 
of (66) it readily follows that 


exp {ik ^(xl + xl + xl)} ... ViPiPs 

47r^/(xf + x|+ir|) pl+pl+pl + W’ 


l R e J(pI+pI+pI)\< Im 1c. 

(67) 


This relation may also be verified with the aid of the definition integral, 
which now becomes a triple integral. The domain of convergence is easily 
seen in accordance with the specification given above. The limiting cases 
for Im&H>- 0 again apply; it is then found that 


coslfc^a^ + af + al)} ... 
477 f{x\ + x\ + x\) ~ 

sin {[ & | V(#i + x| + a|)} 
477 *](x\ + x\ + x\) 


Pi+pl+pl + tc 2 ’ 

Re<J(Pi+Pl+Pl) = 0 
= npip 2 p 3 8(pl + pl+pl + lc 2 ), 

R e *J(Pi+pl+Pl) = 0 


(k real), 


(k real). 


( 68 ) 

(69) 


Note that in this case the value h — 0 does not raise difficulties, since 
for the three-dimensional, radially symmetric potential the following 
relation exists: 


1 ^ P 1 P 2 PB 

477^1 + zi + dj) pl + pl + pl’ 


Re ^{Pi+Pl+PD = 0, (70) 


which, contrarily to (65), does not require the original to be limited to 
the first octant (x x > 0, x 2 > 0, x 3 > 0). 

The corresponding operational relations may also be deduced for the 
elliptic wave equation in n dimensions, either in a direct manner, or by 
transposing (for a = 0) the variable t in the right-hand member of the 
relation (57) already obtained for the (n+ 1)-dimensional hyperbolic wave 
equation. In the particular case of the radially symmetric potential in n 
dimensions, 

ViVf-Pn ^ _ r(jtt-i) _ 1 _ 

pl+pl+ --+Pn :: ' 71 (xf + x|+ ... 4- xl)* n - 1 ’ 

*+Pl) = 0 (n>3). (71) 


Example 1. Properties of three-dimensional sources of vibration . The originals of 
(67) and (68) determine the amplitude of stationary vibrations (wave-length 27 t/Jc) 
excited by a source at the origin of co-ordinates. To investigate these vibrations one 
may use (67) for damped vibrations (Jc complex) and (68) for undamped vibrations 
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(k real). As examples of relations t that are most simply obtained by operational means 
we mention the following. 

(a) The inversion integral . When k is real, (68) is valid, amongst others, for 
He pi = Rep 2 = Re^p 3 = 0. Therefore, the substitutions p x = is lt etc., in the corre¬ 
sponding threefold inversion integral, lead to 


cos (hr) 


1 /*CO /*CO pco 

“SiJ 


ds 


0<(siaJi+i3*a+S8*#) 


S s\ + sl + sl-k* 


(k real). 


On account of the zero in the denominator of the integrand this formula has sense only 
if the integral is taken as a principal value. It can, moreover, be interpreted as a super¬ 
position of plane waves, the integration being extended over all space directions (ratios 
of s lf s 2 , s 3 ) as well as over all wave-lengths (wave number 27r/A = V(^i ++ ^))- 
The amplitudes of the individual wavelets are such that the result of the superposition 
is just a monochromatic spherical wave. 

(6) The composition product . This, for the operational relation (67) by itself, leads 
to the new relation 


PiPzP* 


1 /* 00 /*co fee 


(pl+pl+pt + k*)* T "~ 

exp {ik V(li + H + Is)} exp {ik V[( Xl - g t ) 2 + (s, -g 2 ) 2 + (», -1 3 ) 2 ]} 

* V(fi+£S+S) &)*+(*.-&)'+(*•-&)*! 

| ReV(Pi+pl+Ps) I <Imfc. 


However, the original 
(67) the operator 



of the left-hand function may 
ds z S 3 ( ... )-; ” {“ ( ••• )] 

» #3 1^3 J 


also be obtained by applying to 
(Re^ 3 >0). 


Equating the two distinct expressions so obtained we arrive at an identity that may 
prove useful in problems of wave diffraction, viz. 


1 f f [ e M°Qe ikQP j e ikOP 

2nij J J OQ QP dTQ = ~T 


(Im&> 0), 


in which the integration is over the complete three-dimensional space (dr Q — dx x dx 2 dx z ) 
and the following distances have been introduced: 

OQ = V(S l + Sij + Sb 

QP = - li) 2 + (* a -1 2 ) 2 + (*» -1 3 ) 2 }. 

op = V(*!+*!+*!)• 


This integral represents the effect of secondary sources that are distributed through 
space with a density in proportion to the field of a primary source situated at the 
origin of co-ordinates. 

(c) A plane covered with sources of vibration. Still other superpositions of vibra¬ 
tional sources can be tackled operationally. For instance, by writing down the 
definition integral of (68) with respect to p 2 and _p 3 , and then taking p 2 = Pz = 0, 
we get a relation only involving p l9 viz. 


Pi f 00 p cos {k*J(x\ + ^2 + #3)} 
±7Tj(xl + xl + a&) ’ 


Re^ = 0 (k real). 


f Similar relations are treated by, for instance. Lord Kelvin, Papers on Electro¬ 
statics and Magnetism , 1884, 2nd ed., p. 112. 
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Furthermore, the remaining variable p t may be transposed according to 

P ,sin(a|*|) „ 

-i~—jf=----, Re® = 0. 

p* + a? 2 a 

Then the final result is found to be 

P° dr f° dr cos {*V(^+^ + ^)} „ sin (k\x, |) 

ax 2 dx 3 - -= - 2 n - 117 (k real). 

J-oo J -oo f(xi + x£ + xi) k 

Similarly, from (69) with the aid of (vi, 56), 


/ oo floe. 

-W- 


sin {A- v '(a:j + + x t)} cos (fet^) 

ux 3 /, 2 ,— 2 ~i— 2 T— = 47T-;- (k real). 

o ^(xi+xi+xi) h v ' 


(72) 


(73) 


(74) 


Upon combining (73) and (74) we are led to the following expression: 

: 27 ri 


r dxj x dx t exp {ik v++x * )} ~ «.-■ ex p {ik i D 

J —00 J —oo 


^1 + ^1 + xl) 

*J(xl + x\ + xl) ' k 

which is also valid for complex k, as can be demonstrated by using (67) instead of (68). 
The last formula shows that a plane wave propagating itself at both sides of, and in a 
direction normal to, an infinite plane may be considered as a sum of spherical wavelets 
originating from certain sources lying on the plane f. 

Example 2. Discontinuous factor for the n-dimensional sphere . This factor is defined 
as a function that has unit value inside, and zero value outside, the n -sphere 

xf + x\ +... + x\ — a 2 . 

It is an extension of Dirichlet’s well-known discontinuous factor which involves only 
one variable. The generalized factor may be represented by U(a — r n ) if 

r n = V(*i + a£+...+a£). 

For this function a simultaneous-operational relation is readily deduced. Since 
ZJ(a — r n ) is radially symmetric, the Laplacian of this function reduces to 

Now, it is very important that the differential quotients in the right-hand member 
with respect to r n can be transformed into those with respect to a, so as to produce 


/a 2 

8 2 \ 

/ a 2 n — 


W i + " 

• + ^ij 

U(a-r n ) = —- 

\da 2 a 

_ a^| 


since transposition of the last equation yields an ordinary differential equation for 
the image f n (p l9 ...,P«) of U(a-r n ), viz. 


^ 2 /n n-1 df n 

da 2 a da (pl + * * * 


: 0 . 


It may be noted that this differential equation is closely related to (xv, 49). 
From the condition that f n shall be zero when a — 0, it follows that the solution 
required for our purpose takes on the form 

a «(Pi. Pn)a in Il n {a-J(pl + ■■■ +pl)}#U(a-r n ). (75) 

t See, for instance, Balth. van der Pol, Handelingen 24 ate Ned. Natuur- en Oenees- 
kundig Congres, Haarlem, 1933, p. 110. 
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In order to specify the function a n we apply to (75) the operator Lim l/a n . Then 

(i —> o 

the right-hand member becomes equal to the following impulse function: 

V ig\ 7T^ n 

Lim — S(Xj) S(x 2 )... 8(x n ) = — •• 8^) 8(x 2 ) ... 8(x„), 

a—> 0 a n(|n) 

in which F n (a) denotes the volume of the n-dimensional sphere of radius a according 
to (iv, 24). With the aid of this limit as a-^0 we determine a n , which is independent 
of a. After some calculations, the final result from (75) proves to be 


U(a — r n ) 4= (27ra)i” 


PlPi—Pn 


(rf+rf+.-.+j*)* 


■„ +Z>* + ••• + P»)}> 


-oo<Re^ 1(2 iiirt <co. (76) 


As to the discontinuous factor itself, we obtain from the inversion integral of (76), 
when the paths of integration of all the variables p are taken along the respective 
imaginary axes (p x = is u etc.), 


Ula-r.) - f 

exp {U*^ + s 2 x 2 + ... + s n x n )} 


(*!+*!+...+4) in 


J ln{ a *J( s l + s 2 + ••• + s n)}* 


Regarding the general character of (76), there is again a striking difference between 
spaces of an even and of an odd number of dimensions. Only in the last case does the 
image become an elementary function. For instance, when n — 3, 


IT( a — /fa»la»ls»n— lira* PlPiPi d 

U{a ^ Xl+ x i+ x 3 )}^^a pl+pl+plda [ a^pl+pl+pl) )’ 

— oo<Rep 1>23 < oo. (77) 

We finally mention the following relation originating from (76) by differentiation 
with respect to a, 

PlP2-‘Pn 


S(a — r n ) (277a)* n 


(p\+pI+...+p%)« 


~ hn-li a *J(Pl +Pt + ■■■ +Pl))> 


In particular, for n = 3, 
£{a — ^(x\+x\ + xl)}^ 


— oo<Rep x 2 . n < oo. (78) 


47ra 2 


s,mh{a<](p\+pl+pl)} _ 

ttt PiPtPi - //„2 , „a , > -oo<Rep 1>2i 3 <oo, (79) 


a*J(pl+pt + pt) 


the original of which represents a function that is concentrated at the surface, r 3 = a, 
of the sphere; the volume integral of the function is equal to unity. With the aid of 
this operational relation it is possible to handle problems of potential theory for arbi¬ 
trarily prescribed radially symmetric charge distributions. It is also remarkable that 
such radially symmetric problems, depending only on the variable r n , can be studied 
by simultaneous operational calculus—by considering the functions involved in their 
dependence on n variables. 

In concluding this section, we would emphasize that analogous discontinuous 
factors can be derived for ellipsoids, by simply applying the similarity rule to the 
result just obtained for spheres. 


6. Simultaneous partial differential equations 

In the quasi-stationary treatment of coaxial cables we saw how simul¬ 
taneous operational calculus may be applied to the investigation of a set 
of two simultaneous linear differential equations (see example 2 of §3). 
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Obviously the method is by no means restricted to a set of two such equa¬ 
tions. An illustrative example is formed by Maxwell’s equations of the 
electromagnetic field. They may be solved upon their reduction to a system 
of linear algebraic equations, in the case of arbitrary space distributions 
of charges (represented by the density P(x v x 2 ,x z , t) and current-density 
components: I^x^x^t), I 2 ( ), / 3 ( )). 

Let E lf E 2 , E s denote the Cartesian components of the electric field 
strength E , and let H l7 H 2 , H z be those of the magnetic field strength H . 
When all quantities are measured in units of the Gaussian system, then 


curl^Af = 0, 

c dt 


curl H — 


IdE 
c dt 



or, written out in components, 


dE 3 _ 


1 

dH t 

— A 

as?. 

_d_ ff 2 

1 

dE 1 

47T 

dx 2 

dx 3 

c 

dt 

= U, 

dx 2 

dx 3 

c 

dt 

c 

dE 1 

cE 3 
-- + 

1 

o'H 2 

= o, 

dH 1 

_^4. 

1 

dE,^ 

477 

dx 3 

dxi 

c 

dt ' 


dx 3 

dx x 

c 

dt 

c 

d_E 2 _ 

_9£ 1 + 

1 

dH 3 

n 

dH 2 

dH 1 

1 

dE 3 

477 

dx 1 

dx 2 

c 

dt ' 

= 

dx 1 

dx 2 

c 

dt “ 

c 


where c represents the velocity of light in free space. 
Now, by putting 


E n (x v x 2 , x 3 , t) % e n (p v p 2 , p 3 , q), 

H n (x i, x 2 , x 3 , t) % h n (p v p 2 , p 3 , q), 

I n (x v x 2 , x 3 ,«)% i n (p v p 2 , Pa, 9) (n = 1 , 2 .3), 

and transposing the differential equations above, we obtain a set of six 
linear equations in six unknowns, namely, 


-Ps^2+P2^ + -K 
G 


Pa e i 


Pi ^3 


+ q -h 2 


= 0 , 
= 0 , 


-Pa e i+Pi e a 


-~e. 




+Pa h i 


+ -h 3 — 0, 
c 

477 

-_P 3 A 2 +^ 2 ^3 — ~i\ J 

7 477 . 

~PP l, A ~ ~^7 % 2-> 


~~ e 3 -P2 h l+Pl h 2 
0 


477 . 

—— 'In. 

c 3 
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e 1 = 4:7 r ■ 




pI+pI+pI —il 


Z. 4tt (p s i 2 -p 2 i 2 ) 


p\+P 2 +tPl 


_ty 

W 

h) 

_ty 

C 2 / 


in which p is an abbreviation for 


etc. 


etc., 


(80) 


(81) 


P = --(Pih+PtH+PaH)- 


(82) 


The quantity p turns out to be the image of the charge density P; if (82) is 
multiplied through by q , it becomes the image of the familiar equation of 
continuity: 

dP 0J X 0^ aig 
dt dx 1 dx 2 + dx z 


representing the conservation of charge. It may further be remarked that 
the images of the subsidiary equations divi? = 0 , div E . = 47 Tp are con¬ 
sistent with the system (80), (81) and (82). 

The conventional formulae for the electromagnetic field, in terms of the 
retarded potentials, can be derived from the originals of (80) and (81). 
Concerning the magnetic field, two different expressions may be obtained 
by applying the rule of the composition product according to ( 10 ). First, 
(81) will be factorized in the following manner: 


(a) h x 


1 


PiPzPrt 


-woaaM x etc. 

pI+pI+pI~T2 


(83) 


We now use the relation (57), taken for n = 3 and a = 0, with regard to the 
first factor of the composition product; thus 


• 477 


PiPzPrt 


pI+pI+pI-% 

0 


^(x\ + xl + x \)| 

~j(x 1 + A+W) 

Re< 7 >c | Re ^j{p\ +p\+P%) |» (84) 


where the domain of convergence is chosen so as to apply to the solution 
that vanishes rapidly enough as £-> —oo. For, if the same does hold for 
the given currents, the Laplace integrals with respect to the variable t will 
converge at their lower limit of integration for all values of g, which implies 
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that their domains of convergence with respect to q extend to infinity on 
« the right. We may then infer from (83) that 

if°° r 00 r °° c °° 

Hi( x i> x z> x 3 ,t) ==~ di^A 2 d^A dr 

k J — 00 J — 00 J — CO J — GO 

X (| <f„ U fcT)-1 {„ r)} fclrW, 

in which i? = V((^i — ^i) 2 + (^2 — ^) 2 + (^3 — ^ 3 ) 2 }- Carrying out the integra¬ 
tion with respect to r we are led to 

H\ (‘T'l j X 2 , Xo* 


I /* GO /* 00 /* 00 

= - ^3 

° J — CO J — 00 J — CO 


a/, 

3£ 2 




This formula, together with the analogues for H 2 and H s , may be written 
in conventional vector notation as follows: 


H(x^, x 2 x. A , t) 


IJjJ curl/(g 3 ,g 2 ,g a ,t-J?/c) dS 
— 00 


(85) 


where dS = d^d^d^ is the space element. The result (85) shows that time 
variations of the current distribution manifest themselves at a later moment 
(retardation effect), the disturbances travelling at a velocity equal to c. 
Another useful factorization of h is the following: 


(6) A 1 = - 1 - 

C PlP2P 3 <l 


^PiAPsg ■ , knPiPzpU . 

■' *+*+*-$ ' 


, etc. 


In this case the first factors of the two composition products correspond 
to operational relations obtained by differentiation of (84) with respect 
to x 2 and x 3 . Thus we now obtain 


«, = i f” «,f" <&|" *f- drl" / g (f, --- \S{t—T—Rjc)\ 

v J —co J —CO J -CO J- 00 L 


'S(x 2 -&) X 

_0_ 

^(*3 — is) 


B 


i 

8(t-r~B/c) jj 


Owing to the special form of the functions to be differentiated, the deri¬ 
vatives with respect to x 2 — £ 2 may be replaced by those with respect to x 2 , 
etc. Further, the latter differentiations may be performed outside the 
integral. When, moreover, the integration over r is carried out explicitly, 
and the remaining components H 2 and H 3 are dealt with similarly, the 
result may be summarized in a single-vector formula, as follows: 


H{x 1 , x 2 , * 3 , t)=j curl HI m ds . 
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It should be kept in mind that the operator ‘curl 5 in (86) is underg£(5p(ft n 
to act upon the co-ordinates of the field point (x lf x 2 t x B ), whereas 
the sign of integration in (85) it refers to the co-ordinates of the source 
(£u £ 2 > £ 3 )* The integral given in (86) is the familiar expression for the vector 
potential A, which here was seen to emerge from a composition product. 
By well-known methods of vector analysis, (85) and (86) are easily shown 
to be equivalent, under proper boundary conditions, at infinity. 

The equation (80) determining the electric field strength can be treated 
in an analogous manner. The final expression then becomes 

, , 1 dA 

E = — grad 0 ~ > 

in which the scalar potential is given by 


y, z, 


t) =JjJ E - ,C) dS, 


7. Partial difference equations 

A few examples may illustrate that for partial difference equations also 
the simultaneous operational calculus is a useful tool in rapidly obtaining 
the solution required. Let us consider for a while the difference analogue 
of the two-dimensional elliptic wave equation (59), that is, 

(kl + &l + k 2 )u(x,y) = -<p(x,y), (87) 

where, according to (xm, 1), the symmetric difference quotients are defined 
k x u{x,y) = u(x+\,y)-u(x-\,y), 

A v u(x,y) = u{x,y + \)-u{x,y-\). 

When (87) is written out in full, it becomes 

u{x + l,y)+u{x-l,y) + u(x, y +1) + u(x, y- 1) + (& 2 - 4) u(x, y) = - <p{x, y ), 

thus expressing a definite relationship between the functional values of u 
at five (if k 2 4= 4) neighbouring points. To construct a particular solution 
of (87) by operational methods, we put 

u(x,y)=f(p,q), (p(x,y) = <f>(p,q)- 

Further, according to (xm, 2), the effect of the difference operators A x 
and Aj, is equivalent to multiplying the image by 2 sinh {Ip) and 2 sinh (\q) 
respectively. Therefore, the image equation of (87) is given by 

4{sinh 2 {\p) + sinh 2 (\q) + \k 2 }f{p, q) = — <j>(p, q), 
whence it follows that possible particular solutions of (87) are to be deduced 
from the operational relation 

, ^(ff.g) _ 

WX ’ ^ " 4{sinh 2 (\p) + sinh 2 (\q) + jk 2 }' 


(88) 




366 


OPERATIONAL CALCULUS 


XVI. 7 


The rule of the composition product enables us to obtain from ( 88 ) the 
original u in the case of an arbitrary right-hand member — <p, whenever the 
original corresponding to some special function <j> is known. It is thus 
natural, by analogy to the Green functions of differential equations, to 
take that special function <p as simple as possible, by letting it vanish almost 
everywhere. Then restricting ourselves to the most usual case, that is, 
when the solution of the difference equation is required only at the integral 
points (with co-ordinates x = m, y — n; n, m integers), it is sufficient to 
consider a Green function, G> for which cp is zero at all integral points except 
the origin, m = n — 0 , where it takes the value 1 . In so doing we have the 
advantage that the values to be assumed by cp at the intermediate, non¬ 
integral, points are still open; it is profitable to choose them so as to make 
the image of G as simple as possible. For instance, two simple Green functions 
originate from the following two possible choices of cp: 


(1) 


<Pi ( x >y) = pqU(ir 2 +p 2 ) U(7T 2 + q 2 ) = 


7TX 


ny 


Rep — R eg = 0 . 


In this case the limits of integration in the inversion integral of ( 88 ) 
are finite, since the image is a cut-off function with respect to bothp and q . 
When in this integral we make the substitutions p — is l9 q = is 2 , the Green 
function in question is found to be (for convenience, the corresponding 
image is also given) 


u 


e i(s x x+s t y) 


< ' x ’ yS> 167T 2 sin 2 (Jsjl) + sin 2 (|s 2 ) - {k 2 

= _L [” ds PV° - cos(s 1 a;)cos( 5 2 y) 

4t7 2 J 0 Vo 


ds 

2 sin 2 (£s a ) + sin 2 (fs 2 ) - \k 2 
pqU (t r 2 -f p 2 ) U( 7 t 2 -f q 2 ) 


4{sinh 2 (|p) + sinh 2 (|g) + \k 2 } 9 


Rep — Reg = 0 . (89) 


Concerning the dependence on k , the double integral converges for all 
complex or real values of k outside the real segment — ^/ 8 <i< ^/ 8 ; the 
excluded segment of the real axis is a cut of the function. 


( 2 ) 9 \{x,y) = V{\ — x 2 ) U(l — t/ 2 ) == 4sinh \p sinh \q = <j> 2 (p,q), 

— ocxRep, q <00. 

From ( 88 ) and the corresponding inversion integral for Rep = Reg = 0 
we now find the solution 


( x > y) 


1 f 00 d f 00 d sin(fa) sin(fa) 

477,2 J - 00 J - 00 2 s 1 s 2 {sin 2 (fa) + sin 2 (fa) - p 2 } 


sinh (|p) sinh(|g) 
sinh 2 (|p) + sinh 2 (| q) + \k 2 9 


Rep = Reg = 0 . (90) 
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The interrelation of the two solutions u x and u 2 is derived with the aid of 
the series 


4sinhsinh \q £ 2 %(w,n)e'^ 

m— — go n= — oo 

sinh (\p) sinh(^g) 


sinh 2 (\p) + sinh 2 {\q) + Ik 2 ' 


-u 2 (x,y) (Rep = Reg = 0), 


which can be prpved by means of (vi, 33). Next, in virtue of (xn, 1) 
extended to two variables, we have the simple formula 


u 2 {x,y) = u x {[x + \],[y J r\'\)- 

Consequently, u 2 is a step function of two variables that is identical with u x 
at the integral points, that is, u x (m, n) — u 2 (m y n ). Whereas u x is everywhere 
continuous, the function u 2 changes abruptly across a system of lines parallel 
to the co-ordinate axes. At the points outside these lines the value of u 2 is 
equal to that at the nearest lattice point. For integral points the function 
^is most easily evaluated, since in (89) the integration with respect to 5 2 can 
be carried out explicitly after substituting w = e tSa and applying Cauchy s 
theorem. Introducing the variable u = cos5 1? the function u x is found as 
an elliptic integral depending on m, n and k : 


u x (m,n\ k) 


1 f 1 W [J{(« + W - 2) 2 - 1} - ft - P 2 + 2] 1 ” 1 du 

= ~2nJ _i 7(1 -« 2 )V{(« + P 2 -2) 2 -!} 


(91) 


in which TJu) = cos (m arc cosw) is the with polynomial of Tchebycheff, 
and the imaginary part of the square root in the numerator of the integrand 
is understood to have the same sign as Im k 2 . By means of the integral 
representation (91) it is easily verified that u L is logarithmically infinite at 
the five branch points k = 0, + 2, + 2 y’2. 

Whereas u L is most useful in numerical calculations, the function u 2 
allows to investigate how the solution of the difference equation at the 
integral points is related to the solution of the corresponding elliptic 
differential equation (60). To see this, the operational relation (62) for the 
Green function of the differential equation is rewritten as 


Up.1) - - y+rc+iF i 

whence it follows that (90) is equivalent to 

u 2 (x,y)=f 0 (2smh%p, 2sinh£g), Rep = Reg =0. (92) 

Let us now expand the image into a Taylor series of two variables, thus 

/o(p + ^+--« + £+-) =/o(^?) + ^(l j3 ^ + ^ 0 ) + -- 
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Then transposing back leads to 

%<*, »> - j m* V<**+ y')) - ~ {£ (4) ■+1? (» D) Vf * 1 + sfl} - 

(lm&>0). 

From this expansion it becomes evident that u 2 (and consequently also u x 
at the integral points) is approximated for complex values of k having a 
small modulus by the Hankel-function solution of the corresponding dif¬ 
ferential equation. The restriction laid upon k implies that the wave-length, 
2njk, corresponding to the differential equation is large compared to 1, 
i.e. to the basic distance in the lattice formed by the integral points. 
Similarly, for real values of k with small modulus, the function u 2 tends 
to the original — JF 0 {| k | ^(% 2 + y 2 )} of (63); this holds even for the cut, 
— 2 ^J2 < k ^ 2 provided u 2 is there replaced by the arithmetic mean of 
its values assumed immediately above and below the real axis of k. 

It has to be remarked that, in transforming the double integral (89) into 
the simple integral (91), we have lost the symmetry with respect to m and n. 
In order to obtain a symmetric integral representation we may proceed as 
follows. Replace k in the double integral of (89) by ^(_p + 4), an d multiply 
through by p (assume x — y = n). Then determine the original with 
respect to the operational variable p, Thereupon the integrations over 
s i and «$ 2 can be carried out in terms of Bessel functions. We so obtain 

pu x {m,n\ V(i> + 4)} = (- l) m + n+x I m (2t)I n (2t) TJ{t ), Re^>4, 

whose definition integral is equivalent to 

«i(TO,n; 1c) _ £( -1 )m+»+iJ " IJt) JJt)dt (Re& 2 > 8). 

It will be obvious from the considerations given above that the opera¬ 
tional knowledge so far obtained is an extremely useful tool in deriving 
a great many properties of partial difference equations with constant 
coefficients. 


Example 1. As an illustration of the theory of the difference equation (87) let us 
consider the homogeneous two-dimensional low-pass filter of fig. 93 a. It consists of 
an infinite net of squares, the sides of which all contain a self-inductance L , while 
the vertices ( m 9 n ) are connected to a perfectly conducting plate at zero potential via 
capacitances C. Let V(m,n ; t) denote the potential at the lattice point (m,n) at the 
moment t , and assume 

F(m,n; t) = 0(m,n; p). 

Then, according to Ohm’s law (viii, 17), the image of the current flowing through the 
connexion between the vertices (m, n) and (m-f- 1, n) is given by 

1, n; p) — <fi(m,n; p) 

Lp 
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Analogous expressions hold for the image currents flowing through the remaining 
three branches joining (m,n). By addition, the image of the total current entering 
from all sides of the lattice at (m, n) is found to be 

(A^ +A%) p) 

Lp 

This expression has to be equal to the image Cp n;p) of the current flowing off 
through the capacitance C between the vertex (m,ri) and the conducting plate. This 
yields the following partial difference equation: 

(Ai + A® -LCp 2 )(f>(m,n;p) = 0. (93) 



—— 

'*// 


—t 

A K 


Fig. 93. Two-dimensional and bilateral one-dimensional low-pass filter. 


Let us further assume a source of voltage in parallel with the capacitor at the origin 
(0,0), delivering a current i 0 (t)1 0 {p) to the filter. In this case the right-hand 
member of (93) at m = n = 0 is equal to — LpIo(p) instead of zero. Therefore, in the 
presence of the source we have 


(A a w + A l-LCp*) 


n;p)\ j~ 1 (m — n — 0), 
. Lplo(p) I \ 0 (otherwise), 


this being the type of difference equation solved above. Accordingly we at once have 
for the voltage function at the vertices of the lattice: 


<j)(m,n;p) 

h(p) 


= Lp uAni, 


*’W(-S)} ( w ° = 




(94) 


VP & B 


24 



370 


OPERATIONAL CALCULUS 


XVI. 7 


the function u x being given by (91). This function does satisfy the condition that 
the corresponding branch currents at infinity (m,n-^oo) vanish. Moreover, the 
left-hand side of (94) is just the transfer impedance between the source at (0, 0) and 
the capacitance at (ra, n). In particular, for the driving-point impedance (obtained 
for m — n = 0) we have, in the case of real frequencies 0 ) = pji, the following elliptic 
integral: 


/ 0 )\ Leo f 1 

Z(io)) = Li(j)u x 0,0; 2— = 

\ Wo/ 2 


du 


vd-^y(( M+2 S- 2 ) 2 -i) 


-I !( L \ /; W 

7ri/J\cJo )o Jo — 


(95) 


in. which the last integral is the complete elliptic integral of the first kind of modulus 



12 /(C/i.)|Z(lo)i 



Fig. 94. The driving-point impedances versus frequency 
for the low-pass filters of fig. 93. 


It is worth while comparing the driving-point impedance (95) with the function 

•«7FS 

which represents the driving-point impedance of the one-dimensional, two-sided, 
infinite filter of fig. 936. Fig. 94 shows the absolute values of these two different 
impedances against frequency (they are marked with II and I respectively). Most 
striking is that the driving-point impedance of the two-dimensional filter possesses, 
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besides the pole at w = (j) 0 , a second pole at o) = o) 0 ^/2. The transfer impedances, 
which are the more important from the technical point of view, can be dealt with 
similarly. 

The two-dimensional filter is an interesting and very illustrative example of 
realizing the complete elliptic integral in physical problems. In addition, by replacing 
the self-inductances and capacitances by general impedances, we merely change the 
modulus of the elliptic integral (95). In particular if all the filter elements are resist¬ 
ances the elliptic integral is real for all real frequencies. 


Example 2. In conclusion, consider the 
special case C = 0 of the preceding example. 

We obtain a two-dimensional lattice into 
which, at the origin (0,0), a current I 0 enters. 

This current spreads itself over the successive 
meshes of the lattice. Let us, moreover, as¬ 
sume the impedances Lp replaced by simple 
resistances B. Now, according to (94), the 
potentials inside the new lattice (see fig. 95) 
are expected to be determinable from 

<j)(m 9 n; p) = BI 0 {p)u 1 (m,n; 0), 

whereas the parameter p is insignificant in 
this network containing resistances only. 

Unfortunately, however, the integrals (91) 
for u x do not converge when k = 0. To 
overcome this difficulty, replace k) 

by (f)*(m,n;k ) = n; k) - 0(0,0; k), and take the limit as fc->0. This process 
does not affect the currents, any of which is completely determined by the 
potential difference across its branch. At the same time the elliptic integrals reduce 
to elementary functions: 



Fig. 95. Two-dimensional lattice 
consisting of resistances. 


^*(ra, n\ 0) 


= 2 ^?f 1 - 
2 7T J -1 I 


-I »| arc cosh(2 -m) 


- T„(u) e _ 

(1 —w)V{(l+w)(3 —M)} 


- du. 


(96) 


The currents flowing across the lattice are obtained when the potential differences 
corresponding to (96) are divided by B. The function <j >*, which may be called a 
‘discrete potential’, satisfies the following difference analogue of the two-dimensional 
potential equation: 


(Am + A») n; 0) 


f — BI 0 (m = n — 0), 
f 0 (otherwise). 


The numerical values of <f>*, which can be simply calculated from (96), are given in 
fig. 96 in the neighbourhood of the origin; BI 0 is taken equal to unity. Moreover, 
in fig. 97 we have plotted the currents, which are obtained from the differences of the 
function drawn in fig. 96, supposing that the input current i 0 at m = n = 0 has unit 
value. 

This theory can be extended for the case in which the current is leaving the network 
at any point m = M,n = N instead of at infinity. From an addition of the solutions 
(96) corresponding to a current + </ 0 entering at m = n = 0 and to a current — J 0 
entering at m = M, n = N respectively, we derive the following expression for the 
resistance as measured between the points (0,0) and (m, n) 


^r<f>*(m,n; 0 ). 


2,i 2 


(97) 
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Thus, e.g. we find for the resistance between the neighbouring points (0,0) and 
(0,1) the value \R, for that between (0,0) and the first diagonal point (1,1) the value 
2 

- R, and for that between two points separated by a ‘Knights move’ (i.e. between 
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Fig. 96. The ‘discrete potential’ in the neighbourhood 
of a source. 



1 37T 4 ' 

3TT~ 4 1 

1 4'xr 1 

1 157T 4 4 



9* 

4-1 

XT 4 ( 

M*. 
4.1 Mg 
7T 4 p 1 

1 2 ^- 1 ^ 

4'37T 

1. J, 

4 


1 

7T 4 1 

k fkj 

1-1 -i* 

it 4 f 

1 1 

7T 4^ 

1 

17-Z ^ 
3TT 4 1 


1 

1 1 ^ 

4 . 

1 -k 

4^ 

LT)]^ 

3 2 

4 It ^ 

!Qk 
13.12 a jt 
4 7T “’I* 



jV' 

i< ^ 
TT 4 f 

*-\+ 

1 1 -IN 
tr 4 t 

1 1 +\u 

Tt 4 ^ 

1Z-Z *!(=: 
3TT 4 l/ ’ ,m 









Fig. 97. The current distribution in a two-dimensional 
homogeneous lattice. 


(0, 0) and (1, 2) or, in general, between (m 9 n) and (m+ l,n + 2)) the value 

Thus (97) enables us to find the resistance between any pair of points of the square 
meshed network. 
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time, 162 ff., 168, 180 ff., 196, 198, 327 
transfer, 179, 196, 327 
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284 

polynomials, 253, 299 
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Bernstein’s relation for theta functions, 312 
theorem, 131 

Bessel function J v , general theory, 11, 74, 
193, 207 ff., 214 ff., 235, 240, 241, 255, 
272, 289 ff., 310, 311, 339 ff., 389 ff.; 
occurring in applications, 190 ff., 224, 
230, 232 ff., 241, 250, 255, 265, 272, 274, 
304, 318 ff., 321 ff., 331, 336, 341 ff., 
346 ff., 353 ff., 357, 368 
Beta integral, see Euler’s integral of the 
first kind 
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principal value, 8, 11, 86 
theorem of residues, 17, 110, 145, 243, 
367 
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Composition product, 39 ff., 274, 338, 359 
repeated, 43 ff. 

Condenser, 153, 155, 156, 160 
Continued fractions, 186, 187 
Contragrade series, 274 ff. 

Convergence, see Strip of Convergence 
Convergence factor, 75 
Cosine integral, 54, 55 
Cut-off functions, 95, 254 

D’Alembert’s solution, 189, 193, 327 
Definition integral, 18, 85 ff., 104 ff., 115 ff. 
151, 212, 334 

De THospital’s rule, 129, 144, 145 
Delta function, see Impulse function 
Dictionary, 20, 383 ff. 

Difference equations, 186 ,195, 277 ff., 365ff.; 
principal solution of, 279 
kernel, 292, 300 ff., 305 ff., 307 ff. 
Differentiation rule, 48 ff. 

Diffusion equation, 317, 329, 344; see also 
Heat-conduction equation 
Dirichlet conditions, 8, 119 
function, 62, 65, 72, 74, 114 
integral, 57, 59, 93, 133, 253 
series, 87 ff., 95, 97, 107, 129, 146, 151, 
251, 257, 260, 266 ff., 271 
Dirichlet’s discontinuous factor, 360 
Discontinuous factor, 360 

functions, 19, 257 ff., 274, 384 ff. 
Dispersion, 104, 314, 331, 348 ff., 353 ff. 
anomalous, 315, 319, 348 ff. 
normal, 315, 318, 348 ff., 354 
Domain of convergence, 335, 347 
Doppler effect, 350 ff. 
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Borel sum, 90, 102, 136 
Boundary conditions, 157 ff., 322 ff., 345, 
347, 355; see also Initial conditions 
Bromwich’s integral, see Inversion integral 
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Cables, 140, 190 ff., 325 ff., 345, 351 ff. 
Cauchy function, 63, 71, 72, 75, 77, 80, 81, 
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Eigenfunctions, 77, 154, 159, 164, 189, 328, 
351 

Eigenstates, 185 

Electrical networks, see Networks 
Elliptic differential equations, 317, 319, 
355 ff. 

integral, 367, 370 ff., 391 
wave equation, 317, 319, 356 ff., 365 
Error function, 21, 140, 141, 298, 388 
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Euler’s constant C, 28, 31, 126, 271 
formula for series, 37 
integral, 23, 25, 52, 94, 120, 134, 284; 
of the first kind, 27, 41 ff., 46, 213 
Exchange identity, 254 ff., 261 
Expansion theorem, see Heaviside’s expan¬ 
sion theorems 

Exponential functions, 26, 27 ff., 39, 386 
integral Ei, 32, 54, 55, 78, 86 ff., 135, 138, 
212, 251, 252, 389 
transformation, 238 ff., 243 ff. 
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Fejer’s theorem, 108 
Filters, 185 ff. 
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low-pass, 190 ff., 233, 368 ff. 

Fourier identity, 7 ff., 63, 65, 75 ff., 103, 108, 
115 ff., 119 

integral, see Fourier identity 
series, 7 , 65 ff., 79, 102, 108, 112, 119, 127, 
261 

Frullani’s integral, 217 

Gamma function, 23 ff., 41 ff., 46, 47 ff., 52, 
240, 245 ff, 399 ff; duplication for¬ 
mula, 42; Gauss’s infinite product, 46; 
Hankel’s integral, 26, 109; incomplete, 
29, 146, 240; logarithmic derivative, see 
Psi function and Stirling approximation 
Generating function, 251, 253, 272 
Gibbs’s phenomenon, 261 
Goniometric functions, 29 ff., 387 ff.; see 
also Humbert’s trigonometric functions 
of the third order 
Grammar, 20, 373 ff. 

Green functions, 75, 315 ff., 331 ff., 338, 
345 ff., 352 ff., 356 ff., 366 ff. 

Hankel function, 209, 240, 287, 368; of 
imaginary argument, see if-function 
identity, 11, 310 

Heat-conduction equation, 317, 320 ff., 

322 ff., 333, 355; see also Diffusion 
equation 

Heaviside layer, 1; see also Ionosphere 
Heaviside’s expansion theorems, 108,142 ff., 
154, 159, 171 ff., 181, 185, 189, 282 
Hermite polynomials, 83, 204 ff., 281 
Holder sum, 100 ff. 

Humbert’s trigonometric functions of the 
third order, 160 
Huygens’s principle, 64, 332 ff. 

Hyperbolic differential equations, 317, 319, 
344 ff., 352 ff. 

Hypergeometric functions, 225 ff., 242 ff., 
259, 290, 299, 306 ff., 312, 398 ff. 

Ikehara’s theorem, 130 
Image, definition of, 18 


Impedance, 1, 161 ff., 177 ff., 190, 325, 327 
characteristic, 328 ff., 352 
driving-point, 186, 370 
frequency, 161, 242 
time, 170 ff. 
transfer, 179, 242, 371 
Impulse function, 5, 56 ff, 
n-dimensional, 316, 361 
two-dimensional, 317 
Initial conditions, 184 ff. 

Integral equation, 3, 265, 292 ff. 
Integral-Bessel function, 220 
Integration rule, 51 ff. 

Inversion formula 
of Mellin, 17 
of Mobius, 37 ff., 270 
of Widder, 74, 122, 148 ff., 273 
Inversion integral, general theory, 18,106ff., 
115 ff., 258, 336; occurring in applica¬ 
tions, 25, 28, 208, 243, 246, 259, 274, 
341, 359, 361, 366 
Ionosphere, 354 
Iterated kernel, 308 

Jordan’s theorem, 109 

if-function, 31, 43, 213 ff., 221, 224, 227, 229, 
230, 240ff., 255,256,331 ff.,356ff., 393ff. 
Kirchhoff’s laws, 175 ff., 185 ff., 194 
Kramers’s dispersion theory, 167 

Laguerre polynomials, general theory, 91, 
148, 201 ff., 273, 274; occurring in ap¬ 
plications, 197 ff., 206, 229, 250, 303 
Langrangian equations, 177 
Lambert series, 251, 252 
Laplace integral, 13, 31, 334 
transform, 2 ff. 

Laurent series, 35, 150, 204, 251, 272, 287 ff. 
Lebesgue integral, 86, 108 
measure, 118 

Legendre functions, 78, 220 ff., 224 ff., 226, 
241 ff., 321 ff., 394ff.; of the second 
kind Q n , 78, 222 ff.; see also Legendre 
polynomials 

polynomials, 194, 197, 221 ff., 229, 241 ff., 
256, 273, 275 ff., 288 ff., 291, 303, 321 ff., 
394 ff. 

Limit, 91 

Cauchy, 9, 103, 105, 106, 279 
Ces&ro, 9, 16, 18, 65, 72, 76, 101 ff., 105 ff., 
114, 115, 124, 127, 128, 261 
Limited total fluctuation, 8 
Line of convergence, 113 ff., 116, 154, 319 
Liouville expansion, 307 ff. 

Logarithmic functions, 30 ff., 226, 385 
integral, see Exponential integral 

Maclaurin series, 35, 50, 141, 150 
Maxwell’s equations, 1, 325, 362 
Mean value, 8 
Mittag-Leffler series, 145 



GENERAL INDEX 


415 


Mobius function, 38, 250, 252, 266 ff., 270 ff. 
Moments of a function, 77, 119, 141, 301 
Moving average, 293 ff. 

Networks, 2, 19, 20, 124, 127, 161 ff., 175 ff., 
254, 300 

dissipative, 164, 166, 168, 197 
four-terminal, 179, 312, 327 
ladder, 185 ff., 325, 330 
lattice, 194 ff. 
passive, 164, 168, 170 
quasi-stationary, 161, 162, 175, 325 ff., 
345, 351 ff. 

Neumann expansion, 307 ff. 

Neumann’s polynomial, 384 
Normalized functions, 106 
Null functions, 18, 118, 258 

Ohm’s law, 127, 162, 168, 325, 368 
One-sided functions, 21, 94 
Original, definition of, 18 
Orthogonal functions, 76, 148 

Parabolic differential equations, 317, 320 
Parseval’s theorem, 133 
Periodic function, 7, 36, 278 
Pi function, see Gamma function 
Plana’s formula, 280 
Poisson’s equation, 62 

integral of potential theory, 79 
integral for *Jn 21, 25 
series, 102, 236, 252 
Polynomials, 23 ff., 383 ff. 

Potential functions, 356 ff., 361, 368 ff., 
407 ff. 

Power series, 90 ff., 95, 104, 122, 134, 136 ff., 
139 ff., 243 ff., 258, 272, 287 
Prime numbers, 89,131, 266,267,268, 270ff. 
Principal value, see Cauchy’s principal value 
Probability function, see Error function 
Prym function, see Gamma function, in¬ 
complete 

Psi function \jr (a?), 27, 30, 86, 146, 147, 402 

Random-flight problem, 340 ff. 

Reciprocal kernel, 301 
Rectangle function, 9, 10, 35, 120 
Reflexion coefficient, 189, 327 ff. 

Riemann integral, 66, 70, 85 ff., 108 
Rotation rule, 337 

Saw-tooth function, 260 ff. 

Shift rule, 34 ff., 337 

Sifting property (impulse function), 61, 65, 
66 ff., 79, 81, 102 
Signum function sgn {x), 59 
Similarity rule, 33 
Sine integral, 54, 55 
Sommerfeld’s integral, 219 
Spherical harmonics, see Legendre functions 


Square-sine function, 36, 257, 261 
Step functions, 36, 58, 257 ff., 304, 375, 378 
Stieltjes integral, 5, 51 n., 66 ff., 75, 82, 
85 ff., 92, 120 

Stieltjes’s integral of moments, 77,262,305 ff. 
Stirling’s approximation, 128, 138, 149, 246, 
262 

Strip of convergence, 13 ff., 19, 49, 91 ff., 
94 ff., 109 ff., 272; absolute conver¬ 
gence, 96 ff.; boundary, 104 ff., 125, 
130; uniform convergence, 97 ff. 
Sturm-Liouville differential equation, 75 
Sum of a function, 278 ff. 

Sum rule, 22 

Summable integrals, 102 ff. 
series, 100 ff. 

Switch-off phenomena, 158, 171, 185 
Switch-on phenomena, 3, 158, 171, 185, 
327 ff., 330 

Tauber theorems, 121,122 ff., 133, 201, 271, 

298, 338; real, 128 ff., 132, 139, 168, 
264; complex, 130 ff., 145, 268, 269, 
271, 272 

Tautochrone problem, 302 
Taylor series, 50, 150, 273, 367 
Tchebycheff’s function, 268 
polynomials, 367 

Theta functions, 236, 250, 260, 312; 

0 2 -function, 187, 304, 313, 330; (93- 
function, 105, 112 ff., 141 ff., 146,263 ff., 
281, 303 ff., 312 ff., 330, 405 
Transient phenomena, 139, 159, 167 ff., 234, 
328, 330 

Trigonometric functions, see Goniometric 
functions 

Two-sided functions, 21 

Uniqueness of operational relations, 117 ff. 
Unit function U(t ), 16, 19, 20, 34, 56 ff., 67, 
152 ff., 161, 257 

Valour principal©, see Cauchy’s principal 
value 

Variation of constants, 330 
Volume of n-dimensional sphere, 45 

Wave equation, 314 ff., 320, 331, 346, 350, 
352 ff. 

Weber’s function, see Y-function 
integral, 241 

Whittaker function, 226 ff., 230 ff., 397 
Y-function, 212, 219, 357, 392 

Zeta function, general theory, 32, 89, 266ff., 

299, 403ff.; applications, 38, 52, 110ff., 
112, 125 ff., 127, 129, 144, 252, 262, 
284 ff.; Hermite’s formula, 299; incom¬ 
plete, 52 











